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Abstract

In this work, we investigate the asymptotic spectral density of the random feature
matrix M = YY™ with Y = f(WX) generated by a single-hidden-layer neural
network, where W and X are random rectangular matrices with i.i.d. centred
entries and f is a non-linear smooth function which is applied entry-wise. We
prove that the Stieltjes transform of the limiting spectral distribution approximately
satisfies a quartic self-consistent equation, which is exactly the equation obtained
by Pennington and Worah [22]] and Benigni and Péché [6]] with the moment method.
We extend the previous results to the case of additive bias Y = f(W X + B) with
B being an independent rank-one Gaussian random matrix, closer modelling the
neural network infrastructures encountered in practice. Our key finding is that in
the case of additive bias it is impossible to choose an activation function preserving
the layer-to-layer singular value distribution, in sharp contrast to the bias-free
case where a simple integral constraint is sufficient to achieve isospectrality. To
obtain the asymptotics for the empirical spectral density we follow the resolvent
method from random matrix theory via the cumulant expansion. We find that this
approach is more robust and less combinatorial than the moment method and expect
that it will apply also for models where the combinatorics of the former become
intractable. The resolvent method has been widely employed, but compared to
previous works, it is applied here to non-linear random matrices.

1 Introduction

Machine learning has seen many successful achievements in recent years. Applications in face
identification, object and speech recognition, translation, email spam filtering, navigation, medical
diagnosis, etc. have proved the enormous potential of machine learning for day-to-day live [16,|11].
Deep neural networks have turned out to be a particularly powerful machine learning method, and
understanding the theoretical underpinning of their success has received tremendous attention in
mathematics, physics and computer science.

A fully-connected, feed-forward neural network with L hidden layers of dimensions n1,...,nz can
be modelled as follows:

folx) = B fWE fWED f(fWhm)..))) € RY,

where x € R™ denotes the input data vector and f: R — R is a non-linear activation function
which is applied entry-wise. We denote the parameters of the network by 6 := (W(l), N 4S8 B),
where W) € R™*m-1 for 1 < | < L and B € R™*? are the matrices of the weights. In
the classical setting of supervised learning, we are given a training set of (say) m samples of
input feature vectors x; € R™ with associated target vectors z; € RY. For example, =; may
encode the pixels of a photograph of an animal and the target z; may label the species of the
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animal in the image. Roughly speaking, the goal of supervised learning is to learn the mapping
between the feature and the target vectors based on a given training set in order to predict the
output of new unlabelled data. Let X = (a1 ... @,,) € R™*™ be the matrix of the data and
let Z = (21 ... z,) € RY™ be the target matrix. Then, the aim of the network is to find
optimal parameters 6 such that fp(X) = (fo(x1), ..., fo(Tm)) € RE*™ approximates the target Z
optimally. During the training phase, weights are adjusted in order to minimize the empirical risk
R(0) = EL(fo(X), Z), where L(-,-) is a given loss function, usually involving some penalty for
large weights 6 in order to avoid over-fitting. Stochastic gradient descent (SGD) and its variants
with back-propagation are the most commonly used algorithms for training multilayer networks by
iteratively updating the parameters into the direction of the negative of the gradient of the empirical
risk. For a much more complete survey, we refer the reader to [|11]].

In the present paper, we will focus on a single-hidden-layer neural network of the form fy(X) = g*Y
withY = f(W X). This model was first studied by Louart, Liao, and Couillet [[19] for the case where
the data matrix X is deterministic and W is a matrix of random weights (in particular, the weights
are given by functions of standard Gaussian random variables), and by Pennington and Worah [22]]
for the case where X and W are independent random matrices with both centred Gaussian entries. In
both papers, the matrix 3 € R™ *? is the only parameter to be learned and is chosen as the unique
minimizer of the ridge-regularized least squares loss function

1
L(fo(X), Z) = 5717 = B3+ 1813

where v > 0 is the learning rate. The unique minimizing weight matrix 3 is then equal to B =
YG(—~)Z*, where

G(—) = (;Y*Y + v) h

is the resolvent of %Y*Y. As proved in [[19} 22], the expected training loss FEi., is related to
ffya%G (=), and thus also to the Stieltjes transform of the limiting spectral measure of %Y*Y. Here

the Stieltjes transform m,, of a probability measure 4 on R is defined as i, (2) == [ (z—2) ' du(x)
for z € Csuch that Iz > 0, and for ., being the empirical probability measure of the n; eigenvalues
of LY*Y is related to the resolvent via m pm, (2) = n% Tr G(#). The performance of one-hidden-

layer neural networks depends on the asymptotic spectral properties of the matrix %Y*Y. Pennington

and Worah [22] investigated the limiting spectral measure of the random matrix M = %YY* and
derived the quartic self-consistent equation

142900 = 01(f)90 (1 — %(1 +Zgoo)> B 921(;)

2
L B0 = 0() 2 (1 T Zgoo)) |

(G (G
where goo (2) == lim,, 0 g(2) and g(2) = n% Tr G(z) is the Stieltjes transform, which is approxi-
mately satisfied, goo(2) = g(z), by g(z) in case of Gaussian W, X. It is notable that the asymptotic
spectrum of Y*Y for large dimensions such that ng/m — ¢ € (0,00) and ng/n; — ¥ € (0, 00)
depends on the non-linear function f only through two integral parameters 6, (f) and 62(f), where
01(f) is the Gaussian mean of f2 and 5(f) is the square of the Gaussian mean of f’ (c.f. (3)).
Benigni and Péché [6] then extended this model to random matrices W and X with general i.i.d.
centred entries, and obtained the same self-consistent equation (I). We mention that (I) may be
reduced, for some special cases, to the quadratic equation that is satisfied by the Stieltjes trans-
form my,,,, of the Marchenko-Pastur distribution p57p [20]. This means that for some activation
functions, the non-linear random matrix model has the same limiting spectral distribution as that of
sample covariance matrices X X* (in other cases, the equation can simplify to the cubic equation
approximately satisfied by product Wishart matrices [7,/10]). This can be generalised to multilayer
networks: [22] found experimentally that the singular value distribution is preserved through multiple
layers by activation functions with 05 (f) = 0 and is given by the Marchenko-Pastur distribution in
each layer. This conjecture was proved in [6] for the general case of bounded activation functions.
Moreover, [19] performed a spectral analysis on the Gram matrix model with general training data
and proved that, in the large dimensional regime, the resolvent of Y *Y has a similar behaviour as that

goc(l + 2900) (1 - g(l + 2900)>
(1)




observed in sample covariance matrix models. This was extended in [[17]] by considering Gaussian
mixture of data. We also refer to the recent paper [18]. In the context of multilayer feedforward neural
networks, Fan and Wang [9] analysed the eigenvalue distribution of the Gram matrix model, where
the weights are at random and the input vectors are assumed to be approximately pairwise orthogonal.
In particular, they showed that the limiting spectral distribution converges to a deterministic limit
and, at each intermediate layer, this limit corresponds to the Marchenko-Pastur map of a linear
transformation of that of the previous layer.

In recent years, there has been some progress in the asymptotic analysis of the eigenvalue distribution
of another Gram matrix, the so-called Neural Tangent Kernel (NTK). Consider a multilayer neural
network and denote by J = Vg fp(X) the Jacobian matrix of the network outputs with respect to
the weights 6. Then, the NTK is the Gram matrix of .J, defined by KNT® = J*J. It was shown
in [[14] that the NTK at random initialization converges, in the infinite-width limit, to a deterministic
kernel and it remains constant during the whole training time of the network. Subsequently, [23]]
analysed the spectrum of the sample covariance matrix JJ* in a single-hidden-layer neural network,
and provided an exact asymptotic characterization of the spectral distribution of J.J* with random
Gaussian weights and data. Recently, [9] proved that the limiting spectral measure of the NTK
converges to a deterministic measure, which may be described by recursive fixed-point equations that
extend the Marchenko-Pastur distribution.

The present paper is structured as follows. In the first part we consider the non-linear random matrix
model studied in [6]] and we compute its asymptotic spectral density. We follow the resolvent method
via the cumulant expansion which, together with the moment method, is a standard approach to
obtain the asymptotics for the empirical spectral density. In particular, we compute the self-consistent
equation that is approximately satisfied by the Stieltjes transform of the limiting spectral distribution.
This is a quartic equation and is the same as that found in [[6]]. In [6, 22] the authors relied on the
method of moments: they approximated general non-linear functions by polynomial ones and then
computed the asymptotics of high moments E Tr(Y*) with Y = f(W X) to obtain the limiting
measure via its moments. Conversely, we approach matters in a more robust and less combinatorial
fashion by applying the resolvent method: we consider Y as a random matrix with correlated entries
and then we directly derive a self-consistent equation for its resolvent. In particular, we prove that the
random matrix Y has cycle correlations, in the sense that the joint cumulant does not vanish when
the random variables Y;;’s are joined by a cycle graph. We find that the variance of Y;; is given by
the parameter ¢ (f), whereas for k > 1 the cumulants x(Y,4,, Y75, Yigiss - - -, Y75 5, ) are powers
of 02(f). We note that in the random matrix literature matrices with general decaying correlations
have been studied previously, see e.g. [3, |8, |1]. However, the cycle correlations of Y considered in
the present paper are much stronger compared to these previous results. The second part of this paper
concerns the additive bias case which is a more realistic model for machine learning applications.
More precisely, we consider the random feature matrix Y = f(W X + B), where B is a rectangular
rank-one Gaussian random matrix, and derive a characterization of the Stieltjes transform of the
limiting spectral density. We chose B to be rank-one since for the most commonly used neural
network architectures the added bias is chosen equal for each sample. [2] studied the bias case for
deterministic data and i.i.d. Gaussian random weights, and computed the exact training error of a
ridge-regularized noisy autoenconder in the high-dimensional regime. Interestingly we find that in
the case of additive bias it is impossible to choose an activation function f such that the eigenvalue
distribution is preserved throughout multiple layers, unlike in the bias-free case where 05(f) = 0
yields the Marchenko-Pastur distribution in each layer. Finally, we remark that in the bias-free case
our proof via the resolvent method has no significant advantage compared to the moment method,
beyond requiring less combinatorics. The main advantage of the resolvent approach is that it allows
to include an additive bias without much additional effort.

2 Model and main results

We consider a random data matrix X € R™0*™ with i.i.d. random variables X;; with distribution v,
and a random weight matrix W € R"**"0 with i.i.d. weights W;; with distribution . We assume
that both distributions are centred with variance EX?; = o7 and EW}; = o7,. Moreover, we assume



that the distributions 11, 5 have finite moments of all orders{ﬂ Sincefor1 <t <mjand1<j3<m

we have
WX
Wik Xk,
< ﬁn >ij Z k< kj

we note that in light of the central limit theorem the entries of the matrix

WX
Tes
N (0,02 02)-normally distributed random variables. Therefore, for any ¢ > 0, we have the large

dev1at10n estimate

are approximately

WX); _
P (max 7( Jis > t) <nie! /2"“’UT
,J RVALN)

where we use the notation A < B as shorthand for the inequality A < ¢B for some constant c.
Let f: R — R be a C'* function with zero mean with respect to the Gaussian density of standard
deviation 0,0, 1.€.

/]R < 793 /2 dr =0 2
f(owosx T .

( ) o (2
We consider the random feature model generated by a single-hidden-layer neural network,

3)

1 X
M=—YY* € R"*™ with Yf(W )
m

Vo

where the activation function f is applied entry-wise. Let x : R — R be a smooth cut-off function
that is equal to one for || < 1 and zero for |z| > 2. We then replace f by f(-)x(log™*(no) -). In
particular, we now have that f is smooth with compact support. Moreover, for any [ > 0 and n large
enough, with probability 1 — ny !, the singular values of Y remain the same.

We are interested in the eigenvalue density of the random matrix M in the infinite size limit. So, we

assume that the dimensions of both the columns and the rows of each matrix are large and grow at
the same speed, i.e. we introduce some positive constants ¢ and v such that

no

— — ¢ and ——M/J as ng,ni,mMm — 0. @)
m nq
We denote by ()\1, ..+, An, ) the eigenvalues of M and define its empirical spectral distribution by
Uny = n—l 1 0x,- Then, as n; grows large, the empirical distribution of eigenvalues converges in

distribution to some deterministic limiting density.

Theorem 2.1. There exists a deterministic measure [y = 14 (01, 02) such that almost surely weakly

Mn, —> [t as nyg — oo.

We notice that if m < ny, then rank(M) = min(n;, m) = m and M has n; — m zero eigenvalues.
In this case, since ¢/t > 1, there exists an atom at 0 with mass p,, (0) = 1 —1/¢ > 0, and we have

ny—m 1
Un, = T% + ;Z5Ai-

iz

Conversely, if n; < m, the matrix M has full rank and it is invertible. Since the nonzero eigenvalues
of YY™* and Y*Y are the same, the limiting measure i of Theorem [2.1] turns out to be

u=<1—:§) 0 + i
+

where (-)+ = max(0, -), and f is the limiting spectral measure of LY*Y".
We will prove that the deterministic measure p of Theorem@] is characterlzed through a quartic
self-consistent equation for the Stieltjes transform g(z ) of the empirical spectral
measure /i, , Where

G(z) = (M —2)" " e C*m

!This assumption can be relaxed by a customary cut-off argument, but we refrain from doing so for simplicity.



is the resolvent of the random matrix M and the spectral parameter z lies in the upper half plane
H={z¢c C|3z > 0}. We set

) 671’2/2 , 6712/2 2
0:1(f) .:/Rf (awaxas)ﬁdx and 6(f) = (crwcrx/Rf(awaxa:)mdz> . B

Then, the following theorem characterizes g as the solution to a quartic equation which depends only
on the two parameters 61 (f) and 05(f).

_1
Theorem 2.2. For some §,¢ > 0 and any z € H with Sz > n, 4+€, the measure |4 is characterized
through the following self-consistent equation

e (- B (1- G o) - OB (1 S o)

<ny?

(6)
almost surely.
Remark 2.3.
(i) We obtain an analogous result for complex feature and weight matrices W, X, c.f. Remark[E 1]

(ii) Note that the quartic self-consistent equation (6) may not have a unique solution such that
Sg(z) > 0. However, it has a unique solution which is analytic in the upper half-plane and
satisfies g(z) ~ —1/z for large |z|.

(iii) Since the resolvent itself satisfies Tr G(z)/n1 ~ —1/z for large |z| and is analytic in the upper
half-plane, by continuity Theoremimplies that g(z) is approximately given by a properly
chosen solution of (6). Then, the limiting spectral measure itself can be recovered via the
Stieltjes inversion formula,

1
pw(A) = lim —Sg(A + de),

e—0t T
and Theorem 21| follows from Theorem[2.2}

(iv) It follows from the self-consistent equation (6)) that the limiting spectral measure [i is absolutely
continuous w.r.t. the Lebesgue measure, and therefore so is . away from zero. Moreover, for
large z, equation (0)) has real solutions and thus via Stieltjes inversion the limiting measure y is
compactly supported.

Remark 2.4. It should be noted that Theorem and Theorem were proven in [22, 6|]] under
different assumptions and with a different method. The result in [22]] was obtained for i.i.d. Gaussian
features and weights, whereas [6]] extends the result to the case where both the inputs and the random
weights have sub-Gaussian tails but are not necessarily Gaussian.

Observing equation (6), we note that if 62(f) = 0, then the limiting measure u is exactly the
Marchenko-Pastur pi s p distribution with parameter ¢/1. Indeed, in this case, g(z) approximately
satisfies the quadratic equation

v (2400 (2-1) ) o) + 00 S0 ~ 0 ™

which corresponds to the self-consistent equation satisfied by the Stieltjes transform of piprp [20].
As discussed in the introduction, this consideration is relevant when studying multilayer networks.
Pennington and Worah [22]] conjectured that the asymptotic spectral distribution is preserved through
multiple layers only by activation functions with 65(f) = 0 and is given by the Marchenko-Pastur
distribution in each layer. Benigni and Péché [6] then proved this conjecture for bounded activation
functions satisfying 02(f) = 0. Moreover, if 61 (f) = 62(f), then equation (6) becomes cubic. In
particular, the equality 61 (f) = 02(f) holds if and only if f is a linear function (for more details, we
refer to the supplementary material in [[22]). In this case, M = %YY* with Y = WX, and thus the
limiting measure 4 corresponds to the limiting spectral distribution of a product Wishart matrix. The
spectral density for matrices of this type has been computed in |7, [10].
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Figure 1: We present the eigenvalue histogram of the covariance matrix YY* for a single random
realisation together with the theoretical limit from Theorems and for the functions f(z) =
tanh(z) and f(x) = 2 with and without additive bias. We note that the presence of an additive bias
can both increase or decrease the largest singular value. The numerical experiments were conducted
for the parameters ny = 3000, ¢ = 0, = 0, = 1, ¢ = 5 (left) or ¥ = 2 (right), and o}, = 0 (top) or
op = 0.25 (bottom).

2.1 Additive bias case

The previous model can be generalised by adding random biases. In neural networks, the bias is an
additional parameter that allows the model to better fit the given data. In this case, for each input
data x € R"™°, a bias vector b € R™" is added to the vector W € R™*. We then apply a non-linear
function f: R — R in an element-wise fashion to its vector arguments Wz + b in order to obtain n;
random features f(Wx +b) € R™.

We consider a random bias matrix B € R™ *™ of i.i.d. Gaussian random variables B;; = B; with
zero mean and variance EB? = o7. Note that the random matrix B has rank 1. Let X € R™*™ and
W € R™ *™0 be random matrices with i.i.d. entries, defined as before. Moreover, let f: R — R be a
C*° function satisfying

—22/2
Voo +o2z) S dr=o0. 8
/Rf( awam—&-abx) T x (8)

Just as before, without loss of generality, upon replacing f by f(-)x(log™*(no) -), we may assume
that f is a smooth function with compact support. We then define the random matrix M by

1 X
m 1/ o

where f is applied entry-wise. We introduce the parameter

i

2 42 2 52 2

~ . Ung (Uwax + 2ab)

o= 2 2 2
Uwaw + Ub



and we define the following integral parameters:

—z2/2
01(f) = /sz <\/aﬁjag+0§x> e\/ﬁ dz,

1 x? + x2 o2x129
0 — 1 i 2 _ b d ,
1.6(f) 2mi /o2 o T o7 /R2 f(z1) f(r2) exp ( 55z T (020 + o7) xz, (10)
OwO 2 + 2 02:171932
9 — wCax s _ 2 4 = b de.
2(f) 2no\/0202 + o} Jre F'(w)f(w2) exp ( 202 72 (0%,02 + o) v

We can now state the analogue of Theorem [2.2]in the additive bias case. In particular, the following
theorem shows that the normalized trace of the resolvent of M approximately satisfies the self-
consistent equation (6)) with parameters given by (10).

Theorem 2.5. The Stieltjes transform g satisfies (0) with parameters given by (I0), where 01(f) is
replaced by 01(f) — 61,5(f). Moreover, there exists a single outlier eigenvalue Amax = n161 (1 +

O(ny 1/ 2)) of M that is separated from the support of the rest of the spectrum.

We remark that the parameters 61 ,(f), 62(f) can be alternatively expressed as infinite series, directly
demonstrating that for oy, # 0 and non-trivial f both coefficients are strictly positive, 61 (f), 62(f) >
0. For notational implicitly, we introduce the Hermite inner product

1 —z2/2
(fs 9)me izﬁ/Rf(x)g(x)e 2 4z.

Remark 2.6. We have
k
)= A (Ugagﬂz) (", 15 e
02025 k an
02(/) = 3 ,C,(U%QM ) (e

02 o2+ O'b

and therefore 01 ,(f) = 0, o, # 0 implies that f(7-) is orthogonal to Hermite polynomials of any
order, and consequently f = 0. Similarly, 02(f) = 0, o, # 0 implies that f = const.

2.2 Multiple layers

In [22] it was observed empirically that in the bias-free case activation functions with 65 (f) = 0 have
the remarkable property that for multiple layers

YO — Oy Oy, y© — x (12)

the singular value distributions of Y (), Y'(2) all asymptotically agree (up to scaling) with the
probability distribution p(01,62) = p(61,0) from Theorem This observation is very natural
from our point of view since we find that Y(!) is approximately an i.i.d. random matrix if 5 (f) = 0,
c.f. Proposition [3.2] below.

An interesting corollary of our Theorem [2.5]is that a similar isospectral property cannot be ensured
for the case of additive bias

yED = pwOy® 4 g0y vy = x, (13)

Indeed, in light of Remark [2.6} for o, # 0 we have 01,,(f), 02(f) > 0 for all activation functions
f. and therefore already the random matrix Y(!) necessarily has leading order correlations, c.f.
Proposition [3.3] below. Hence, convergence of the spectral density to the solution of (6) is not
expected beyond the first layer. In Fig. [2| we test this result experimentally and choose the activation
function f(x) = ¢1]x| — c2 with ¢1, ¢ such that (2) is satisfied and 61 (f) = 1. We find that in
the bias-free case (left), irrespective of the network depth, the eigenvalues of the covariance matrix
y® (Y(l))* converge to their theoretical limit from Theorem exactly as in [[22} Fig. 1 In the
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Figure 2: For randomly generated neural networks of varying depth and width, we compute the
Wasserstein distance dywa.ss between the empirical eigenvalue density of the covariance matrix
YO (Y W)* to the distribution y from Theoremfor the activation function f(z) = ¢1|z| — ¢2. In
the bias-free case (left), the Wasserstein distance decays as the inverse of the network width, while in
the case of an additive bias (right) no convergence can be observed. The numerical experiments were
conducted for the parameters ¢ = 0, = 0, = 1,9 = 2 and g, = 0 (left) or g, = 0.5 (right).

case of an additive bias (right), no such convergence is observed, and this provides empirical evidence
of our result.

The spectrum of the covariance matrix Y (V) (Y ()* reflects the distortion of input data through the
network and highly skewed distributions indicate poor conditioning which may impede learning
performance [22]. Batch normalization seeks to remedy the distortion by normalising by the trace
of the covariance matrix Y (Y (V)? in each layer. In [22] it was suggested that choosing activation
functions with 05 (f) = 0, i.e. functions which naturally preserve the singular value distribution, may
serve as an alternative method of tuning networks for fast optimisation. Our result indicates that in
the case of additive bias this alternative is not present. However, batch normalization seems to help
stabilising the singular value distribution also in the additive bias case, c.f. Fig.[3

3 Outline of proof of Theorems 2.2 and

The proof of both Theorem [2.2] and [2.5] can be broken into two distinct parts. The first step is to show

that Y = f W

c f. Propos1t10ns 3.2]and [3.3] below. The second step is to prove the global law for the random matrix
YY* with the cycle correlations. In the following, we will sketch the derivation of the

self—c0n51stent equation. A more detailed proof is provided in the supplementary material.

€ R™*™ can be viewed as a correlated random matrix with cycle correlations,

The key idea is to use a multivariate cumulant expansion formula. Cumulants of a random vector
X = (Xy,...,X,) can be defined in a combinatorial way by

KXy, Xp) =Y () (x| - ] B (H Xi> ) (14)

T Ber i€B

where the sum runs over all partitions 7 of the set [n] = {1,...,n}, the product runs over the blocks
B of the partition 7, and |7| is the number of blocks in the partition. The following expansion is
commonly referred to as a cumulant expansion and generalises the Gaussian integration by parts. In
the context of random matrix theory, the usefulness of this expansion was first observed in [15]] and
later revived in [[12}[13]]. A proof of the following lemma is provided in Appendix [C|for completeness.

*In the notation of [22]], f = f1.
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Figure 3: We present the eigenvalue distribution of neural networks of varying depth and in the
presence/absence of both bias and batch normalization for the activation function f(z) = ¢1|z| — ¢a.
In the bias-free case, batch normalisation has no effect on the spectral stability, and throughout the
network the theoretical distribution from Theorem [2.1| matches the actual eigenvalue distribution
of the covariance matrix Y () (Y(l))* well. In the case of an additive bias, the single-layer spectral
density matches the theoretical limit from Theorem [2.3] to high accuracy. However, for multiple
layers the spectral density diverges without additional batch normalization. Batch normalization
alleviates the divergence, however the actual eigenvalue distribution deviates from the theoretical
limit from Theorem [2.3] The numerical experiments were conducted for the parameters n; = 3000,
¢ =0, =0y, =1,1%=2and g, = 0 (top) or g, = 0.5 (bottom). Here we used batch normalisation
of the form YY) — ¢Y' () after each layer, choosing ¢ to ensure unit empirical variance.

Lemma 3.1 (Cumulant expansion). If X = (X1, ..., X,,) is a random vector with finite moments of
all orders, then

EX, f(X Z Z k(X1 7417...7Xil)Ea’il"'ailf(X);

1>1 i1,..
where f: R™ — R is smooth.

We start with the defining identity of the resolvent, 1,,, + zG = MG, where 1,,, denotes the ny x n;
identity matrix, and we compute its average trace:

1 YYG 1 Y*G
1 _—T - v ([— ) 15
PERS s zz () (15)

where g(z) = n% Tr(M — 21,,,)~! is the normalized trace of the resolvent of M. Since the random

variable (Y*G) ;; can be seen as a function of Y;;, we can take the expectation on both sides of (13)
and apply Lemma@

Y ) Y*G
11127 1314’ ) 12k —122k
1+z2Eg= " Z Z — 1); anisi4 a .ayizk—ﬂzk < m )izil ’

k>11d1,...,02k
(16)

The main goal now is to show that Y can be viewed as a random matrix with cycle correlations given
as in the Propositions [3.2]and [3.3|below: Prop. [3.2]refers to the bias-free case and Prop. [3.3]to the
additive bias case. We postpone the proof of both propositions to Subsections [A-2]and resp.
Proposition 3.2 (Correlation structure without bias). The random matrix Y defined by () has joint
cumulants given by

k(Yiyi,, Yo, ) =~

1112 1201

k(Y i, Y, Y Y}

G1%29 Ligizs Ligiar - 12k11)

1(£), a7



where i1, ... ,io are all distinct, and we write X =~ Y as a shorthand notation for X =Y (1 +
O(ng %)),

Proposition 3.3 (Correlation structure with bias). The random matrix Y defined by (9) has joint
cumulants given by

K(Yiri) = Olng %),
K(Yiia, 1*1 ~0 ,
( 112 i 1) 1(f) (18)
K/(Yili27}/;3i1) ~ 011b(f
H(Eligv i;i;g’ Yésl}w s ’Yi;ch) ~ 02(f)kn(1)7k7 k>1

where iq,. .., 19 are all distinct.

Applying Propositions [3.2]and [3.3]to (16), computing the partial derivatives and doing some book-
keeping, we get the desired equation (6) as ng, n1,m — oo. To complete the proofs of Theorems
and[2.5] one has to show the concentration of g around Eg, as stated in the following lemma.

Lemma 3.4. For the random matrix M = %YY* and a complex number z € H such that Sz >

_1
n, 4+€, for some € > 0, it holds that

1
B —E dc - 19
with high probability in X, and analogously
1
E —-E D — 20
x|9(2) —Exg(2)[* < FEIE (20)

with high probability in W, where Ex (resp. Eyy ) is the expectation in the X -space (resp. W -space).

The proof of this lemma relies on a standard argument (e.g. see the proof of the concentration
inequality in [5} Subsection 3.3.2]) and is given in Appendix [D}

4 Conclusion

In this paper, we analysed the singular value distribution of fully random neural networks and found
that in the case of additive biases it is impossible to achieve isospectrality by tuning the activation
function. In addition, we showed that the resolvent method from random matrix theory also applies
to the neural network analysis, despite the non-linearities and we expect that this robust method will
prove to be useful in contexts where the conventionally used moment method becomes intractable.

Broader impact

Our result is a purely theoretical one for fully random features, weights and biases. Therefore, we do
not expect our contribution to have ethical concerns or adverse future societal consequences.
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A Proof of Theorem 2.2]

A.1 Derivation of the self-consistent equation

We start from (I6) and rely on the following power counting principles: Each derivative provides a
smallness-factor of 1/4/m because G is a function of Y//m and Y*/1/m, while each independent
summation costs a factor of n; ~ m. However, we cannot have too many independent summa-
tions for if any index appears only once in the cumulant, then the latter vanishes identically by
the independence property of cumulants. For example, if is, ..., i, # i1, then the random vari-
ables Yi,i,, ..., Yi,. .4y, are independent of Y;,;, in the probability space of the random variables

{wila };:1 conditioned on the remaining random variables. By the law of total expectation and the
independence property it follows that

H(Yvilizv o 7}/'52k71i2k) =0

in this case. Thus we only need to sum over those cumulants in which each W- and X-index appears
at least twice (we call ¢ the IV-index of Y;;, Y5 and j the X-index). In the extreme case where each
W - and X-index appears exactly twice, we elther have a single cycle, or a union of cycles on disjoint
index sets. In the latter case the cumulant vanishes identically by the independence property. In
the former case, for a cycle of length 2k there are k indices each, we obtain a factor of nl_l from
the normalised sum, a factor of m~2k/2 = m~F from the derivatives, a factor of nlf mF from the

summations, and finally a factor of ny ~* from the cumulant in Proposition ie.

11
kn’fmkné el
nym

and the power counting is neutral. On the contrary, when some index appears three times, the overall
power counting described above is smaller by a factor of 1/+/m, and thus negligible to leading order.
In particular this argument shows that cycles of odd length only negligible as they cannot arise on
indices in which each W- and X-index appears exactly twice.

Thus, together with Proposition [3.2] we have (recalling that the shorthand notation ~ indicates

equalities up to an error of n 1 2)

K(Yiiins Yigis, Yo Yoo iin)
1129 Ligiqay Lisies + + -9 Liog_102k
14+ 2zEg = E E EaYW4 Oy i (Y*G)igil
nim (k — 1)' 2k —1%2k
k>141,...,02k
~ * L. * . *
~ }/7,11271/;2135}/13147 - }/7/2k711) E8Y1374 aYizkflizk ( )igil
k:>1117 lok
1 *
_— * *
= nm (Y;llz?Y;ﬂl) anizil (Y G)'ngl

11,12

nam Z Z Yv’”?’Y—Z;%’ m3i47 t Y;Zkll) an* T ayv*zkn (Y*G)lzll

k?>2 11,0502k
1 0% Z
* *
E :Ea Y G)izil + nim nk E6Y1;3 aYl*zwl (Y G>i2i1 ’
11,22 sz 0 i17...,i2k

2y

where the summations Y * are understood over pairwise distinct indices. Here in the second
line the factorial (k — 1)! disappears since there are exactly (k — 1)! ways to map the variables
Yigias Yigie - -+ s Yigp_qigp, 100 Y0, Yiouy, oo Y0 i with distinct 41, ..., %2;. From this point on-
wards, we will omit reference to E to mmphfy notation slightly.

We now need to compute the partial derivatives in (ZI). The proof of the following lemma is included
in Appendix[C|
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Lemma A.1. Let G(z) = (M —z)™}, z € H, be the resolvent of the random matrix M = LYY* €
R™ "1 Then, it holds that

Y*GY
Oy~ (Y*G), ;. =Gi <1 — ( ¢ ) ) , (22a)
igiq 271 m iria
Y Y*GY
Oy, - Ovy  (Y7G) ) ~ =0y, Oy, (G) Giiy (1 - ( . ) > .
igig ingil 201 3iq 2k—1%2k m o) m inin

(22b)
Thus, using Lemma[A.T]in (ZI) we have

01 Y*GY
1+zg~ZGml< —( - ) )
3D DI SRR S € &M<P(YGY> )
34 2k—1%2k m i31;2k m 7;21‘2

k>2 nO U1yeeyi2k
n Y*GY
=619 —0i—g < >
m m
n JY*GY \\ 1 -
- <g a Eg <m>) Z aylsu Y‘2k—1i2k (GY)isiak ’
k>2 Si2k

(23)

where <Y GY> =L Tr Y26 — 1 2g from (T3). Again, we stress that the equalities are meant
in expectatlon Moreover shlftmg the index in the above summation, we get

*

k
m Z 6 Z 8Y13L4 Y‘2k—1i2k (GY)i3i2k

k‘>2 ’L3 ng

*

ny 1 gk
- 02%% Z ﬁ ' Z 8Yi31?4 o aYiszrﬂmHz (GY)i3i2k+2

+
D
2|
3\
SD—‘
> D
e

Yigiy 12k+112k+2 ( )i3i2k+2
13,0502k +2

Y*GY Y*GY
zgg”l(g_”l < )+02<1+zg—91g+91nlg< >>
no m

m

—p,M _ o) A1
=07 (14 26) — 00— 02) g (1= (14 20))
where in the third step we used ZI). Finally, together with (23), we have

n n n
129~ 019 (1= 22 (14 29)) = B2g(1 4+ 29) (1= 22 (1 + 29))
ny ny ’ 2 (24)
Fa(0r—02) g (1= TH (1 +29))
which corresponds to the desired equation (@) as ng,n1, m — oo. Thus, (24) combined with the
concentration inequality given in Lemma 3.4]completes the proof of Theorem 2.2}

Proof of Theorem[2.2] We need to show the concentration w.r.t. Ey, x = E. By the triangle and
Jensen inequality we have

Elg(z) — Eg(2)|* S Elg(2) — Ewg(2)|" + Ex[Ewg(z) — Eg(2)[*

< By (Bula(z) ~ Bug(2)) + Bu (Exla(z) ~ Bxa(:)) £ i
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and thus the almost sure convergence follows from the Borel-Cantelli Lemma, completing the proof
of Theorem [2.2]together with (24).

A.2  Proof of Proposition[3.2]

In light of the central limit theorem, we have that in the asymptotic limit the random variables

WX 1 &
=— ) WXy,
( V7o >z‘j Vo z; ’
are approximately N (0, 02 02

, 04,04 )-normally distributed. Our next goal is to compute their cumulants.
The first cumulant or expectation vanishes identically. For the second cumulant we obtain:

(WX)i, i WX)iniy - o . . .
Lemma A.2. The cumulant of Al 2 and ( \/7%03 4 js nonzero only if i1 = i3 and ia = 14, and

in this case it holds that

((anl , <W\Xﬁ>wu) — o202,

Proof. We have

WX)i i WX)i.i 1
" (( )1112, ( ) 314) = —EWX)i,( WX)i,i,
/1o V1o o
1 &
= n— Z EW11k1Xk112W13k2Xk224
k1,k2=1
no
:725 EW?, X2, = 04,000,050
- i3 1224 1k1 k1io i113 Y1214 Y w
ki1=1

Thus, the second cumulant is nonzero if ¢; = i3 and i = 74, and in this case it is exactly the variance
WX)ij ]

of the random variable NI

We now consider four random entries, and we compute
;”f ((WX)i1i2 ) (WX)i?,iw (WX)isie ) (WX)i7i8> :
0
We observe that the cumulant vanishes identically if any index appears exactly once by the indepen-
dence property, and thus each - and X-index must appear exactly twice. This is only possible if

we have two cycles on two indices each, or a single four-cycle. The cumulant of the former vanishes
identically by independence ant thus the only non-vanishing 4-cumulant is

K <(” X)iliz ( X)lzlg (H X)i3i4 (WX)zul)
Vo o vno T no T o
= *12 EWX)i,i, (WX)3,:, (WX )igi, (WX);
1o

1491

no

1
= 9 E EWillek'ligI/I/ingXk,QiQWigngk3i4Wilk4Xk4i4
0 k1 ko, k3, ka=1

2

no 2 2

o 2 (UU)Gx)

- z : EW, 1k1Xk112W23k1Xk1i4 - no
g k=1

Here for the first equality we used (I4)) where all but the trivial partition vanish identically since in
some expectation a single index appears. This result can be generalised:

Lemma A.3. For k > 2 and pairwise distinct indices we have

((WX)i1iz (WX)zms (WX)i3i4 (WX):%“> = (o—iag)k +O( 7k)
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Proof. As illustrated for the case with four random variables, to have a nonzero cumulant, we can
encode the 2k random variables as a cycle graph of length 2k. Then, the only contribution comes
from

k
(WX)iliz (WX)?Qkil 1 (0—1200-3) —k
: =—EWX); ., - WX) . =~—"—+0 ,
R ( \/n—o ) ) \/n—o nlg ( ) 172 ( )12k11 77,1571 + (nO )
which completes the proof. O

Finally, we compute the cumulants of the entries of the random matrix Y. Since the activation
function f is applied component-wise, it follows from the previous results that the only contribution
comes from k(Y iy, Y3, Yigigs -, Yih, ;) for k> 1and iy, . .., ig distinct, thus proving that Y’
has cycle correlations.

Proof of Proposition From the Berry-Esséen Theorem it follows that

7{1}2/20' a2

w(Yi) EYW/f e+ Ol )

J?D U’I‘

e*$2/2 _ _
:/Rf(crwamx) T+ Olng 2y O(ng 2,

and

—z2/2

AV, 7o) = (14 O %)) /RfQ(owawx)e do = 01(f)(1+ Olng/?)),

V2T
since the random variables (W X);;/,/no are approximately centred Gaussian with variance o,
Let £ > 1. Then, smce f is a smooth function with compact support, we have that f is in Cl for
some integer [ > 1 + 7. Using the Fourier inversion theorem, it follows that

2 2

f(xl) — / f ztlxldtl

N . 1 . ‘
— et f(tl) eztlmdtl + — 1 f(tl) eztlxldtl
27T [t1]<ng2* 21 [t1|>ny2F
- L F() eitmrgr 4 O (e )it
- w1 ft1)e t1 + (ng™ ) ,
2T ‘t1|Sn02k

where we used | f ()| < iz for some positive constant ¢. For notational simplicity we work in

the case k = 2, but the argument when k& > 2 is the same. We compute

K(Yiyins Yo Yisin i)

1112 1213 1314 1411

1 A . A ) - ) -
:@)4/ " if(tl)f(tz)f(tz)f(t4)/-”»(6”12”i2,6”22"2"3,6”3&’3“7e”“Z"M)dt+0(%_2),
Vi, [t |<ng

A (Ztl)ll 1 * 5 * 4 -
s (400 U ) K1) (720 (Fii) (Zi ) 4 O

la>1 [t: |<"0 i= 1

where we introduced Z := W .X/,/ng and in the second equality used that any cumulant involving
the deterministic 1 vanishes identically. We now expand the cumulant involving powers of Z via the
well known formula [21, Theorem 11.30] in terms of partitions of the set {1,...,1; + s+ 13+ l4}
whose joint with the partition {{1,...,l1},...,{li+la+l3+1,...,+l1 +l2+13+14}} is the trivial
partition. By the independence property it is clear that the leading contribution comes from those

partitions with one block connecting one copy of each of Z;,;,, Z7 ;. , Zisi,, Z;,;, and the remaining
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blocks being internal pairings. Since for odd [; there are [1!! - - - [4!! such partitions it follows that

(YYYY*)

11229 ~ 49237 T 23%4 T 1417

A (iti)li . .

Z Vi, |t < (t')my{(zili?’Zmzstigiu Zl“l)
Ja>1 ) no i=1 7 I3

l odd

x Var(Zy,i,) " =D/% .. Var(Z}, )(14 1)/2dt+(9( ~3/2)

040'4 1 2t2/2) —3/2
E —— 1 titatat — ) dt+ O
no (27‘(’)4 zk:>0/Vz |ts \<n e 4H( ) * ( )
42
= i <0w0m /f/ *U’ o2 t?/2 dt) +O( —3/2)’
no

where in the penultimate step we used Lemmata[A.2HA3]and in the ultimate step we used the Fourier
property f(t) = it f(¢). Together with

Uwam/ —g' o2 t2/2 —x2/20,2 o2
it dt — e 292 dz
\ﬁ

, 67w2/2
= 0wOs OwOgT) ——r
/ Flowoew) =7

dz = 05(f)/2.

we conclude
* * —1/2
P (Visizs Visiys Yiaias Yii,) = 0205 (14 0(ng V%)),

just as claimed. O

B Proof of Theorem

B.1 Derivation of the self-consistent equation

We proceed as in Subsection[A-T] We know from (T3) that

1 < (Y*GY YY*G
X (50), =R (5 ) =R @
mi:l m i m m

We further claim the following.
Lemma B.1. It holds that

7221 <Y*GY>U =140 ((B1p(f)m)7 ). 06)

1=1 j=1

Together with (25), Lemma B.T]implies

1 Y*QY
— ( ) ~1— L1+ zg). 27)
oy ij

Proof. Using the Woodbury matrix identityﬂ we have

1 (Y*GY 1 . (YY" -t 1z (Y'Y -1
— ==Y —z Y =—+— —z ,
m m m m m m m

SFor A e R™*", C e R™", U € R™" and V € R"*™ the Woodbury matrix identity is given by

(A+UCV) ' =AT - AU (CT +vATIU) T vaTh
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which implies
1 (Y*GY 1 Y*Y -1 Y*Y -t
S () T S () s ()

,J v 1,J ,J v %,J v

-1
So, we need to show that Y. . £ (u - z) ~ is approximately zero. Let e := [1---1]Tbea

2,7 m m ij

3

normalized vector in R™. We then write

R

i i

It turns out that e is approximately an eigenvector of %Y*Y. Indeed, it holds that

E (Y*Ye> | \F S OS EYiYi &m0 006(f) = (n1 016(f))es.

m
j=1k=1

Moreover, the variance is approximately O(n/m), which means that the standard deviation is of
order 1, while the expectation of order n;. Thus, e is approximately an eigenvector of %Y*Y with
eigenvalue 11601 ,(f). Since 61 ;(f) is nonzero by assumption, we have that e is approximately an

-1

eigenvector of the matrix (me z1 ) with eigenvalue (n161 ,(f) — 2)~*, from which the
Y*Y -

(e, ( p— z) e)

Given Lemma [B.T]and Proposition [3.3] we can now prove the global law for the random matrix M
with the cycle correlations.

result follows:

~ |(n1 9171,(]0) — Z>_1‘ < 1. O

Proof of Theorem[2.3] Applying Proposition[3.3]to (T6) and using the same power counting argument
as in (ZI) we obtain

* *

1 * 1 * *
U zgm o D Vi) vy, (7 Gl + 00 30wVt Vi) O, (VG
11,22 11,12,13

1 . * *

* nim Z Z H(Yili’z’ o Ytzkh)aYi*gm o aYi*zk’il (Y G)izh
T e>200,. o,

01(f) « O1,6(f)

nam “z; Y ( )1211 nam %:g;a i1 1211

*

1 0%
+ Z 2lc(;fl) Z 8Y* ay* (Y*G)izil’

i1 it
nO 2'3 2k*1

015000502k

(28)

where we omitted reference to E to simplify notation. Given Lemma[A.T] we only need to compute
dy- (Y*G)

igiy i201°

” Y*GY
6}/1;1 1221 ZaY )/ZQjGjil) ~ 7Gili1 < m > ;
1213

17



where we omitted the contribution of 8y* YZ’; ; since it is very small. Plugging the partial derivatives
into @]) we get

e S G (1- (FEr) )y, (M)

11,12 i1 42,13

1 GY Y*GY
- nym Z k 1 . Z 83/7314 )/1219—1’52]9 <m>zz ) Gilil (1 B < m >z i >
k>2 i1 312k 212

ik

~0i(fg (1= 21+ zg)) —010(£)g (1= 1+ 29))
-9 (1 - *( + 2 )) Z nZ§1 i: Wiy, "'ayi%fﬂ'% (C::) .

E>2 770 iz, iog

where in the second step we used and (27). Finally, by shifting the index in the summation and
doing some simple bookkeeping, we have

n n n
14+zg~ (01 —61p)g (1 — El(l + zg)) — Ogn—;g(l +zg) (1 — Hl(l +zg))

ni o ny 2
— 01— 0) g% (1 - (1
+62(601 — 61 Gg)nog ( m( +zg)) :

which corresponds to the self-consistent equation (6)) as ng, n1,m — oo, where 6, is replaced by
61 — 01. In the same way as in the bias-free case, the concentration inequality of Lemma
can also be applied here, thereby concluding that g is approximately equal to its mean with high
probab1l1t The first claim of Theorem [2.5] then follows. The second claim follows easily from
Lemma Since 1161 (f) is approximately an eigenvalue of the random matrix EY*Y and since
the nonzero e1genvalues of Y*Y are the same as the one of Y'Y, we have that Apax =~ n161,5(f) is

an eigenvalue of M located away from the rest of the spectrum (called outlier). This concludes the
proof of Theorem [2.5] O

B.2 Proof of Proposition[3.3]

In light of the central limit theorem, in the asymptotic limit the random Variables (V\V/)Q” + B; are
approximately normally distributed with zero mean and variance 0202 + O’b In contrast to the

bias-free case, here we have two different nonzero second cumulants of the entries of the random

matrix Y/V% + B, and therefore also of the Y;;’s.

Proof of Proposition[3.3] The first identity follows in a straightforward manner by assumption (g):

e~ /2(c% 00 +07)
K dx+ O ~1/2 on=t?).
(Vij) = BY,, = /f T o =0l )

For the second cumulant, we first compute

1

= ;OE(WX)zm (WX)izi, + EB;, By,

- 6111351214 OwOg + 611l30b'

For i1 = i3 and iy = i4, the cumulant (Y5, 4,, Y, ) follows easily:

e—2/2(ch 00 +ot)

By, Vi, ) = (L+ Ong %) /f2 dz = 6,(f)(1+ O(ng '/*).

V2r(0202 + 0})

On the other hand, for i; = i3 and i3 # i4, to compute the cumulant (Y}, ;,, Y%, ), we need the
(WX )iqig

Tt + Bi, and Wiy B;, which turns out to be asymptotically

characteristic function of N
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equal to

2 2 2
exp (—W(t% +12) — aftth) .

Now, we can compute the cumulant of Y;,;, and Yz:“

K(Yiyin, Yini ) = (271r)2 f(xl)f(azg)e_it'”’ exp (—W(ﬁ + t%) — 05t1t2> dtdx
e / F(t1)f(t2) exp ( W(ﬁ +12) — a§t1t2> dty dto,
where in the second step we applied the Fourier inversion theorem. We denote the covariance matrix
Y by
5 ( 0b+ o7 Jiaga ag) (29)

with determinant det(X) = 02 02(02 02 + 207) and inverse matrix

DI - 1 03;0920 + Ul? —O'g
det(2) —o} o2oi+op )

Again applying the Fourier inversion formula, we obtain

* 1 ¢ —L@xt
mmJ@J~@ﬂ J)f(t)em 3050t
27 l(m7271m>
T e 2 dx
(2m)2 /f 1) Jdet(®)

—l(m,Eflm) _
x To)e 2 de =0 ,
277\/02 o2( 02 02 +207) Jr f( DS (w2) 1(f)

where

oA _ o (L (Owoi +0p) (et + 15) - 20301
202,02(0202 + 20?) ’

To complete the proof, it remains to compute the joint cumulant of Y5 :,, Y7, Yigi,, ..., Y, ;. for
k > landiy,...,1%2 distinct. For notational simplicity, we prove the statement for & = 2. First, we

use the cumulant asymptotics in order to asymptotically compute the characteristic function. The
cumulants have match those of the bias-free case, except for

(WX)iﬂz 112 2 2 2
K ( + B, | =005+ 0.
VAL Vv 1o

In addition to all these cumulants, we also have

. WX WX .
K <(WX)117,2 +B»L'1, ( )2421 +B“> — <( )lzls +B13, (WX)1314 +st> — O_g
Vo Vo Vo Vo

Therefore, the log-characteristic function is given by

n
ool t ol N~ o (1)t ((2e? 1
—mwre Db N2 2ty + tot w_w ti + O(ng?
5 >t —op(tita +tats) + p o H + O(ngy7)

+Bi1;(7)

=1 n>1
= Uw%2+%th_gb(t1t4+t2t3)+1og<1+ Ht+(’)n0 )
=1

for t1,to,t3,t4 € R such that |t | < nl/ We obtain the characteristic function by taking the
exponential of the above expression. By the same argument as in the proof of Proposition we
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have
k(Y; * Y, )

1429 Ligigy Ligtar Ligiy
1 (0202 [+, .= 0202 + o2 2 B
~ e ((2@2 /f'(tl)f’(t2)exp <—2b(t? +13) - a?tltz) dtldt2) + O(ng®?)
0
1 2
= Lz x 7 )
- x xro)e 2 dx
(27r\/01200%(01200925+2a§) /f( 1)f(2) )

o202

2

: —z{@n —3/2
+ — wx / o) i (z)e 2@ 2 ae | + O 7
1o (2”\/05)03(U%Ua§+205) Fi@n)f (w2) (92

where ¥ is the matrix defined by (29). It then follows that

’%<Y;1i27 i;’y Y;3i47 iiil) ~ EYYiliz iZingiaizL ijil - E}/iﬂz iiil E}/;Zi3}/;3i4
= 0:(/)n5 (14 0(ng %)),
as desired. The proof for k£ > 2 is similar. O

C Proofs of auxiliary results

Proof of Lemma[3.1} By applying the Fourier inversion theorem, we have
1 .

where ¢ x (t) is the characteristic function of the n-dimensional random vector X . It holds that
Jan (—iz1) f(x)e~ " ®dx = O, f(t). Then, it follows that

EX, f(X) =

EX, f(X) =

(2;)n /Rn (&nf (t)) ox (t)dt

— e [ FO(0ex(®)at

i e
=~ | fO (0 02 ex(®) ex(vt.

A
[\
oS
S~—
3

Cumulants can also be defined in an analytical way as the coefficients of the log-characteristic
function

log Ee'tX = ZKJ @ (30)
g - l l' )
1
where ), is the sum over all multi-indices I = (I1,...,l,,) € N™. We note that x;(X1,...,X,,) =
k({ X1}, ..., {X, }) means that X; appears [; times. One can prove that this definition of cumu-

lants is equivalent to the combinatorial one given by [14] (see [24] for a proof). Using definition (30)
results in

o1 . (it)!
t, 108 VX (t) =1 Z Kiteq T’
l
where l + ey = (I; +1,1a,...,1,). Since (it)! f(t) = ?(l\)(t), we finally obtain

BX 00 =30 M o [ T et = 3 e 000,

l

where we again applied the Fourier inversion formula. O
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Proof of Lemma[A.1) Let A™7 denote amxn; matrix such that A/ = 1¢(; j)=(x.1)}- Then, applying
the resolvent identity, we get

i —1 —1
Y (Y *teAid) Yy* o
B R M
oY e ¢ T m
It follows that dy;s G, = — (%)m Gjpforl <a,b<ny,1<i<m,and1 < j < ny. Therefore,

we have

o Y*GY
ayi*zn ¥ G 1211 Zay YZZ]G]“) = Gat (1 - ( m )i2i2> ,

which proves (3.6a). We now compute

. . (GY
Z 1213 Z21911 Y;QjGjil) ~ _Za ’213 <Y;2j (m> - Gilil)
J2k

Y Y*GY Y
(@), e (), (%),
m 1312k m 1212 m 1312k

where the approximation in the first line comes from the fact that the contribution of Oy« . Y.
ik

is very small and can therefore be neglected. Since the off-diagonals of the resolvent of random

matrices are small if Sz > nl_l, the partial derivative (9}/;; . G, i, can be omitted. This justifies the

second approximation. So, we obtain

Q

. GY Y*GY
8YL*21 8Yf2kll (Y G)izh ~ _8Yi3i4 . .aY}'Zk—limc ( m ) ‘ Gii <1 - ( m > ‘ ) >
1312k 1212
which completes the proof of Lemma[A.T] O

D Concentration inequality

Proof of Lemma[3.4} Without loss of generality, it suffices to prove the statement w.r.t. Ex since

by cyclicity the statement for Ey is analogous. We write X = (x1,...,&,;) with &, =
(T1ky - -+ Tngk)’» and similarly, Y = (y1,...,Ym). We denote by Fi, 1 < k < m, the filtra-
tion generated by {x;, 1 <[ < k} and by E¢[] := Ex[- | Fx| the conditional expectation w.r.t. Fy.

Now, we decompose g(z) — Exg(z) as a sum of martingale differences
Dy =E, Tr(M - 21,,) ' —Ep_ 1 Te(M — 21,,,)"", fork=1,...,m

By construction, we have E,,, Tr(M — z1,,,)"! = Tr(M — 21,,,) ' and Eo Tr(M — 21,,,)"! =
Ex Tr(M — 21,,)~ L. It then follows that

_ a1 &
9(z) = Exg(z ZEkTr —21,,) " = By Tr(M — 21,,,) 1=n—12Dk.

Next, we define M}, :== M — y,y;. We note that
Ep Tr(My, — 21,,) 7 = By Tr(Mj, — 21,,,) 7},
since M}, is independent of y;, and therefore is also independent of xj. So, we have
Dy = (Ex — Ejp_1)[Te(M — 21,,,) "' — Tr(My — 21,,,) ')
Then, by the Shermann-Morrison formula, we have
yi (M, — 21,,) "y
L+ yi (M — 21,,) tyg
|y (M), — 210,) "y
Sy (My — 210,) " 'y)
1

¥

| Te(M — 21,,,) 7" = Te(My, — 21,,) 7Y =

IN

)
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where the last inequality follows from the resolvent identity:

[y (My, — 215,) | < yi(Mi — 215,) " (Mg, — 215,) 'y

_ Y ((Mk B Zlm)_l - (Mk B Zlnl)_l) Yk

a 21 3z

Sy (Mi — 210,) " "ys)
Sz

Thus, |Dy| < 2(32)71, and so g(2) — Exg(z) is a sum of bounded martingale differences. We can
now apply the Burkholder’s inequality which states that for {Dy,1 < k < m} being a complex-
valued martingale difference sequence, for p > 1,

P n p/2
<CE (Z |Dk|2> :

k=1

m

D> D

k=1

E

where C' is a positive constant depending on p. We refer to [S, Lemma 2.12] for a proof of this
inequality. By choosing p = 4, we get

1
Ex |g9(z) — Exg(2)|" = 7 Ex

A
| —
Q
5!
=
(]
]
=

-

IN

just as claimed. [

E Complex case

Remark E.1. We can also consider matrices X € C™*™ and W € C™*™ of complex random
entries with zero mean and variance E|X;|? = 02 and E|W;;|? = 0. Let M = LYY* with Y =

f (Y/V—%) and let f: C — R be a real-differentiable function satisfying f«: flowozz) d?z =0.

e
Set 01(f) = [o|f(owoez)? %d?z. Then, it can be proved that the normalized trace of the
resolvent of M satisfies equation (7).

_ 2
o121
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