N

HAL

open science

Mahler measures of elliptic modular surfaces

Francois Brunault, Michael Neururer

» To cite this version:

Frangois Brunault, Michael Neururer. Mahler measures of elliptic modular surfaces. Transactions of

the American Mathematical Society, 2019, 372, pp.119-152. 10.1090/tran/7524 . ensl-01953103

HAL Id: ensl-01953103
https://ens-lyon.hal.science/ensl-01953103
Submitted on 12 Dec 2018

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://ens-lyon.hal.science/ensl-01953103
https://hal.archives-ouvertes.fr

MAHLER MEASURES OF ELLIPTIC MODULAR SURFACES
FRANCOIS BRUNAULT AND MICHAEL NEURURER

ABSTRACT. In this article we develop a new method for relating Mahler measures of three-
variable polynomials that define elliptic modular surfaces to L-values of modular forms.
Using an idea of Deninger, we express the Mahler measure as a Deligne period of the surface
and then apply the first author’s extension of the Rogers—Zudilin method for Kuga—Sato
varieties, to arrive at an L-value.

1. INTRODUCTION

Let P € C(Xy,...,X,) be anonzero Laurent polynomial. The (logarithmic) Mahler measure
m(P) of P is defined as the average of log |P| on the n-torus 7" = (S')":

1 dzy dzy,
P) = log | P R A | e ANANEE
n(P) = e [ dogl Pz Enn

If n = 2 and P defines an elliptic curve F, the work of Boyd [9] and Deninger [13] shows
that under certain additional conditions on P, the Mahler measure m(P) should be related
to the L-value of E at s = 2. Boyd conjectured many remarkable relations of the form

m(P) =rA(E,2)

where r € Q* and A(F, s) denotes the completed L-function of E. While Boyd’s conjectures
remain open in general, a number of special cases have been established in recent years, see
e.g. [21], [31], and [11].

In a series of papers [2, 3], Bertin derived similar identities between the Mahler measure of
a polynomial defining an elliptic K3 surface and the L-value of the associated newform of
weight 3 at s = 3. She studies families of K3 surfaces defined by families of polynomials
P.(X,)Y,Z) =X+ % +Y + %/ + 7+ % — k and another family Q;. One crucial ingredient
in her proof is that the derivatives of m(P;) and m(Qy) with respect to k are periods of the
corresponding K3 surfaces and hence satisfy a Picard-Fuchs equation. Using this fact she
derives an expression of m(Fy) and m(Qy) as Eisenstein-Kronecker series that she can then
relate to L-values for special values of k such as

(1) m(Py) = 4A(fs, 3),

where fg is the unique newform in S3(I'1(8)). A similar approach was adapted in [4] and
23], where several more relations between Mahler measures and L-values are derived.

In this article we develop a new method for establishing identities such as (1) for three-
variable polynomials that define elliptic modular surfaces. It is based on a modification of
Deninger’s approach in [13] that, in favourable cases, allows us to express the Mahler measure
of a polynomial as a Deligne period of the corresponding variety; in the 3-variable case as the
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integral of a Deligne 2-form 7 over a 2-cycle D. Our approach relies on explicitly identifying
n in terms of Eisenstein symbols (see §5) and D in terms of modular symbols (see §4) and
then applying results of [12] to evaluate the integral. The strength of our method lies in the
fact that once the cycle D is identified, most other steps can be performed algorithmically.
In the following theorem we collect our results. For a congruence subgroup I', the surface
E(T) is the universal elliptic curve over the (open) modular curve Y (I'), see §4.2. Each
equation is preceded by I, signifying that the given Laurent polynomial defines a model for
E(I"). While the first of our results was found by Bertin [2] with a different method, the
rest, to our knowledge, are new.

Theorem 1.1. For N € {8,12,16}, let fy denote the unique newform in S3(I'y(NV)) with
rational Fourier coefficients. We have

1 1 1
@) m(X+=4+Y+—=+2Z+—=—2)=4A(fs,0),

X Y Z
ra(s) : ml(x — 12y — 17— Eo D xyy —sao,
['1(4)NTo(8) : m(X + % +Y + % —47Z —4) = 7% + log(2),
TY(6) : m((X +Y +1) <%+%+1) _7) :7@,
D4(6) A T(2) : m((X +Y +1) (% .. 1) s (z+ %) ~5) = SA(fn.0) + B2,
L) :m((X +1*Y +1)* - 2%}(1@ = 4A(f16,0).

Note that there are no cusp forms of weight 3 for the congruence subgroups I'1(4) N T'g(8)
and I';(6). Accordingly, the Mahler measures we obtain are combinations of L-values of
Eisenstein series at s = 0.

In the following sections we will develop our method for general congruence subgroups,
accompanying the general considerations with explicit calculations for Bertin’s polynomial
P = P,. In §2 we recall part of Deninger’s work, expressing the Mahler measure of a three-
variable polynomial as an integral of a Deligne 2-form 7 over an explicit 2-cycle D which
we call the Deninger cycle. In §3 we describe a way to parametrise V(P) by giving an
explicit birational map from FE(I';(8)) to V(P). This construction was communicated to
us by Odile Lecacheux and we also use it for all the other surfaces we treat. In §4 and §5
we describe explicit cycles and motivic cohomology classes on the modular surface E(T').
The Shokurov cycles are closely connected to modular symbols and ultimately we want to
express the Deninger cycle D in terms of such cycles. The cohomology classes, cup products
of Eisenstein symbols, are natural elements of Hy/?(E(I')*, Q(k + 2)) first constructed by
Beilinson in the case k£ = 0 and extended by Deninger—Scholl and Gealy for general k. Section
§5 describes how to associate to a Milnor symbol on E(I') an Eisenstein symbol, which we
use to express the form 7 in terms of Eisenstein symbols. In §6 we recall some basic facts
about Deligne—Beilinson cohomology and the Beilinson regulator map.

Several of Boyd’s conjectures were solved by expressing Mahler measures as integrals of
Eisenstein symbols over modular symbols using the Rogers—Zudilin method. In the 2-variable

case this reduces to calculating the regulator of two Siegel units in terms of L-values of
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weight 2 modular forms (see [11]). The first author extended this calculation to deal with
regulators of higher order Eisenstein symbols. In particular this allows one to express the
integral of an Eisenstein symbol over the Shokurov cycle g X{g0, goo} for any g € SLy(Z) in
terms of L-values. Hence we try to decompose the Deninger cycle into a linear combination
of cycles of the form gX{g0,goo}. While every Shokurov cycle is homologous to such a
linear combination, we encounter several difficulties, coming from the fact that the Shokurov
cycles are cycles on a compactification of F(I"), while the Eisenstein symbols do not extend
to cohomology classes on the compactification. This means that an integral of an Eisenstein
symbol over a Shokurov cycle is not necessarily absolutely convergent. Furthermore, even
given absolute convergence, it is not always true that the integral of an Eisenstein symbol
over a coboundary vanishes, so integrals over homologous cycles might not be equal. We
carefully deal with these technical difficulties in §7.

In §8 we describe in detail how our method works for Bertin’s polynomial . In the final
section §9 we give conditions on the three-variable polynomial P under which we expect that
our method gives a connection between m(P) and an L-value. We describe how to construct
polynomials satisfying our conditions and derive the new formulas listed in Theorem 1.1.
The search for models that satisfy our conditions was performed in Magma [7] and we give
more details on the algorithm in §9. Given a model satisfying the three conditions, all
other steps described above can be performed algorithmically and we implemented them in
Sage [29]. In order to check our results and find other examples we used MATLAB [20] to
numerically approximate the Mahler measures.

Acknowledgements. The first author thanks Odile Lecacheux for her suggestion to give
a modular proof of Bertin’s results, and for communicating her method to obtain a mod-
ular parametrisation. We also thank her and Marie-José Bertin for interesting discussions
and encouragement throughout this project, and Wadim Zudilin for useful feedback on our
results. The second author' also thanks Bartosz Naskrecki and Chris Wiithrich for helpful
conversations about elliptic surfaces. Finally, we thank the anonymous referees for careful
reading and comments leading to an improvement of the article.

2. THE DENINGER CYCLE

Let P e CIX*,Y*!, 7+ be given by P(X,Y,Z) = Y'. ai(X,Y)Z" with a,,(X,Y) # 0

and define P*(X,Y) = a;,(X,Y). We denote by V(P) the (reduced) zero locus of P in G2,.
Then by Jensen’s formula

1 dX dy
2 m(P) —m(P") = , / log|Z| — N —,
@) (P) () (2mi)? (T2 xU)NV (P) 121 X Y

where T? = {(X,Y) : | X|=|Y| =1} and U = {Z : | Z| > 1}.
Definition 2.1. The Deninger 2-cycle Dp is defined by
Dp = (T*xU)NV(P).

Note that Dp carries a natural orientation arising from the natural orientation on 7.
We now focus on the polynomial P(X,Y,Z) = X + % +Y + % + Z + % — 2, for which we
give a more explicit description of the Deninger cycle Dp.

ISupported by EPSRC grant N007360 ‘Explicit methods for Jacobi forms over number fields’ and the
DFG Forschergruppe-1920.
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Lemma 2.1.
Dp = {(e,e™, Z(¢,v)) : cos ¢ + costp < 0,
Z(¢, ) =1 —cos¢ —costh + /(1 — cos ¢ — costp)? — 1}.
Proof. Let (X,Y,Z) € Dp. Since (X,Y) € T? we have

1
P(X,Y,Z):2Re(X)—|—2Re(Y)+Z+E—2.

The equation P(X,Y,Z) = 0 is then equivalent to
1
Z + 7= 2(1 —Re(X) —Re(Y)).
In particular Z + 4 € R which implies Z € RU S'. Since we assume |Z| > 1, we must have
Z € (—00,—1) U (1,400). Therefore |Z + 4| > 2, which implies Re (X) + Re (Y) < 0 and
Z > 1. 0

The region where cos ¢ 4+ cost) < 0 is (up to translations by 27) equal to the interior of the
square with the corners (0,7), (7, 27), (7, 0), (27, ) and Z varies between 1 and 3 + 2/2.

Lemma 2.2. The map (X,Y, Z) — Z defines a fibration of Dp\{(—1, —1,3 + 2v/2)} above
the interval (1,3 + 21/2). The fibres are homeomorphic to S* and are given by the implicit
equation

1 1
=1-=-(Z+—=].
cos ¢ + cos 2( + Z)

Note that for Z; € (1,3 + 2v/2), we have Z, + Zlo — 2 € (0,4) and the projective closure of
the curve P(X,Y, Zy) = 0 is an elliptic curve.

3. THE ELLIPTIC MODULAR SURFACE Fj(8)

By the work of Bertin-Lecacheux [5, §7.1], the elliptic modular surface F;(8) associated to
the group I'1(8) is a desingularisation of the surface

1 1 1
PXY,Z)=X+—+Y+—+Z+—--2=0.
(X,Y, Z) txtV o tZ2+ 5 0

The modular curve Y;(8) has genus 0 and the structural morphism F;(8) — Y;(8) is given
by (X,Y,Z) — Z.

We now give an explicit parametrisation of the surface V(P) in terms of elliptic functions
following a method of Lecacheux [19]. The birational transformation

U=-XY, V=-Y(XY+1)
puts V(P) into the Weierstrafl form

(3) W+(Z+%—%UV:UW—D?

Let A :Y1(8) — E1(8) be the canonical section of order 8 on the universal elliptic curve. It
has coordinates
(Ua,Va)=(2,Z - 1)
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and its multiples are given by
(Uaa, Vaa) = (1,0), (Usa, Vaa) = (0,0).
Let M = (U, V) be a section of F(8). We compute explicitly

(Z+5-2)V
M+24)=1— Z
(Z+L-2%V Z4+1-2
M +24) = — Z
V(M +24) (U —1)° U—1
In particular
 (Z-12 v
UM +2A) — Uy = 7 W-1
It follows that
v UU-1 _(Z2-1) U—Usa
- v Z (U(M +2A) — Uza)(U — Usa)
1% Z
Y — (UM +2A) — Ugp)(U — Usa)

U—1 (Zz-12

Since the fibre of £ (8)(C) above 7 € H is isomorphic to C/(Z+7Z), there exists a parametri-
sation of the form

U = pn(z) 7
/
V=’ (pTT('Z)) +ulspr(2) +t

where @, is the Weierstrafl p-function, and r, s, ¢, u depend only on 7. In particular, for any
points My, My, M3, My in the fibre of E;(8)(C) above 7, we have
UMy) —U(Ms) _ pr(21) — pr(22)
U(M3) = U(My) — pr(23) — pr(24)
where M; corresponds to z; € C/(Z + 7Z).
Since the section A corresponds to z = 1/8, we finally obtain X, Y, Z in terms of o

_ (pr(1/8) — pr(1/4))*(9r (2) — p-(1/2))
(pr(1/8) = or(1/2))(0r (2 + 1/4) — p-(1/4)) (9 (2) — p-(1/4))°
v = (9r(1/8) = pr(1/2))(pr(2 +1/4) — pr(1/4))(pr(2) — r(1/4))
(97 (1/8) = p-(1/4))*(p-(1/4) = 0-(1/2)) ’
_ pe(1/8) — pr(1/2)
The elliptic involution on FE;(8) is given by (X.,Y,Z) — (Y, X,Z) and thus Y(7,2) =
X(1,—z). Note also that Z(7) is non-vanishing on the upper half-plane, so that Z is a
modular unit on Y;(8).

Lemma 3.1. The Lecacheux parametrisation identifies £1(8) \ (2A4) with the open subset
of V(P) C G2, defined by the condition Z ¢ {#1,3 4+ 2/2}. In particular, we may identify

the Deninger cycle Dp\{(—1,—1,3 4 2v/2)} with a cycle on E;(8)(C).
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Proof. The above construction gives a map ¢ : F1(8) \ (24) — V(P) C G3, which is easily
seen to be injective. Since the cusps of X;(8) are given by the Z-values {00, 0, +1,3 4 2/2},
the image of ¢ is contained in the open subset defined by Z ¢ {41, 3 + 21/2}. Let us check
surjectivity. For the excluded values of Z we have k = Z +1/7Z — 2 € {0, £4} and it suffices
to check that for k # 0,44, the curve {X +1/X +Y +1/Y + k = 0} C G2, is an elliptic
curve deprived of the subgroup generated by a point of order 4. 0

4. SHOKUROV CYCLES
In this section, we fix an integer N > 4.

4.1. Modular curves. We recall here some basic facts on modular curves following [16, §1].
Let Y1(IV) be the modular curve over Q classifying pairs (E, P) where E is an elliptic curve
and P is a section of exact order N on E. We have an isomorphism Y;(N)(C) = I';(N)\H.
Let Y(N) be the modular curve over Q classifying triples (E, e, e;) where E is an elliptic
curve and (e, e3) is a Z/NZ-basis of E[N]. The group G = GLy(Z/NZ) acts from the left
on Y(N) by the rule g - (F, e, e3) = (F, €}, ey) with

The canonical degeneracy map 7 : Y(N) — Y1(N) given by (E, e1,e2) — (E,e3) induces an
isomorphism Y;(N) =2 I'\Y (N) where

I = {((’; D} C GLy(Z/NZ).

Following [14, 3.4], the complex points of Y (N) can be described as
Y(N)(C) = SLy(Z)\(H x G)

and the action of G is given by g - (7,h) = (7, hg"). The degeneracy map 7 : Y (N)(C) —
Y1(N)(C) is determined by

- (T, (2 _01)) —f]  (reH,ac(Z/NL)X).

4.2. Universal elliptic curves. Let us describe the complex points of the universal elliptic
curve Ei(N) over Y;(N). The semi-direct product Z? x SLy(Z) acts on H x C by the rules

(7:) (1,2) = (1,2 + m — n7),

a b atr+b =z
(c d) () = (m’—l—d’ c7’—i—d>'
We then have an isomorphism
Ei(N)(C) = (Z* x T1(N))\(H x C)

and the structural morphism p; : E1(N)(C) — Y1(N)(C) is given by py ([, 2]) = [7].
Let us now describe the complex points of the universal elliptic curve E(N) over Y (N)
following [14, 3.4]. We have

B(V)(C) 2 (2  SLy(E)\(H x € x G)




where SLy(Z) acts by left multiplication on G. The group G acts from the left on E(N) by
the rule g - (7,2,h) = (7,2, hg"). The structural morphism p : E(N)(C) — Y (N)(C) is the
obvious one, and we have a commutative diagram

(4) l lﬁ

where the map 7 is given by

(5) %(T,z, (2 _01)>:[T,z] (r€H,z€C,ae(Z/NL)X.

Note that the square (4) is cartesian: the universal elliptic curve E(N) can be identified
with the base change of E1(N) to Y(N).

4.3. Shokurov cycles. In this subsection, we define the Shokurov cycles on E;(N)(C) and
E(N)(C). These cycles were first studied by Shokurov [25] and are at the foundation of the
theory of modular symbols.

Let Z[X,Y]; be the space of homogeneous polynomials in X and Y of degree 1. Let o denote

the matrix (§ ').

Definition 4.1. Let P = mX +nY € Z[X,Y]; and , 8 € HUP'(Q). We define the 2-cycle
P{a, B} on Ej(N)(C) by
P{a,p} = {[r, t(m7 +n)] : 7 € {a, B}, € [0,1]}

where {a, 8} denotes the geodesic from « to § in H.
We define the 2-cycle P{«, 5} on E(N)(C) by

P{a, 8} = {[r, t(mT +n),0]: 7 € {a, B},t €]0,1]}.
The relation between Shokurov cycles on E(N) and E;(N) is given by the following lemma.

Lemma 4.1. Let 7 : E(N)(C) — E{(N)(C) denote the canonical map. For every P €
Z[X,Y]; and every «, 8 € HUPHQ), we have

7.(P{a, B}) = P{a, B}1.
Proof. This follows from (5). O

The group SLy(Z) acts from the left on Z[X,Y]; by (¢4) P(X,Y) = P(dX —bY, —cX +aY)
and on P}(Q) by Mabius transformations.

Lemma 4.2. For all v € SLy(Z) with reduction 4 € SLy(Z/NZ), and for all cycles P{a, 8}
on E(N)(C), we have
7+ (Pla, B}) = yP{ye, 75}

b). By definition, we have

d

¥«(P{a, B}) = {[7', tP(r, 1),(77’7T] 17 €{a, B}, t €0, 1]} )

Proof. Write ~v = (CCL



1

Since oyT = v~ 1lo, we get

tP(r,1)
ct+d’

¥« (P{a, B}) = {{fyr, 0] :17 €{a,f},t €0, 1]}.

On the other hand, we have

vP{va, v} = {lyrt- (YP)(y7 1), 0] - 7 € {a, B}, € [0, 1]}
and a simple computation shows that (yP)(y7,1) = P(,1)/(cT + d). O

Lemma 4.3. For any closed 2-form 1 on E(N)(C) and any 71,75 € H, we have

/ n:m(/ n)—i—n(/ 77) (m,n € 7).
(mX+nY){r1,m2} X{r1,m2} Y{r,m}

Proof. For P € Z[X, Y], consider the natural fibration pp : P{m, 72} — {71, 2}. For a given
7 on the geodesic {71, 72}, the fibre of p,,x1ny over T is homologous to m-[py (7)]+n-[py' (7)].
Integrating over the fibres, this implies that

[ aenf o]
PmX+nY pPx Py

The Lemma follows. O

5. EISENSTEIN SYMBOLS

The goal of this section is to express the Milnor symbol {X,Y, Z} in terms of Eisenstein
symbols on the universal elliptic curve E(8).

5.1. Siegel units. In this subsection, we express Z in terms of Siegel units.
Let N > 3 be an integer. For any (a,b) € (Z/NZ)?, (a,b) # (0,0), the Siegel unit g, : H —
C* is defined by the following infinite product (see [16, §1]):

(6) Gap(7) = 2PN T = N E) [T = NG,

n>0 n>1

where ¢ = ™7, (y = e*™/N By(X) = X? — X + 1 is the second Bernoulli polynomial,
and a € Z is the unique representative of a satisfying 0 < a < N. Note that g_, _» = gap
when a # 0, and go,_, = (5’90

Under the action of SLy(Z) on H, the Siegel units transform by 7*gap = (g(ap)y for some
root, of unity ¢ [16, 1.6, 1.7]. This root of unity is given by the following proposition.

Proposition 5.1. Let a,b € Z/NZ, (a,b) # (0,0), and let v € SLo(Z).
(1) If y = (' F)) for k € Z then

YV Gap(T) = gap(T £ k) = ERBE@MN g (7).

8



(2) Assume v = (ay) with d > 0. Denote (a’,0') = (a,b)y. The root of unity
(v*Gap)/gar v is determined by

o (1222) =[S () + 532 (%) st (4) ~swm (£)
_2ZP1 (‘ )> Py (—( —%)—%ﬂ mod 27

where Py (z) = Bi({z}) = {z} — 1 if © ¢ Z and Pi(z) = 0 otherwise.

Proof. The first statement follows from the infinite product expansion of g,;. The second
follows from an explicit calculation of the limit of arg g, ,(c/d +it) when t — 0. It is carried
out in detail in [26, Proof of Thm 13, pp.135-143]°. Following Siegel’s calculation we find

. arg gap(c/d+it) ¢ a _ b
. a2 \x) TP

a b
—22 7)1( k——))lpl(—( —N)—N) mod 27.
Since (7" ga,b)/gar v is constant,

gus(efd +it) = B2 ) (79)9 (L_i)

ga’,b’( (C/d + lt)) Ja' b d?t d
S0
1:1% arg gop(c/d +it) = arg (ngb' > + hm arg go/ vy (ﬁ — g) mod 27
~/
= arg (%) +arg(1 —0(a')¢k) — WéBg(%) mod 2.
The second term equals §(a’)7P;(b'/N). O

Using Proposition 5.1 we can evaluate any quotient of Siegel units at any cusp.

Proposition 5.2. Let F' = Hz 1 e s, With ¢; € Z be a quotient of Siegel units. Let
v=(a%) € SLy(Z) and set (a}, b)) = (a;,b;)y. The quantity ord. s F' := %Zle c;Ba(a;/N)

does not depend on a choice of 7. If ord./q F is positive, then F'(c/d) = lim,_o F'(c/d+it) =0
and if ord./q F is negative the absolute value of F'(c/d + it) diverges to co. If ord./q F' = 0,

then

F(c/d) :=lim Fe/d +it) = ]| (”—”) (1= 8@,

im1 Ga! b/
Proof. Writing ga, v, = (Y*9aibi)/9a 5 - (gar 5 ©7~") as in the proof of Proposition 5.1, we get
S (g f
. . o a;,b; J
lg%F(c/d+ it) = 11 ( Ja' b ) g%Hga b; (d2t ) .

2To compare Siegel’s notation with ours set u = a/N,v = —B/N. Then ¢(u,v, z) = —ie” ™01

9
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The last limit equals

: f k e \ 1 r(—t—il) or
}Lmﬂgfb(t—— — (10 - o)y | tim ert-imidpotcsar,

i=1
The Proposition follows. O

We denote by O(Y(N))* the group of modular units on the modular curve Y(N). After
tensoring with Q, the Siegel units are modular units of level I'(IV), so they can be viewed
as elements of O(Y(N))* ® Q. Inside this Q-vector space, the Siegel units satisfy the
transformation law 7*ga» = gap)y for any v € GLy(Z/NZ). Note that the Siegel units goy
with b € Z/NZ, b # 0 are invariants under the group {(§7)} and therefore descend to
modular units on Y; (V).

Proposition 5.3. We have the following identity

) 20) = 3+ v [[ A CETUCE T (s

oy (L= anGs)*(1— g6 )? o1

Proof. Note that
~(1/8) — - (1/2
20y - 2118 — 0:(1/2)
pr(1/4) — p-(1/2)
is a Weierstrass unit in the terminology of Kubert-Lang [17, Chap. 2, §6], and Weierstrass
units can be expressed in terms of Siegel units [10, Prop. 2.2]. To get the explicit expression

we write Z in terms of the Weierstrass o-function, using that for z1,zy € C we have [27,
Corollary 5.6(a)]

0, (21 + 22)0, (21 — 29)

or(21) — pr(22) = —

or(21)%0r(22)?
We get
Z(r) = 0-(1/4)0-(3/8)0-(5/8)
0,(3/4)0,(1/8)?
We then use the product expansion for o, (z) [27, Theorem 6.4] and the identity 3 4+ 2v/2 =
—i(1—¢3)?/(1 — (3)? to confirm (7). O

5.2. The Eisenstein symbol. Let X (N) be the compactification of Y/ (N), and let X (N)*>
be the scheme of cusps of X(N). We have a bijection

{i— (; T) } \GLs(Z/NZ) = X(N)>
—>

[g] — g" - .

The vector space
* ok

vi = {7 ez s 0 (5 1)9) =10 = #1000 € GLazvz) |

is non canonically isomorphic to the Q-vector space with basis X (N)>.
Let k > 0 be an integer, and let E(N)* be the k-fold fibre product of E(N) over Y (N). We
denote motivic cohomology by H),. Beilinson [1] constructed a residue map

Resh, : HSH(E(N)F,Q(k + 1)) — ViV
10



generalising the divisor map H},(Y(N),Q(1)) — V' in the case k = 0. In the case k > 1,
Beilinson also constructed a canonical right inverse of Res]j\/l, the Eisenstein map
EE VST o BHEP(E(N)F, QK + 1)).
Definition 5.1. For any integer k£ > 0, the horospherical map
N1 Q[(Z/NZ)Y = VY

is defined by

AR - (")) B ({9}) Ly(Z/NZ

W= % oo (2)) B ({R))  ©ecu@Na)
21,22€Z/NZ

where Byo is the (k + 2)-th Bernoulli polynomial, and {t} =t — |¢| is the fractional part
of t.

Definition 5.2. For any integer k¥ > 1 and any u € (Z/NZ)?, the Eisenstein symbol
Eis*(u) € HEFU(B(V)", Q6 + 1))
is defined by Eis*(u) = E%, o \¥(¢,), where ¢, = [u] is the characteristic function of {u}.

Note that Eis®(—u) = (—1)*Eis*(u) for any u € (Z/NZ)>.

In the case k = 0, the image of the divisor map Res?w is the space (V)° of degree 0 divisors
on X (N)* by the Manin-Drinfeld theorem. It can be shown that the Siegel units provide
a canonical right inverse E}, : (Vy)? — HY(Y(N),Q(1)) of Res},. More precisely, the
horospherical map A° induces a map Q[(Z/NZ)?\{0}] — (V¥)°, and we have

ES o X (dn) = gu ® % (u € (Z/NZ)? u # (0,0)).

In analogy with Definition 5.2, we put Eis"(u) = g, ® (2/N) for any u € (Z/NZ)?, u # (0,0).
Proposition 5.3 can thus be rewritten as follows.

Proposition 5.4. Let 7 : Y (8) — Y1(8) be the canonical projection map. Then
™(Z) = 8(Eis?(0, 3) — Eis?(0, 1)).

5.3. Definition of the Eisenstein symbol in the case £ = 1. Let us now recall the
construction of the Eisenstein map in the case k = 1 following Deninger—Scholl [15]. The
group (Z/NZ)* = E(N)[N] acts by translation on E(N), and the group {#1} acts on
E(N) by means of the elliptic involution ¢ : E(N) — E(N). We thus get an action of
H :=(Z/NZ)? x {£1} on E(N). Let € : H — {£1} be the canonical projection.

Definition 5.3. For any Q[H]-module M, we denote by M* the e-eigenspace of M, and we
denote by II, : M — M?¢ the projector defined by

Hs(m):ﬁZdh)hm (me M).

heH

Let Uy = E(N) — E(N)[N] be the complement of the N-torsion subgroup of E(N). It is

stable by H. The following theorem is due to Beilinson [1, Theorem 3.1.1].
11



Theorem 5.5. (1) The group (Z/NZ)? acts trivially on H3,(E(N),Q(2)). In particular
Hi,(E(N),Q(2))" = Hy(E(N),Q(2)),

where (-)~ denotes the subspace of anti-invariants under the elliptic involution.
(2) The restriction map from E(N) to Uy induces an isomorphism

H(E(N), Q(2))” = Hi, (Un. Q(2))"
Consider now the map given by the cup-product
a:OUy)" ®O(Uy)" — Hi(Un,Q(2))
9o @ g1 — {90, 91 }-

By [15, Lemma 4.8], we have an exact sequence

div

0= OY(N)*®Q — OUx)®Q =5 QZ/NZ)*° — 0

where div is the divisor map, and Q[(Z/NZ)?]° is the space of degree 0 divisors on (Z/NZ)?.
Let p denote the product in the group algebra Q[(Z/NZ)?]. We have a diagram

O(Un)* ® O(Uy)* ® Q —— Hj,(Un,Q(2))
(8) ldiv@div
®*Q[(Z/NZ))* —— QUZ/NZ)*".
Lemma 5.6. The map II. o « factors through the surjective map div ® div.

Proof. 1t suffices to show that for any modular unit v € O(Y'(NV))* and any g € O(Uy)*,
we have II.({u, g}) = 0. Let us first average {u, g} over the translations: we get

1 i 1 . 1
e > tifug} = e > Autig) = m{ua h}
a€(Z/NZ)? a€(Z/NZ)>2
with & = J[,c(z/nz)2 tag- The function h has trivial divisor, so it must come from the base.
Now averaging over the group {£1}, we get {u, h} — *{u,h} = {u,h} — {u,h} = 0. O

For any a € (Z/NZ)?, let t, : Uy — Uy be the correponding translation. We endow
O(Uy)* ® O(Uy)* with the action of H defined by a - (go ® g1) = (t* ,90) ® (t%g1) for any
a € (Z/NZ)?, and (=1) - (g0 ® 1) = —(g1 ® go). We also endow ®>Q[(Z/NZ)?)° with the
action of H defined by a - (dy ® dy) = ([aldy) ® (|[—aldy) and (1) - (dy ® d1) = —(dy ® dp).
Finally, we endow Q[(Z/NZ)?° with the trivial action of (Z/NZ)?* and the action of (—1)
given by —id. In this way the diagram (8) becomes H-equivariant.

Lemma 5.7. The map p induces an isomorphism
(®QUZ/NZ?)" = Q(Z/NZ)*)".

Proof. Let I = Q[(Z/NZ)?° denote the augmentation ideal of Q[(Z/NZ)?. Note that with
our definition /¢ = I, so that we have a map p : (I ® I)* — I. We shall now construct an
inverse of yi. Consider the divisor do = N*[0] = >_ ¢ (z/nz)2[u] € I, and define 6 : I — (I®1)°
by 0(d) = TI.(d ® dy). A simple computation shows that y o 6(d) = ddy = N?d.

12



Nowlet x =) . d;®d, € (I® I)g. We have
0o u(x Ze (did}) = " TL((did}) ® dp).

We claim that for any divisors d, d’, d” on (Z/N7Z)?, we have
(9) I ((dd') @ d") = Il(d ® (d'd")),

where we have extended the action of H to ®*Q[(Z/NZ)?] in the natural way. Indeed,
formula (9) is trilinear with respect to d,d’,d”, and it suffices to check it in the case d = [u],

d = [u] and d" = [u" ] where it is obvious. It follows that
0o p(x Z I ( = N? Z I.(d; ® d}) = N*z.
This shows that (1/N?)6 is an inverse of y. O

By considering the e-eigenspaces in the diagram (8) and using Lemmas 5.6 and 5.7, we
get a unique map &3, : Q[(Z/NZ)?*° — H3,(E(N),Q(2))” making the following diagram
commute

O(Un)* ® O(Uy)* ® Q 2% H2,(E(N),Q(2))"
(10) ldiv@div g}J

n

®’ QUZ/NZ? ——— Q[(Z/NZ)).
Note that we choose the bottom map to be (1/N?)- u so that £}, coincides with the map £p
from [24]. To pass from £}, to the Eisenstein map E},, we use the horospherical map A'.

Theorem 5.8. [1, 24]

(1) The horospherical map A\ : Q[(Z/NZ)*]° — Vy is surjective.

(2) The map &}, factors through A'.

(3) We have

N3
Resl o0&y = i?)\l

Remark. Part (1) is proved in [24, 7.5], and part (2) follows from [24, Theorem 7.4]. Note
that there is a typo in [24, 2.6]: the formula at the top of p. 310 should read By(¢) :=
N k_1]A3k7 ~(C). Consequently, the constant in [24, Proposition 3.2] should be N/3 instead of
1/(3N), the constant in [24, Corollary 3.3] should be N?3/3 instead of N/3, and the constant
Cp y at the end of [24, §4] should be Cp y = £N*""(n+1)/(n +2)!.

By Theorem 5.8(2), there is a commutative diagram

€

QUZ/NZ)*)° — HZ,(E(N),Q(2))~
\ Vy /

and by Theorem 5.8(3), the map E}, := +(3/N?) - E}v{ is a right inverse of Resj,. Using
Definition 5.2, we get the following expression of £}, in terms of the Eisenstein symbol.
13



Corollary 5.9. We have
Er([u] = [0]) = :I:N? -Eis'(u) (v € (Z/NZ)?).

5.4. Expressing {X,Y} in terms of Eisenstein symbols.
Lemma 5.10. The Milnor symbol {X, Y} defines an element of H3,(E1(8),Q(2))".

Proof. Let ty4 denote the translation by 24 on F;(8). By [5, Proof of Corollary 7.1}, we have
t5,(X) =Y and t5,(Y) = 1/X, so that t,{X, Y} = {Y,1/X} = {X,Y}. We check that
the tame symbols of {X, Y} at the sections 0 and A are equal to 1. It follows that {X,Y}
extends to an element of H3,(FE1(8),Q(2)). Since *{X,Y} ={Y, X} = —{X,Y}, we have
(XY} € By, (F(3),02)) .
We denote by 7 the canonical projection map E(8) — Ey(8).
Lemma 5.11. We have

div(7"X) = —(0,0) = (0,2) + (0,4) + (0,6)

div(7"Y) = —(0,0) + (0,2) + (0,4) — (0,6).
Proof. By [5, §7.4], the horizontal divisors of X and Y on F;(8) are given by

div(X) = —(0) — (24) + (44) + (64)
div(Y) = —(0) + (24) + (44) — (6A).
Note that the universal elliptic curve E(8) over Y'(8) is canonically isomorphic to the base
change F1(8) xy,(s) Y(8). The base change of the section kA : Y1(8) — E1(8) is the section
(0,k) : Y(8) — E(8), and the pull-back of the divisor [kA] by 7 is simply the divisor [(0, k)].
The lemma follows. O
Proposition 5.12. We have 7*{X, Y} = £(64/3) - Eis'(0, 2).
Proof. By Theorem 5.5(1) and Lemma 5.10, the element 7*{X, Y} lies in the e-eigenspace.
Thus
T{X, Y} =1L(7"{X,Y}) =, o a((¢'7"X) @ (7'Y)) = L. 0 (7Y @ T'Y).

The divisor of 7*Y is given by Lemma 5.11, and an explicit computation shows that

p(div(7*Y) @ div(7*Y)) = —4(0,2) + 4(0, 6).

Using diagram (10), we see that 7*{X, Y} = (1/64)-E},(—4(0,2) +4(0,6)). Usmg Corollary
5.9, we get #{X, Y} = £(32/3) - (Eis'(0,2) — Eis' (0, 6)). Since Eis'(0,6) = —Eis'(0,2), the
proposition follows. O

6. DELIGNE-BEILINSON COHOMOLOGY

In this section, we briefly recall some facts on Deligne-Beilinson cohomology following
Deninger [13, §1]. This provides a convenient setting for the various differential forms that
appear in the next sections.
Let X be a smooth variety over C. For any 7 > 1, the Deligne-Beilinson cohomology group
H5(X,R(4)) is defined by
Hb(X,R(5)) = {6 € A7 (X, R( — 1)|do = m11(w),w € FI(X)}/dA2(X,R(i — 1)),
14



where A'(X,R(j)) are the smooth i-forms on X with values in R(j) = (2mi)'R, F{(X) is
the space of holomorphic i-forms on X with at most logarithmic singularities at infinity, and
m(a) = 3(a + (—1)"@).

Note that the map ¢ — w induces a well-defined linear map Hi (X, R(7)) — F'(X).

As an example, for any invertible function f in O(X)*, the function log | f| defines an element
of HL(X,R(1)), and the associated holomorphic 1-form is dlog f.

There is a cup product on the Deligne—Beilinson cohomology groups

U Hp(X,R(i)) x Hp(X,R(j)) = Hp ' (X, R(i + j))

that is defined as follows. For av = i, j consider a class [p,] € H3(X,R(a)) represented by
bo € AHX,R(a — 1)) with d(¢s) = Ta_1(wa) for w, € F(X). Then the cup product

¢z’ U ¢j = ¢z A\ 7Tjwj' + (—1)i7rzwi A ¢j
is in A X,R(i + j — 1)) and satisfies

d(¢i U @) = miqj1(wi A wy).
The cup product of the classes [¢;] and [¢;] is given by

[0 U [65] = [6: U 6] € Hp? (X, R(i + j)).
Let us now turn to the Beilinson regulator. Beilinson defined a Q-linear map
reg : Hj (X, Q(i)) = Hp(X,R(i))

where Hj,(-,Q(i)) denotes motivic cohomology. In the simplest case ¢ = 1, we have
H3(X,Q(1) 2 O(X)* ® Q, and the image of an invertible function f € O(X)* under
the Beilinson regulator is simply the class of log|f|. Since the Beilinson regulator map is
compatible with taking cup products, this determines the regulator of an arbitrary Milnor

7. INTEGRATING EISENSTEIN SYMBOLS OVER SHOKUROV CYCLES

In this section we study integrals of Eisenstein symbols over Shokurov cycles. Since Eisenstein
symbols have logarithmic singularities at the cusps, the integral over a Shokurov cycle does
not always converge. One way to circumvent this problem is to regularise the integrals as in
[12]. Here we give a criterion for when the integrals are absolutely convergent. This criterion
will always be satisfied in our applications.

We first discuss realisations of Eisenstein symbols. Consider the Eisenstein symbol Eis"(u),
where n > 0 and u € (Z/NZ)*. 1In the case n > 1, Deninger defined in [14, §3] a canonical
representative Eisp(u) of the Beilinson regulator of Eis"(u). It is a R(n)-valued n-form on
E(N)™(C) satisfying dEisp(u) = m,(Eisp, (u)) where Eisp  (u) is a holomorphic Eisenstein
series of weight n + 2 for the group I'(V). Note that Eisp(u) is a real analytic Eisenstein
series [12, Prop. 5.4].

We extend the definition of Eish(u) and Eis},;(u) to the case n = 0 by setting Eis(u) =
(2/N)log |gu| and Eis) ;(u) = (2/N)dlog(g,) for every u # (0,0). We can check that these
definitions are consistent with [12] by applying the logarithm to the ¢g-product expression for
Siegel units. In particular, this argument shows that the Fourier expansions of Eish(u) and

Eis) ;(u) are indeed given by the formulas in [12, §8]. (Note that in the case n = 0, the series
15



appearing in [12, Prop. 5.4] does not converge absolutely, and making sense of it requires
Hecke summation.)
We now give the transformation property of Eisenstein symbols with respect to the group

GL.(Z/NZ).

Lemma 7.1. For any g € GLy(Z/NZ), we have
9"Eisp(u) = Eisp(ug),
9" Eispo (u) = Eisp (ug).

Proof. In the case n > 1, this is a direct consequence of Deninger’s definition, while in the
case n = 0 this follows from the transformation property of Siegel units given in §5.1. 0J

Definition 7.1. Let p : E(N) — Y(N) be the projection map. Let u,v € (Z/NZ)?, with
u # (0,0). We define the Deninger-Scholl element Eis!(u,v) := (p*Eis’(u)) U Eis'(v) €
H(E(N),Q(3)).
In [12, §6], we defined a canonical differential 2-form Eis' (u,v) on E(N)(C) representing
the regulator of Bis®!(u,v). We split Eis}' (u, v) into a sum Nuw + 1.y» Where
(11> Thlt,v - p*EISOD(U) ’ WQ(EiSlllol(U))7
(12) Maw = —D"m1 (Eisyo (1) A Eisp (v).
It is convenient to extend the definition of Eisenstein symbols linearly as follows. For ¢ €
C[(Z/NZ)?* x (Z/NZ)?] such that ¢((0,0),v) =0 for all v € (Z/NZ)?, we define

Eis%' (¢) = Z d(u, v)Eis' (u, v).

u,E(Z/NZ)?

We define 7 and 77 analogously.
The following lemma is an immediate consequence of Lemma 7.1.

Lemma 7.2. For any g € GLy(Z/NZ)

g*Eis%1 (u,v) = Eis%l(ug, vg),

g Eis;r (u, v) = Eisy) (ug, vg).
Introducing a right GLy(Z/NZ)-action on C[(Z/NZ)* x (Z/NZ)?] by setting ¢|g(u,v) =
d(ug~"',vg~"), Lemma 7.2 can be rephrased as ¢g*Eis};' (¢) = Eis}' (¢]g).

Proposition 7.3. (1) For all integers m,n € Z the integral f(

absolutely.
(2) If ¢ € C[(Z/NZ)* x (Z/NZ)?] satisfies

(13) Y. ¢(uw,0)By({ur/N})Bs({v1/N}) =0

u,vE(Z/NZ)?

2
mX +nY){0,00) Tup CONVETZES

and
(14) Y. oluv)log|l = G2[Bs({vr/N}) =0,
u7ve(Zl]8fZ)2

then [, (0,00} 13 converges absolutely.
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(3) If ¢lo satisfies conditions (13) and (14), then [ 7, converges absolutely.

Proof. We start with item (2). The strategy is to first compute the integral of Bisy' (u,v)
along the fibres of the fibration pg : @{0,00} — {0, 00}. Using [12, Prop. 8.1], we get

Lm0 67 ) O =i
(15) e = Bish(u) - == (FE)(r)rdr + FO)(r)rar)
Px N

so we need to show that the integral

(16) [l stwoish (R + Fw) |y

u,wE(Z/NZ)?

converges. The Fourier expansion of Eish(u) can be deduced from [11, Lemma 16]:

Fis? (1) — %log|gul _ %Re <m32({%})7+50( Ylog(1— ) + 3 eg™ )

n>1

In particular Eis)(u) grows at most polynomially for y — oco. The Fourier expansion of

_ Bs({—w1/N})

F 9,)(7') is given in [12, Lemme 3.3]. It has the constant term , so the conditions

on ¢ are equivalent to the assumption that the integrand in (16) decays exponentially for
y — o0o. Using loc. cit. we can also determine the Fourier expansion of WNFE?;)(T) =
—iN327-3F®(_1/(N7)). It has constant term —iN32((—vy/N,—2), which implies that

F 9,) (iy) + F S”;} (1y) decays exponentially for y — 0. The rest of the integrand can in fact be
bounded for y — 0, so this concludes the proof that (16) is absolutely convergent. The third
statement in the proposition follows from Lemmas 4.2 and 7.2.

To show the absolute convergence of [, ., i, we calculate

(17) / M = _ﬂ-l(Engol(u))Q ziN (F2HT)(mT 4+ n) + E)(7)(mT + n))
where .
miEispo (u) = —Q%(F (T)dt + F(2 (7)dT).

Restricted to {0, 00} the differential form 7 Eis{ (1) becomes QW“(FEQJ(zy) — F¥(iy))dy and

similar calculations as before show that ng(zy) - F Ezu) (1y) decays exponentially for y — oo
and y — 0. O

Even if absolute convergence is given, some further care is needed when integrating Eisenstein
symbols: contrary to what [11, Remark 2] and [12, Remarque 1.2(iii)] suggest, it is not true
in general that if w is a closed differential 2-form on E(N)(C) and «, 8,7 are cusps, then
fP{aﬁ} w + fp{ﬁﬁ} W= fp{aﬁ} w. The reason is that w may have non trivial residues at the
cusps. This motivates the following definition.

Definition 7.2. Let n > 1 be an integer, and let w be a closed differential n-form on

E(N)"~!(C). We say that w has trivial residues at the cusps if for every g € GLo(Z/NZ),
17



every @ € Z[X,Y],_1 and every a € R, we have

/ g'w——0.
Q{iy,a+iy} y—roo

Example 7.1. In the case n = 1, let u,v be modular units on Y (N)(C) such that the
Milnor symbol {u,v} has trivial tame symbols at all cusps. Then the 1-form n(u,v) =
log |u|darg(v) — log |v|darg(u) has trivial residues at the cusps.

Remark. In general, let us consider the differential form w = Eisy'* (u, v) from [12, §6]. The
property of w having trivial residues at the cusps is probably related to the motivic element
Eis"*2 (4, v) extending to Deligne’s smooth compactification of E(N)¥*+#2 but we will not
need this property in this article.

Proposition 7.4. Let u = (a,b) € (Z/NZ)?, u # (0,0), and v = (c,d) € (Z/NZ)*. We

have
. . 0,1 4 b 2
18 Jim [ ) = - (@ o]t - GIBs({e/VDa
1Y,0+1Y
3mi . 2
+ 3 Ba{a/N1do(e) (E(=d/N,2) = {(d/N,2))
. . 0,1 8’ b
(19) g}ggo . }EISD’ (u,v) = — W(So(a) log |1 — (| Bs({¢/N})a.
1Y, 041y

Proof. Again we first compute the integral of Eis%1 (u,v) along the fibres of the fibration
Po.a @ Q{iy, o + iy} — {iy, o + iy}. We start from equation (15) with py replaced by px o
and integrate from 7 = iy to T = a +4y. Since every term involving ¢*/V = exp(2rwint/N)
with n > 1 will vanish when taking the limit as y — oo this gives

2

@) [ gl = S (B o) g1~ C41) G+ o1
X{iy,atiy} o N? N N 2 Y
The integral of 7712“] can be computed similarly, using the Fourier expansions [12, Lemme 3.3,

Prop. 8.1] and [12, (20), Prop. 8.4]. We get

3 a 87T3 C
21 2 _ B (1% & ,
( ) /X{iy,a—i—iy} nu,v 2N? 2({N}> ( 3 3({N}>Z/a

. 2, d s d
+2mido(c) (C(_N’ 2) — ((N,Z)) oz) + 0yoo(1).
Adding (20) and (21), the terms in y cancel out, giving (18). The identity (19) follows from

a similar computation. O]

Corollary 7.5. Let b,b',d € Z/NZ such that d is a multiple of both b and . Suppose
furthermore that b = £V’ mod ged(d, N). Then the form

Eis5!((0,), (0, d)) — Eiss!((0,4), (0, d))

has trivial residues at the cusps.
18



Proof. Let (4 Y) € GLo(Z/NZ). We need to show that the two limits calculated in Propo-
sition 7.4 vanish for the form Eish'((bw, bz), (dw,dz)) — Eis}' ((Ww, V' 2), (dw, dz)). If either
bw or V'w is zero, then dw is zero since d is a multiple of b and . This implies that the
limit (19) vanishes and only the second term of (18) remains. If this term is non-zero, then
we must have dw = 0, so W%\w. By our assumptions this implies bw = +b'w mod N
and so By({bw/N}) = By({¥'w/N}) and the contributions of Eisy' ((bw,bz), (dw, dz)) and
Eisy;' ((b'w,b'z), (dw,dz)) to (18) cancel each other. O

8. CALCULATION

We first express the Mahler measure of P = X + % +Y + % +7Z+ % — 2 as the integral of
a closed differential form on E)(8)(C).

By Lemma 3.1, we may and will identify the Deninger cycle D% = Dp\{(—1, 1,3 +2v/2)}
with a cycle on E;(8)(C).

Note that for every b € Z/NZ, b # 0, and every d € Z/NZ, the 2-form Eis%l((o, b), (0,d))
descends to a form on E;(N)(C).

Lemma 8.1. We have

1
m(P) =+ /D "

/
P

where 7, is the closed 2-form on E)(8)(C) defined by

m =2 (B1(0,3),(0,2) ~ B (0,1),0,2).

Proof. Since P* = 1, Jensen’s formula (2) gives

Since m(P) is real, we may write

m(P):ﬁ/D;}

Let Q%(E;(8)(C)) be the space of holomorphic 2-forms on E;(8)(C). There is a well-defined
map

dX dY

Hp,(Ey(8)(C),R(2)) — Q*(Ex(8)(C))
sending the class of a 1-form ¢ to the unique holomorphic form w such that d¢ = m(w).
By Proposition 5.12, we have {X,Y} = +(64/3)Eis'(0,2) in H%,(E:(8),Q(2)). Taking
regulators and applying the above map, we see that

dX dY 64 ..
7 AN 7 = :i:?ElS}lwl«J? 2)
Since Z takes positive real values on D, the form 7, (dZ/Z) = i darg(Z) vanishes on D). We

thus have

1 64 dz 64
P)=——— log | Z +—FEis} 2) | — — +—Eish(0,2).
m( ) (271'2)2 /;33 Og‘ ‘71.2 ( 3 lshol(()? >> T ( Z ) A 3 ISD<O’ )
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It remains to express log |Z| and dZ/Z in terms of Eisenstein symbols using Propositions 5.3
and 5.4. Letting p; : E1(8) — Y1(8), we have

log |Z| = pj (8(Eis}(0,3) — Eis(0,1)))

az . :
7 = pl (8<EIS(}J101<07 3) - Els?lol(07 1)))
The result now follows from the definition of Eis}' (see (11) and (12)). O

We now express the Mahler measure of P as an integral over a suitable Shokurov cycle.
Lemma 8.2. The map 7 — Z(7) induces a diffeomorphism {1/2, 00} = (1,3 + 2v/2).

Proof. By Proposition 5.3, we have Z(1/2 4 it) € R for every ¢ > 0. By Propositions
5.1 and 5.2 we can evaluate Z at any cusp. We find Z(ico) = 3 + 2v/2 and Z(1/2) =
lim; o0 (g63(it)/g2.1(it))> = 1. A more detailed analysis will show that Z is monotonically
increasing on the path ¢ — 1/2 + it.

Note that Z is an Hauptmodul for I';(8) and is defined over R, so that Z identifies the real
points Y7 (8)(R) with an open subset of R. It therefore suffices to show that the canonical map
{1/2, 00} — Y1(8)(R) is injective. This follows from the work of Snowden on real components
of modular curves [28]. We use [28, Lemma 3.3.4] for the modular curve I'1 (8)\H endowed
with the complex conjugation ¢(7) = —7. The matrix v = (§ 7') € I'1(8) is admissible and
C9={r €H :c(r) =7} = {1/2,00}. Since I'1(8) acts freely on H, there are no elliptic
points on I';(8)\#H and the only element of I';(8) leaving C invariant is the identity. We
may thus take F = {1/2,00} in loc. cit., giving the desired result. O

By Lemmas 2.2 and 8.2, the Deninger cycle D) is endowed with a fibration ¢ : D} —
{1/2,00}. Note that for every 7 € {1/2, 00}, the fibre ¢*(7) can be identified with a closed
1-cycle on the elliptic curve E, = C/(Z + 77Z). Since T € {1/2,00}, the elliptic curve E. is
defined over R.

Lemma 8.3. For every 7 € {1/2, 00}, the class of ¢~ !(7) generates H,(E,,Z)".

Proof. The complex conjugation ¢(X,Y,Z) = (X,Y,Z) on E;(8)(C) leaves D/, stable and
preserves its orientation. Since ¢ fixes pointwise the cycle {1/2, 00} on Y;(8)(C), we deduce
that ¢ leaves ¢~*(7) stable and preserves its orientation. Thus the class of ¢~*(7) belongs to
H,\(E,,Z)*.

Let v : [0,1] — E, denote the canonical generator of Hy(FE,,Z)", defined by v (t) = [t].
Since the fibre ¢~!(7) varies continuously with 7, we must have [¢~!(7)] = m[vy] for some
integer m not depending on 7.

In order to determine m, we introduce for every 7 € {1/2, 00} the holomorphic form w, on

E. defined by

B dU

2V (Z(1) + g5 —2)U

Using the function ellpointtoz of Pari/GP or integrating w, numerically, we check that

for 70 = 1/2 + 4, we have
/ Wry A / Wiy
q(r0) 7

Since we know a priori that m is an integer, we deduce that m = 1. 0]
20
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In view of Lemma 8.3, we are naturally led to search for a Shokurov cycle on F;(8)(C)
sharing the same properties with D. By definition, the Shokurov cycle Y{1/2,00}; does
the job: it is endowed with a fibration over {1/2, 00} and its fibre over 7 is equal to ..

/ m :/ M-
33 Y{1/2,00}1

Proof. By integrating over the fibres of ¢ : D}, — {1/2, 00}, we get

/ 7712/ /771-
P 1/2 Jq

Similarly, using the fibration py : Y{1/2,00}; — {1/2, 00} we have

00
Y{1/2,00}1 1/2 Jpy

By Lemma 8.3, the fibres ¢~!(7) and py*(7) are homologous, hence fq n = fpy . O

Proposition 8.4. We have

Pulling back n; to E(8)(C), we define

p= 7 = o (ESE(0,3), 0,2)) — Bis§ (0,1, 0,2).

Using Lemma 4.1, we get

1
(22) m(P) = s /Y o

In order to proceed further, we decompose the modular symbol Y{1/2,00} as a sum of
Manin symbols of the form g.(X{0,00}) with g € GLy(Z/8Z). We have

y {%oo} _y {%o} + V{0, 00}
- () 2 x-mps - (§ ) X0
(23) = ((1) :;) - X{0,00} +2 (:; 01> - X{0, 00} — (? _01) - X{0, 00}

At this point we face two problems. Firstly, the integrals of n over the Shokurov cycles
Y{1/2,0} and Y{0, 0o} do not converge absolutely. Secondly, we must prove that the integral
of n over a sum of modular symbols is equal to the sum of the integrals of  over these modular
symbols (whenever these integrals are convergent).

In order to overcome these issues, we consider the hyperbolic ideal triangle with vertices 0,
1/2 and oo, and we truncate it by cutting along horocycles centered at these cusps. We get

the hexagon shown below.
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B’ A

0 1/2

Since 7 is closed, Stokes’ theorem on the domain AA’BB'C'C" implies

( / + / + / + / + / + / )77 = 0.
Y{A,A"} Y{A",B} Y{B,B'} Y{B',C} v{c,c'} Y{C’,A}

By Corollary 7.5, the 2-form 7 has trivial residues at the cusps. It follows that when
A, A, B,B',C,C" approach the cusps, we have

lim n = lim n = lim n =20,
Y{A’ B} Y{B',C} Y{Cr,A}

/ n = lim (/ n—+ / 77) .
Y{1/2,00} Y{C',C} Y{B’,B}

We now apply suitable matrices of SLy(Z) in order to reduce to integrals over the domain
X{0,00} as in (23). Using Lemma 4.2 and Lemma 1.3, we get

(24) / n = lim n'
Y{1/2,00} Y70 J X {i/y iy}

with i} i} i}
, (0 —1 -1 0 0 —1
”_(1 —2) ’7+2(—2 —1> ”_(1 0> g
Note that we used the fact that

/ w=— / w=— / 0w
Y{i/y,iy} o« (X{i/y,iy}) X{i/y,iy}

for a closed 2-form w on E(8)(C).
Using Corollary 7.2, we have

SO

/ 29 - 0,1
n = gElSD (0)
22



with
¢ = [(37 2)7 (2’ 4)]_[(17 6)7 (27 4>]+2[(27 5)7 (4’ 6)]_2[(67 7>’ (47 6)]_[(37 0)7 (2’ 0)]+[(17 0)7 (2’ O)]

By Proposition 7.3 the integral of Eis'(¢) over X{0, 00} converges absolutely.
We finally may apply the main result of [12]. More precisely, we use [12, Thm 1.1] for the
terms [(a,b), (¢,d)] with d # 0, and we use [12, Thm 9.5] for the term —[(3,0),(2,0)] +

[(1,0),(2,0)]. We restate the two theorems in our situation. Recall the Eisenstein series

k k -1 _mn -1 _mn
ng) = ao(Ggyg) + Z mF g™ 4 (—1)F Z mP g™,
m,n>1 m,n>1
m=a,n=b(N) m=—a,n=—b(N)
The constant term ao(Gg’fb)) is given in [12, Def. 3.5]. They are modular forms of weight k
with respect to I';(N?), except in the case k = 2 and a = 0. However in this case, for any
b € Z/NZ, the function G((fg - G((fg, is a modular form with respect to I';(N?).

Theorem 8.5 (Theorem 1.1 of [12] for k; = 0 and ky = 1). Let N > 3 and u = (a,b),v =
(¢,d) € (Z/NZ)? with u # (0,0). If d # 0, then

(25) /X L Fs ) = 0P @26, — ¢ .aM.0).

where A*(-,0) denotes the regularized value at s = 0 [12, Def. 3.13].

In the case d = 0, Theorem 8.5 also holds provided one replaces u by a formal linear
combination ), \;(a;,b) satisfying > . A\; = 0, taking the appropriate linear combination of
Eisenstein series in the right hand side of (25), see [12, Thm 9.5].

Using Theorem 8.5, we get

29 01(4) = 29 29 3. (27)2

(26) / n == Eis = —/ Eis%'(¢) = = -
X{0,00} 3 Jxoe) T 3 Jxomey T 3 83

with

A*(F,0)

= GGy, - 6P .,60 - aRlGl) , + 6P a8 + 260G — 26,6
2 2 1 2 2 2 2 1
— 2660 + 269 G — (GE) - GENGE, + (G 5 - G 1>G;

We know in advance that F'(7/8) belongs to M3(I'1(8)) by [12, Remarque 1.2(iv)], and a
computation reveals that F'(7/8) = —4f(7), where

f(r)=q—2¢* — 2¢° + 4q¢* +4¢° — 8¢° — 5¢° + 14¢" + O(¢"?)
is the unique newform of weight 3 and level I';(8). We have
Agu(F,0) = —4As(f,0) = —4As(Ws [, 3).
Lemma 8.6. We have W f = f.

Proof. Since S3(I'1(8)) is 1-dimensional, we have Wsf = ef with ¢ € {£1}. Evaluating

numerically f and Wgf at 7 = z/\/g, we get € = 1. O
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It follows that

(27) A*(F,0) = —4A(f, 3).
Putting (22), (24), (26) and (27) together, we obtain
m(P) = iﬁ(%)? L —4A(f,3) = +4A(f,3).

Since m(P) and A(f,3) are positive real numbers, we conclude that m(P) = 4A(f,3).

9. OTHER EXAMPLES

In this section we compute several more Mahler measures of models of elliptic surfaces in
terms of L-values. Suppose we have an affine model of an elliptic modular surface £ =
E(T') defined by a polynomial P(X,Y,Z) € C[X,Y, Z] and an elliptic fibration given by
(X,Y,Z) — Z. The method we developed relies on several properties of the fibration.
(1) The horizontal divisors of X and Y are supported in the torsion sections of F and the
Milnor symbol {X, Y}, a priori defined on the complement of the torsion sections,

extends to an clement of H2,(E,Q(2)) = K\ (E).

(2) The function Z is the pull-back of a modular unit on the modular curve X (T).

(3) The function Z takes real values on the Deninger cycle Dp = {(X,Y,Z) € V(P) :
| X|=|Y|=1, |Z| > 1} and Dp is fibred over an interval (a,b) C R where a and b
are cusps of X (I').

Remark. More generally, it seems that our method could also work when the parametrisation
¢ : E(I') --» V(P) is a dominant map (not necessarily a birational isomorphism). In this
case, the relevant condition would be that the Deninger cycle Dp is homologous to the
push-forward of a Shokurov cycle.

In order to find good candidate polynomials P, we proceed as follows. We look for functions
X,Y on the elliptic surface F whose divisors are supported in the torsion subgroup of F.
Given X and Y, we compute the tame symbols of {X,Y} along the torsion sections and
check whether there exist modular units « and v such that {uX,vY} extends to an element

of H3((E,Q(2)) = KQ(Q)(E). Once the functions X, Y are found, we compute the minimal
polynomial P of (X,Y, Z) and we try to adjust the modular unit Z such that the condition
(3) is satisfied. Note however that in some cases like the universal elliptic curve for I'y(7),
the search for X,Y was unsuccessful.

Given the three conditions above we can follow the method described in the previous sections
and find that m(P) — m(P*) equals A(F,0) for an explicit modular form F' € M3(I") with
rational Fourier coefficients. It is not always the case that F is a cusp form and in the
examples that follow we see that F' can be an Eisenstein series or a combination of an
Eisenstein series and a cusp form. For that reason we briefly recall a standard basis for
the Eisenstein subspace of M3(I'1(NN)), i.e., the orthogonal complement of S3(I';(N)) with
respect to the Petersson inner product.

Definition 9.1. A basis for the Eisenstein subspace of M3(I';(N)) is given by
EYH(r) = dniaL($, =2) +2 ) ¢(m)d(n)n’q™

m,n>1
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for all primitive characters ¢,1 modulo Ny, Ny such that ¢(—1)y(—1) = —1 and all t € N
such that N;Not divides N. The completed L-function of E;f’ it equals

(28) A(ESY! s) = 27 N*¥2(21)=*I(s) L(¢, s)L(¢), s — 2).

9.1. Another example for I';(8). We start with another example for the group I'y(8).
Defining

1 (Z - 12U
- UvV)=-2_"2~
o yOv) A
we get a birational map from the surface defined by (3), ie. V2 + (Z+ 4 —-2)UV =
U(U —1)2, to the surface V(Q), where

z(U, V) = +1

Z—1)4
Qy.2) = -1y -1 - E
Z
Since V(P) and V(Q) are birational, the surface V(Q) is a model for E;(8). The Deninger
cycle Do = {(z,y,Z) e V(Q) : |z| = |y| = 1,|Z| > 1} associated to @ is very similar to the
one we studied in the previous sections. In particular we have the same fibration as before.

xy.

Lemma 9.1. The map (z,y, Z) + Z defines a fibration of Dy \ {(—=1, —1,3 4+ 2v/2)} above
the interval (1,3 4 2v/2).

Proof. Let (z,y,72) € V(Q), so
(e —12@y-1)* _ ((Z-12\°
x y Z '
As in the proof of Lemma 2.1 we can conclude that for z,y € S! and |Z| > 1 this implies
Z € (1,3+2v72). O

The functions x and y on F;(8) have horizontal divisors
div(z) = 2(0) — 2(4A), div(y) = 2(24) — 2(6A).

Note that the divisors of x and y are disjoint. This implies that the horizontal tame sym-
bols of {z,y} are trivial and thus {z,y} defines an element of H3,(E1(8),Q(2)). Since the
elliptic involution maps (z,y) to (z,1/y), the symbol {z,y} belongs to H3,(F1(8),Q(2))".
Furthermore

7 {z,y} = £(128/3) - Eis' (0, 2) = 27*{ X, Y},
where 7 is the projection from E(8) to E;(8). Using the fact that D, just as Dp, is fibred
above (1,3 4 2v/2), we can follow the method from the last section and write

1
m(Q) (2mi)2 /}/{1/2700} !

where 7 is defined as in the previous section. Hence we get the following exotic relation
between m(P) and m(Q).

Theorem 9.2. We have
m(Q) = 8A(fs,3) = 2m(P).
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9.2. The surface E(I';(4) N T'4(8)). According to Bertin-Lecacheux [5, 7.1], a model of
the elliptic modular surface E(I") associated to the group I' = I'y(4) N T'y(8) is given by
X +1/X +Y +1/Y =k and the elliptic fibration is given by (X,Y, k) — k. The functions
X and Y are supported at the torsion sections of E(T") and the Milnor symbol {X, Y} extends
to E(I"). The function & is a Hauptmodul for I and the values of k£ at the cusps are given by
{00,0,4,—4}, so that k is a modular unit. However, the condition (3) is not satisfied: the
image of the Deninger cycle under k is given by [—4, —1) U (1, 4] and the endpoints k = +1
are not cusps. We thus look for another modular unit. Putting & = 4(¢ 4 1), the cusps are
given by t € {oo0, —1,0, —2} so that ¢ is again a modular unit, and the image of the Deninger
cycle under ¢ is given by the interval [—2, —1), which joins two cusps. We thus investigate
the Mahler measure of the polynomial
1 1
R(X,Y,t) —X+X +Y + v 4 — 4.

In terms of the modular unit Z from the I';(8) case, we have k = —Z — 1/Z + 2 and thus
4t = —Z — 1/7Z — 2. Using Proposition 5.2 we find the values of ¢ at the cusps of I", which
are represented by 7 = 00,0,1/4,1/2: t(co) = —2,(0) = o0,t(1/4) = 0,¢(1/2) = —1. The
divisor of ¢ is thus (1/4) — (0) from which we find

6 2
at =i 224 _ 94pi0(0, 2) + 8Eis’(0, 4) — 16Eis’(0,1) — 16Eis’(0, 3).
90,1903
Letting 7 be the canonical map E;(8) — E(I'), we have as in Proposition 5.12

4
™{X,Y} = i% - Eis'(0,2).

Jensen’s formula gives

1
—logd = ——— 1 — N —.
m(R) — log 1) /DR og |t| % A v

The map (X,Y,t) — (X,Y) identifies Dg with the subset of the torus 72 defined by the

condition Re (X +Y') < 0, hence
dX A day 1 A
DR X Y 2 T2 X Y
1 dX dY 1
log [4t|— N — — - log 4.
(2mi)2 /DR et R
As in Section 8, the Deninger cycle Dp is homologous to Y'{1/2, oo} and similar computations
give

dX dY 1
S = 5@

It follows that
m(R) —log4 =

m(R) = log2 + A*(4EX*" — 32EX12)0).
where x4 is the nontrivial Dirichlet character of conductor 4. Using (28), we get
3
A(EY™,0) = A(BY*,0) = 2L(xs, 0)C'(~2) = ~ L2,
s
This gives the following theorem.

Theorem 9.3. We have
7¢(3)

m(R) = log2 + s
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9.3. The surface E;(6). In contrast to E;(8), the surface E;(6) is not a K3 surface but a
rational surface. This is equivalent to the fact that S5(I'1(6)) = {0}. We will show that the
Mahler measure of a suitable model of F;(6) is the L-value of an Eisenstein series for I';(6).
An affine model for the universal elliptic curve for I';(6) can be found in [30, Table 1] and

[6, §4]:
Ps(x,y,s)=s—(z+y+1) (é—ké—l—l) =0,

and the universal 6-torsion point is given by A = (—1,0). The birational transformation

(2,) = (2Y+X(s—1) —2Y+X(3—1)>7

2X(1-X) 7 2X(1-X)
r4+y—s+1 (s—D(z—-y)(lr+y—s+1
(X,Y) = : :
T4y 2(x + )
puts V(FPs) into Weierstrass form
—3)2—-12
ES;Y2:X3+uX2+sX

4
and (X(A),Y(A)) = (s, 1(s*> — 5)). The functions z and y have horizontal divisors

’2
(29) div(z) = (0) — (24) — (34) + (5A), div(y) = (0) + (A) — (3A) — (4A).
We can follow the method in Section 3 to find a birational map from E;(6) to V(Fs):

_ p’r(z) B @7(1/2)
pr(1/3) — p-(1/2)°
(pr(2) — 0-(1/3))*(pr (2 +1/3) — pr(2 — 1/3))
2(p,(1/3) — 9-(1/6))(p-(1/3) — 9-(1/2))*
5 — pr(1/6) — p-(1/2) _ go2(7)*
97(1/3) - @T(l/Q)

6 .
Go1 (1)
The function s is a Hauptmodul for I'1(6). From its expression as a quotient of Siegel units
we get

s = 12Eis"(—(0,1) + (0, 2)).
where 7 denotes the projection map from F(6) to F1(6). The values of s at the cusps of
['1(6) are s(0) = 00, s(1/2) =1,5(1/3) =0, and s(oc0) = 9.
The elliptic involution on V(Fs) maps (X,Y) to (X, —Y") and hence (z,y) to (y,x). Hence
we can proceed as in Proposition 6.10 and deduce

m{z,y} = £12Eis' ((0,1) + (0,2))

Lemma 9.4. The fibration (z,y, s) — s restricts to a fibration of Deninger cycle {(z,y,s) €
V(Fs) : |zl =1yl =1, |s| > 1} \ {(1,1,9)} above (1,9).

Proof. For (x,y,s) € V(P) the assumption z,y € S* implies s = 1 + 2Re ((z + 1)(y + 1)),
so s € (1,9] and s =9 is only attained at the excluded point (1,1,9). O
27



The points s = 1 and s = 9 correspond to 7 = % and 7 = oco. Hence as before we can
conclude that

W/y{l/zoo} 12°Eis™" (((0,1) = (0,2))((0,1) + (0,2))).

The main theorem of [12] implies m(Ps) = 5 A*(—432E5>" + 3456 E5>1?, 0) where 3 is the
nontrivial Dirichlet character of conductor 3. Using (28):

Theorem 9.5. We have )
Remark. The value 7¢(3)/(27?) appeared first as the Mahler measure of 1 + X +Y + Z, as
shown by Smyth, see [8] *. It also appears in several Mahler measures of elliptic surfaces as
above, see [18]. For another example consider the Hesse pencil, the universal elliptic curve for
['(3). By a simple change of variables we get m(X?+Y3+1+ZXY)=m(1+X+Y +2) =
7¢(3)/(27?).

9.4. The surface E(2,6). From the model of E;(6) we can construct a model for E(2,6),
the universal elliptic curve for the group I'(2,6) = I';(6) NI'(2). We look for a base change of
E1(6) of the form s = f(t) such that Eyg acquires full 2-torsion over Q(¢). This condition

(s—3)°

is equivalent to the polynomial X? + 1 —12X 1 s being split over Q(t), which amounts to

say that
st —12s% +30s* =285 +9 (s —9)(s— 1)
16 B 16
is a square in Q(¢). We find that the base change s = f(t) = 2(t + 1/t) + 5 does the job.
We will determine the Mahler measure of

1 1 1
Pryg(z,y,t) = Ps(x,y,2(t + 1/t) +5) :2(t+¥) +5—(r+y+1) (E+§+1) = 0.

By construction Ej = Ey) is a Weierstrass equation for Fyg. The torsion subgroup of Ej is
generated by the points Ay, Ay of orders 2,6 respectively, given by

—2t—1
(22

22 + 5t + 2 2t* + 9t° + 148> + 9t + 2
A2 - 5 .
t t2
Note that A, is the pull-back of A under the base change map E(2,6) — E1(6). We choose

a modular parametrisation that is compatible with the one we chose for F;(6), so that A,
corresponds to z = 7/2 and A, corresponds to z = 1/6. We find

o XA+ 34) — XQAY _ prlr/251/2) = 0.(1/3) _ adha
X (A1) — X(24,) r(7/2) = 9-(1/3) 933952
so that in O(Y(2,6))* ® Q we have

¢, 930931 3Eis?((3,0) + (3,1) — (3,2) — (3,3)).
932933

3Wadim Zudilin pointed out to us that Theorem 9.5 can also be proved by elementary means: the Mahler
measure of Ps(x,y,s) can be reduced to the one of Smyth using Jensen’s formula with respect to s.
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Notice that knowing #* and s is enough to determine ¢ = 2(t* + 1)/(s — 5). In particular
we may compute numerically ¢(7) without any sign ambiguity. A set of representatives of
the cusps of I'1(6) N I'(2) is given by oo, 0, 1/5, 1/4, 1/3, 2/3. Under ¢ these are mapped
respectively to 1, 0, oo, —1, —1/2, —2. Also we have ¢(1/2) = —1.

Lemma 9.6. Let Dy be the Deninger cycle associated to Pyg. The map (z,y,t) — ¢
endows Dy with a fibration over the interval [—2, —1).

Proof. From the equation Pyg(x,y,t) = 0 we deduce f(t) € [0,9] and thus t+1/t € [-5/2,2].
Together with |¢t| > 1 this implies that ¢ is real and t € [—2, —1). d

This shows that Dy is fibred over the modular symbol {1/2,2/3}. Proceeding an in the
previous cases, we find that Ds g is homologous to Y{1/2,2/3}.

The horizontal divisors of z,y viewed as rational functions on E; can be obtained from (29)
by replacing (kA) with its pullback (kAs):

div(z) = (0) — (245) — (34:) + (543),  div(y) = (0) + (As) — (34s) — (4)
As in the case of E;(6), the Eisenstein symbol on E(6) corresponding to 7*{x,y} is
m™{z,y} = £12Eis' ((0,1) + (0,2)).
Since P; 4 = 2, the difference m(P) —log2 is the integral over Y'{1/2,2/3} of the symbol
n = £36Eis”!((3,0) + (3,1) — (3,2) — (3,3),(0,1) + (0,2)).

21

Notice that {1/2,2/3} = {40, goo} with g = (3 5

over X{0,00} of

) € SLy(Z). So this is also the integral

' =3g"n—2(g0)"n.
At this point we conclude as before with the main theorem of [12],

m(P) = 1og(®) = - (1 - $fn.0).

where f12 = ¢ — 3¢> +2¢" + O(¢°) is the unique newform in S3(I';(12)) with rational Fourier
coefficients and E = F3** + 7TE;**? — 8E1X* Tt remains to find A(F,0) which, by (28),
equals

2L(x3,—2)C(0) im T'(s)(1 + 7-27° = 8-47°) = 2log(2).

s—0
In summary:

Theorem 9.7. We have
log(2)
5

9.5. The surface E(4). For the universal elliptic curve E(4) attached to the group I'(4),
we proceed slightly differently from the I';(8) case: we avoid the use of Stokes’ theorem and
the consideration of residues at the cusps, using instead a distribution relation satisfied by
Eisenstein symbols.
According to the Rouse—Zureick-Brown tables [22], a model of E(4) over Q(z) is given by
E4):y*=12"+ Az + B
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with A = =278 — 378t* — 27 and B = 54t'2 — 1782t% — 1782t* + 54. Here t is a generator
of the function field of Y'(4), more precisely we have Q(Y (4)) = Q(4)(¢). Since the singular
fibres of E(4) are t = 0,41, 44, 00, it follows that ¢ is a modular unit. In the following
Lemma, we express t as a quotient of Siegel units.

Lemma 9.8. We have t = igi,/gi,.

Proof. The torsion subgroup of E(4) over Q(7)(t) is isomorphic to Z/47Z x 7Z./4Z, generated
by the two points of order 4

Py = (3t* + 18it® — 18t* — 18it + 3, —54dt” + 108t* 4 108it> — 108t* — 54it),
Py = (—15t* 4 3, —54it° + 54it?).
From these expressions we find that

. (L’(P1+P2)—ZL’(2P1+2P2)

In particular t is a Weierstrass unit and we may express it as a quotient of Siegel units. We
parametrize £(4) in such a way that P, P, correspond to z; = 1/4, zo = 7/4 respectively
(this identification is compatible with the Weil pairing). This gives

_ o (TA ) — o, (/24 1/2) . 9380t _ 912

Or(T/2+1/2) — o (7/44+1/2)  gi1g10930 G50

Proceeding as in the case of E;(8), we deduce the Lemma. U

t(7)

Since we know how to evaluate Siegel units at any cusp, we get the following result.
Lemma 9.9. We have t(c0) =i and #(1/2) = t(—-1/2) = —i.

Using Magma, we find two functions X,Y on E(4) such that {X,Y} € H3,(E(4),Q(2)).
Their divisors are given by

div(X) = —2(2R) + 2(2P, +2R,)  div(Y) = —2(Py) + 2(3P))

and they satify the relation

P(X,Y,t) = (X + ! (Y + ! +2)+2'(t_i)4 =0

U= X Y T T
Let D C V(P) be the Deninger cycle associated to P with respect to the variable t. By
Jensen’s formula, we have

1 dX dY 1 dX dY

P)—m(P") = —= [ logl|t| — AN —=——= [ loglt| ma(— A —).

(30)  m(P) —m(P") (QM.)Q/DOgH ¥~ Ny (2m')2/DOgH Tl N y)
We now want to relate D with a Shokurov cycle on the connected component of E(4)(C)

defined as the image of the map (7, z) — (7, z,0).

Lemma 9.10. Let C (resp. Cs) be the circle with center 1 (resp. —1) passing through 7 in

the complex plane. Then ¢(D) is the union of the two arcs Cy N{|t| > 1} and CoN{|¢| > 1}.
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Proof. Let (X,Y,t) € D. Since |X| = |Y| = 1, we have 2i(t —i)*/(t* — t) € R. Writing
t = u + 1, we find the equation

2u(u® 4+ v* +2u — 1)(u? +v* = 2u — 1)(u® +v* — 1) = 0.
We have X +1/X —2 € [-4,0] and Y + 1/Y + 2 € [0,4], thus 2i(t —)*/(t* — t) € [0,16].
The equation u = 0 leads to —2(v — 1)*/(v® 4+ v) € [0, 16] which is impossible for |v| > 1.
Therefore t(D) is contained in the union of the two arcs. o
Conversely, let t € C; U Cy with [t| > 1. Since D is invariant under (X,Y,t) — (X,Y, ),
it suffices to treat the case t € C). So let us write t = 1 4+ v/2¢/ with 0 € (—37/4,37/4).
We find

t—i)* 2t — )T -7

Bt  [BB—t]
416 + 384v/2 cos § — 2241/2sin 6 + 128 cos(26) — 224 sin(26) — 32+/2sin(30)
B 52 4 48+/2 cos § + 16 cos(26)

An explicit computation reveals that this function takes values in [0, 16], hence there exist
X,Y € S' such that P(X,Y,t) = 0. O

2z'<

Lemma 9.11. The map 7 — t(7) is a diffecomorphism from the modular symbols {—1/2, co}
and {1/2,00} to Cy N{Jt| > 1} and Cy N {|t] > 1} respectively.
Proof. We want to show that for 7 € {1/2, oo}, the point ¢(7) lies on Cy, that is [t(7)+1]* = 2.
Using t(—7) = —t(7) we can then conclude that t({—1/2,00}) lies on C}.
The functions ¢t + 1 and ¢t — 1 are modular units, since #(1) = —1 and ¢(3) = 1. Their
expression in terms of Siegel units is given by

t+1=gosgrogiagiadat, t—1=—20530109119159%5-
From Proposition 5.1 we see that ({ ') (t—1) = —-2(t+1)7". Soforv € R

2
(1/2+dv) + 1’

t(1/2+iv)+1=—(t(-1/2+iw)—1)=—(} 1) (t—-1)(1/2+iv) = .

which shows [¢(1/2 +iv) 4+ 1|2 = 2.
It remains to prove that |t(1/2 +iv)| > 1. For 7 = 1/2 + iv we have

2 pvom, _ t(r)(1 - ¢(7))
P = Hr)ET) = —Hr)t(=7) = =t(r)e(r —1) = TR AT,
So |t(7)] = 1 implies ¢(7) — t(7)? = 1 + t(7) so that ¢(7) = +i. But these values correspond
to cusps, so we get a contradiction. To conclude, it suffices to show that [¢(1/2 + iv)| > 1
for one particular value of v, which we can check numerically.
To show that the map ¢ : {3,000} — Co N {|t| > 1} is a diffeomorphism, it remains to show
that it is injective. Since t is a Hauptmodul for I'(4)\?H, it suffices to show that the projection
from {3, 00} to I'(4)\H is injective. In fact even {3,00} — I'1(4)\H is injective which can
be shown with [28, Lemma 3.3.4], as in Lemma 8.2. O

By the previous lemmas, we see that D = D; U Dy where D; (resp. Ds) is fibred over

{—1/2,00} (resp. {1/2,00}). Moreover, a numerical computation reveals that Ds is fibrewise

homologous to the Shokurov cycle v = (2X — Y){1/2,00}. Let us consider the complex

conjugation ¢o : (7,2,0) — (=7,%,0) on E(4)(C). This involution corresponds to the
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map (X,Y,t) — (X,1/Y,—%) on V(P). It thus exchanges D; and D, and reverses the
orientations. It follows that D is fibrewise homologous to v — ¢o(7) as an oriented cycle.
Let us now turn to the integrand of (30). By similar arguments as in Lemma 8.1, we have

with
n = (Bish(1,2) — Eish(1,0) - ma(Eishy (2. 1)).

Note that the differential form dargt does not vanish on D, so we cannot write the Mahler
measure as an integral of a closed differential form as in Lemma 8.1. Since 7 is holomorphic
with respect to z, and since cjn = —n, we have

fo= o= [ =2 fn
D ol co(7) ol

Note that 7 = (2X — Y){1/2, 00} is a sum of two Manin symbols, but since 7 is not closed,
we cannot apply Stokes’ theorem as in §8. Instead we use the following degeneracy map
from E(8) to E(4):

A: (Z2 % D(8))\(H x C) = (Z2 x T(4))\(H x C)

T, Z) T 1,z .
We have v = A\, X{0, 0o} so that

L= ™™ o™
5 A X{0,00} X{0,00}

Using the Fourier expansion of Eisenstein symbols [12, §8], we compute

NEis%*(a,b) = 2 Z Eisy;’(d, a’ + 2b),
a'€Z/8L
a’=a (mod 4)

NEispy(a,b) =4 Y Eis(d,d +2b),

a'€Z/8L
a’=a (mod 4)

where Eis™" denotes the Eisenstein symbol of weight & and level N. It follows that
AN = 8(Eisy (1, 5) + Eisy (5, 1) — Bisy’(1,1) — Bisy* (5,5)) - ma(Eisy 2 (2,4) + Eis; 25 (6,0)).

By Proposition 7.3(2) the integral of A*n is convergent. Applying the formulas [12, top of p.
1149] and [12, (36)], we obtain m(P) — m(P*) = £A(F(27),0) with

F = 4fy — 2B, 4 2E,%42,
Since m(P*) = log2 = A(2E;* — 2E3X*? 0), we finally get m(P) = 4A(f16,0). The change

of variables (X,Y,t) — (=X, Y, —it) gives the last identity of Theorem 1.1.
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