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GEOMETRIC SYNTOMIC COHOMOLOGY AND VECTOR BUNDLES ON THE
FARGUES-FONTAINE CURVE

WIESLAWA NIZIOL

ABSTRACT. We show that geometric syntomic cohomology lifts canonically to the category of Banach-
Colmez spaces and study its relation to extensions of modifications of vector bundles on the Fargues-
Fontaine curve. We include some computations of geometric syntomic cohomology Spaces: they are finite
rank Qp-vector spaces for ordinary varieties, but in the nonordinary case, these cohomology Spaces carry
much more information, in particular they can have a non-trivial C-rank. This dichotomy is reminiscent
of the Hodge-Tate period map for p-divisible groups.
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1. INTRODUCTION

As is well-known, syntomic cohomology is a p-adic analog of Deligne-Beilinson cohomology. Recall that
the latter is an absolute Hodge cohomology [2], i.e., it can be computed as Ext groups in the category
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2 WIESLAWA NIZIOL

of mixed Hodge structures; a feature that makes definition of regulators straightforward. In [9], it was
shown that this is also the case for syntomic cohomology of varieties over a p-adic local filed K: it is an
absolute p-adic Hodge cohomology, i.e., it can be computed as Ext groups in a category of admissible
filtered ¢-modules of Fontaine. In this paper we prove an analog of this statement for geometric syntomic
cohomology (i.e. for varieties over K): it can be computed as Ext groups in the category of effective
filtered -modules over K (what Fargues would call “p-modules jaugés”). It follows that it has an extra
rigid structure, namely, it comes from a complex of finite dimensional Banach-Colmez spaces; hence
the geometric syntomic cohomology groups are finite dimensional Banach-Colmez spaces. In the case of
ordinary varieties, these groups are of Dimension (0, &), i.e. are finite dimensional Q,-vector spaces, but
in the nonordinary case, these groups can have Dimension (d, h), with d > 1, and thus carry much more
information, as we show on the example of the symmetric square of an elliptic curve.

We are now going to explain in more details what we have said above. Recall that, for a log-smooth
variety 2" over Ok — a complete discrete valuation ring of mixed characteristic (0, p) with field of fractions
K and perfect residue field — the arithmetic syntomic cohomology of X is defined as a filtered Frobenius
eigenspace of its crystalline cohomology

(1.1) ROyn(2°,7) := [RT:(2)?~? — RT(Z)/F"], 7 >0.

For a variety X over K, this sheafifies well in the h-topology * and yields syntomic cohomology RI syn (X, 7),
r >0, of X [16]. This cohomology comes equipped with a period map to étale cohomology

Psyn * Rrsyn(Xa T) - RFét(Xv Q;D(T))

that is a quasi-isomorphism after taking the truncation 7<,. Syntomic cohomology approximates better p-
adic motivic cohomology than étale cohomology does; in particular, étale p-adic regulators from K-theory
factor through syntomic cohomology.

As was shown in [9], syntomic cohomology is an absolute p-adic Hodge cohomology. Namely, the
data of the Hyodo-Kato cohomology RI'nk (X7%) and the de Rham cohomology RI'4r (X7) together with
the Hyodo-Kato quasi-isomorphism tqr : RI'ak (X7) @ pnr K= RI4r(X7), where F' is the maximal
absolutely unramified subfield of K and F™ — its maximal unramified extension, allows to canonically
associate to any variety X over K a complex RI'pr, (X, r) of Fontaine’s admissible filtered (¢, N, G )-
modules. One proves that

RIgyn (X, 7) = Homps (pr ) (1, Rlpry (X, 7)), 7> 0.

Syntomic cohomology from (1.1) has a geometric version. Geometric syntomic cohomology is defined
as a filtered Frobenius eigenspace of geometric crystalline cohomology

(1-2) RFsyn(%ﬁfvr) = [chr(%ﬁf)wzy - RFcr(%ﬁ?)/FT], r >0,

where K is an algebraic closure of K and O3 — its ring of integers. For a variety X over K, this also
sheafifies well in the h-topology? and yields syntomic cohomology of X [16]

Rgyn(X,7) = [RLr(X)P =% — R (X)/F"].
This cohomology comes equipped with a period map to étale cohomology
Psyn * RFsyn(Xa T) - RFét(Xa Qp('r))

that is a quasi-isomorphism after taking the truncation 7<,. In particular, the groups H;fyn(X ,r), 1<,
are finite rank Q,-vector spaces.

The first main result of this paper is that geometric syntomic is an absolute p-adic Hodge cohomology.
To explain what this means, we note that we have the isomorphisms

HE (X) ~ Hipg (X) @per BE, Hep(X)/F7 = (Hgp(X) @ Big)/F7,

cr? C

1Contramy to crystalline cohomology itself which does not sheafify well. The sheafification process uses the fact that
h-topology has a basis consisting of smooth varieties with semistable compactifications [3].
2Here crystalline cohomology itself also sheafifies well and yields well-behaved crystalline cohomology RI'cr (X)) of X.
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where B} denotes rings of p-adic periods, and an isomorphism
wr : He(X) ©ps Big = Hip(X) @ Big-
Hence the data _ '
(He(X) @gs BT, (Hip(X) @ Bg, F), tar)

gives an effective filtered p-module over K3. The category of such objects is equivalent to the category
of effective modifications of vector bundles on the Fargues-Fontaine curve?. For the above data: the
vector bundle is associated to the p-module over BY, given by H.(X) and it is modified at infinity by
the Bj-lattice F"(Hig(X)®% Blz). As in the arithmetic case this data can be lifted to complexes and
we obtain the first main result of this paper.

Theorem 1.1. (1) To every variety X over K one can associate a canonical complex of effective
filtered p-modules RI'pr_(X,7),m > 0.
(2) There is a canonical quasi-isomorphism

RIgyn(X,7) =~ RHom, (1, RTpr_(X,7)), >0,
where RHom, denotes the derived Hom in the category of effective filtered p-modules over K.

For an effective ¢p-module M, the complex R Hom (1, M) has nontrivial cohomology only in degrees
0,1; we call them HY (K, M) and H} (K, M). Hence the above spectral sequence reduces to the short
exact sequence

(1.3) 0 — Hi(K, Hpy (X,7)) — Hip(X,r) — HY(K, Hpp (X, 7)) — 0.

syn
This sequence can be easily seen to arise from the fundamental (long) exact sequence

(14) — (Hyp' (X)@gBip)/F" — Hiy(X,r) = (Hi (X)@pu BP0 (Hip (X) @ Big) /F" —

syn
The terms ‘ ‘
(Hirk (X) @pne BY)?™P (Hig(X) @ Bir)/F"

~

are the key examples of p-adic Banach spaces that are C-points, C' = K, of finite dimensional Banach-
Colmez spaces [6]. The latter are defined, roughly, as finite rank C-vector spaces modulo finite rank
Q,-vector spaces, rigidified as functors on a subcategory of perfectoid spaces. The second main result of
this paper states that this is also the case for geometric syntomic cohomology.

Theorem 1.2. There exists a canonical complex of Banach-Colmez spaces RI'gyy (X, 1) such that
(1) Rlsyn(X,7)(C) ~ RTsyn(X,7); in particular, H' R4y, (X, 7r)(C) ~ HI (X, 7).

syn
(2) The fundamental exact sequence (1.4) lifts canonically to the category of Banach-Colmez spaces.

(3) The syntomic period map [16]
Psyn * Rrsyn(Xy T) - Rrét(Xa Qp(r))

can be lifted canonically to the category of Banach-Colmez spaces; the H°-term in the exact
sequence (1.3) is equal to the image of this period map.

(4) The exact sequence (1.3) can be lifted canonically to the category of Banach-Colmez spaces; the
H'-term is the identity component of H'RTsyn(X,7), the H-term — the space of its connected
components.

We also show that Theorem 1.1 and Theorem 1.2 have analogs for semistable formal schemes.

Acknowledgments. We would like thank Laurent Fargues for many very helpful discussions concerning
Banach-Colmez spaces and the Fargues-Fontaine curve. Special thanks go to Pierre Colmez for explaining
to us his work on Banach-Colmez spaces and helping us work out some of the examples included in this
paper. We have also profited from exchanges with Bhargav Bhatt, Frédéric Déglise, Tony Scholl, and
Peter Scholze.

3<,o—m0dule jaugé in the original terminology of Fargues.
4However the equivalence does not preserve relevant exact structures.
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1.0.1. Notation and conventions. For a field L, let ¥ ary be the category of varieties over L.
We will use a shorthand for certain homotopy limits. Namely, if f : C' — C’ is a map in the dg derived
category of an abelian category, we set

[C A C' ] :=holim(C — C" < 0).

We also set

Cy 4f>02

l l =01 L o) — (05 2 ],

Cs —>Cy

where the diagram in the brackets is a commutative diagram in the dg derived category.

2. PRELIMINARIES

Let Ok be a complete discrete valuation ring with fraction field K of characteristic 0 and with perfect
residue field k of characteristic p. Let K be an algebraic closure of K and let &'k denote the integral
closure of Ok in K; set C := K and let C? be its tilt with valuation v. Let W (k) = O be the ring
of Witt vectors of k with fraction field F' . Set Gx = Gal(K/K), and let ¢ = Py (k) Pe the absolute

Frobenius on W (k).
In this section we will briefly recall some facts from p-adic Hodge Theory that may not yet be classical.

2.1. Finite dimensional Banach-Colmez spaces. 777?small dim or capital Dim 7777

Recall [6] that a finite dimensional Banach-Colmez space W is, morally, a finite dimensional C-vector
space up to a finite dimensional Q,-vector space. It has a Dimension® DimW = (a,b), where a =
dim W € N, the dimension of W, is the dimension of the C-vector space and b = ht W € Z, the height
of W, is the dimension of the Q,-vector space. More precisely, a Banach-Colmez space W is a functor
A — W(A), from the category of sympathetic algebras (spectral Banach algebras, such that = — zP is
surjective on {z, | — 1| < 1}; such an algebra is, in particular, perfectoid) to the category of Q,-Banach
spaces. Trivial examples of such objects are:

o finite dimensional Q,-vector spaces V', with associated functor A — V for all A,

o V4 for d € N, with VI(A) = A%, for all A.

A Banach-Colmez space W is finite dimensional if it “is equal to V¢, for some d € N, up to finite
dimensional Q,-vector spaces”. More precisely, we ask that there exists finite dimensional Q,-vector
spaces V7, V5 and exact sequences

0-Vi—=Y—->V50, 0-Vo—Y—>W—0,

so that W is obtained from V¢ by “adding V; and moding out by V5”. Then dimW = d and ht W =
dimq, V1 — dimq, V2. (We are, in general, only interested in W(C) but, without the extra structure, it
would be impossible to speak of its Dimension.)

Proposition 2.1. (i) The Dimension of a finite dimensional Banach-Colmez space is independant of the
choices made in its definition.

(ii) If f : Wy — Wy is a morphism of finite dimensional Banach-Colmez spaces, then Ker f, Coker f,
and Im f are finite dimensional Banach-Colmez spaces, and we have

dimW; =dimKer f +dimIm f and dim Wy = dim Coker f + dim Im f.
(iil) If dim W = 0, then ht W > 0.

1v as an 1mcreasin, ration suc a € successive quotients are ana 1t 1S a4 Suo-
iv) If W h j ing filtrati h that th e quotient V!, and if W' i b

Banach-Colmez space of W, then ht W > 0.

5In [6], the dimension is called the “dimension principale”, noted dimp;, and the height is called the “dimension
résiduelle”, noted dimyes, and the Dimension is called simply the “dimension”.
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Proof. The first two points are the core of the theory [6, Th. 0.4]. The third point is obvious and the
fourth is [7, Lemme 2.6]. O

2.2. Period rings.

2.2.1. Period rings. Main references for this section are [10], [11], [12]. Let BJ,, BJ, Bl;, Ber, Bst, Bar
be the Fontaine’s rings of crystalline, semistable, and de Rham periods, respectively. Let ¢ : Bg; — Bgr
be the canonical embedding.

Let & = W(C”)[1/p]. Define

={ Y [walp" € £|3K,Vn|z,| < K},
n>>—oo
B ={ ) [wn]p" € Elan € O} = W(00s)[1/p].

nz>>—0o
For z =Y, [z,]p" € B? and p €]0,1], r > 0, set
fely = suplealp®, vy (x) = inf {u(a) + ).

If p=p~" €)0,1], we have |z|, = p~*(®). For r > 0, v, is a valuation on B?; thus, for p €]0,1], ||, is a
multiplicative norm. One defines the rings B and BT as the completions of B® and B, respectively,
with respect to (|-|,)pej0,1[- For a compact interval I C]0,1[, the ring By is the completion of B’ with
respect to (|-|,)per. It is a PID. The rings B, Bt are Q,-Frechet algebras and B¥ is the closure of B®*

in B. The ring By is a Q)-Banach algebra and we have B = lim Bj.
I€]0,1]
We have

(1) B =, >0 ¢"(BE).
(2) For an F- 1socrystal D, (DerBL)?~t = (DerBY)*=! = (D®Fr B)“” L
(3) For d < 0, B*=r" = 0. B*=! = Qp,and for d > 0, Be=r" = (B+)#=»"
(4)
Let B10g be the period ring defined in the same way as B but starting from B instead of from
BZ,. We will denote by ¢ : B;f

There is a natural map ¢ : B — BdR compatible with the embedding B“‘ — B:{R.

— BIR the canonical imbedding. We have a canonical map B;f — BJ

log log
compatible with all the structures. For an F-isocrystal D, we have
1,N=0 =1,N=0
(2.1) (D @r BY)¥= =(D®F Bltg)“" .

The Robba ring Z is defined as # = lim Byg ,, where By ;) := lim By, , is the completion of BY
p—0 0<p’<p

with respect to (|[,)o<p<p. Since ¢ : Bjg ) = Byg ,») the ring Z is equipped with a bijective Frobenius.
By [15, Theorem 2.9.6], the ring Byg ,] is Bézout. Any closed ideal of By ;) is principal. Hence the ring
Z is Bézout as well.

2.2.2. Period Rings and some Banach-Colmez spaces. Recall [6], that the above rings of periods can
be also defined starting from any sympathetic algebra instead of C. One obtains Rings (of periods)
B+, B, Bl; and natural morphisms ¢ : Bf; < B, ¢ : Bt — Bj;. We have BT =B*(C), B =B} (C),
B, = Bin(C).

The category £% of finite dimensional Banach-Colmez spaces is abelian. The functor of C-points

#BE€ — Banach, X — X(C).

is exact and faithful. In particular, if C* € C(%%) is a complex of finite dimensional Banach-Colmez
spaces then we have that its cohomology H!(C*) is a Banach-Colmez space as well and, for its C-points,
we have H'(C*)(C) = H(C*(C)).

Recall that a ¢-module (over F) is a finite rank vector space over F equipped with a bijective semilinear
Frobenius ¢ : D — D. A (¢, N)-module (over F) is a finite ¢p-module (over F' ) equipped with a

6Hence B is the ring Big from classical p-adic Hodge Theory.



6 WIESLAWA NIZIOL

monodromy operator N : D — D such that Ny = ppN. A filtered (¢, N)-module (over K) is a finite
(¢, N)-module over F' such that D := D ®p K is a filtered K-vector space.
To D, a finite filtered (¢, N)-module over K, and to r > 0, one can associate Banach-Colmez spaces

D X4(D) = (D 2 BN — (D 0 B
D — Xgr(D) = (Dk ®x t_rBd*R)/FO = (Dk QK B:{R)/FT,

These are exact functors. We also have a natural transformation ¢ : XJ; (D) — X (D) induced by the
morphism ¢ : Bf, — IBIR.
A filtered (¢, N, Gk )-module is a tuple (D, ¢, N, p, F'*), where
(1) D is a finite dimensional F™-vector space;
(2) ¢ : D — D is a bijective semilinear Frobenius map;
(3) N:D — D is a F™-linear monodromy map such that Ny = ppN;
(4) pis a F™-semilinear G-action on D (hence p|Ik is linear) that is smooth, i.e., all vectors have
open stabilizers, and that commutes with ¢ and N;
(5) F* is a decreasing finite filtration of D := (D ®par K)“% by K-vector spaces.
The above functors extend to exact functors
D X[(D) = (D @ps t"BEL)$PTIV=0 = (D @pnr B )PP V0,
D — Xjr(D) = (Dx @k t "Biy)/F° = (Dkx ®x Big)/F".

from filtered (p, N, Gk )-modules to finite dimensional Banach-Colmez spaces. We also have a natural
transformation ¢ : X (D) — Xz (D).
Recall that we have (cf. [6, Prop. 10.6]),

dim X (D) = (rdimg D —»_ dim F* D, 0),
i=1
dim X%, (D) = Z (r—r; 1), where the r;’s are the slopes of ¢, repeated with multiplicity.
r;<r
In particular, if F*"1 Dy = 0 and if all r;’s are < r (we let 7(D) be the smallest  with these properties),
then

dim X, (D) = (rdimpnr D — tn(D),dimpnr D) and dim X[g (D) = (rdimg D —tg(Dk),0).

Here tn (D) = vp(det ) and tg(D) = 3, i dimg (F* D /F*™* ' D).
The kernel of the map ¢ : X, (D) — Xjr (D) is Vpet (D) if 7 > (D) (6, Prop. 10.14]), where V(D) :=
(D & pnr Bst)ga:LN:O n FO(DK RK BdR).

2.3. Vector bundles on the Fargues-Fontaine curve. Main references for this section are [10], [11],
[12].

2.3.1. Definitions. Let Xpp be the (algebraic) Fargues-Fontaine curve associated to the tilt C* and to
Q,. We have

Xpp = PIO_](P) = PI‘Oj(@dZ()Pd), Py = (Bjr)g):pd.
In the above definition we can replace B, by B or B*. The map 6 : B}, — C determines a distinguished
point co € Xpr(C). We have the canonical identification B:;R %0 X,00; let ¢ be the uniformizing element
of BQFR (t € P, —{0}) so that Bgg = B;R[l/t]. Xyr is a regular noetherian scheme of Krull dimension
one which is locally a spectrum of a Dedekind domain.

Let Buny,, denote the category of vector bundles on Xpp. Since Xpp is locally a spectrum of a
Dedekind domain Bun ... is a quasi-abelian category’ [1, 1.2.16]. It is thus equipped with the induced

7An additive category with kernels and cokernels is called quasi-abelian if every pullback of a strict epimorphism is
a strict epimorphism and every pushout of a strict monomorphism is a strict monomorphism. Equivalently, an additive
category with kernels and cokernels is called quasi-abelian if Ext(-,-) is bifunctorial.



GEOMETRIC SYNTOMIC COHOMOLOGY AND VECTOR BUNDLES ON THE FARGUES-FONTAINE CURVE 7

kernel-cokernel exact structure: a short exact sequence

0-MLNS PO

is a pair of morphisms (f, g) such that M = ker(g), P = coker(f). This is the same as the natural exact
structure: locally, use the embedding of the category of torsion free modules of finite rank into its left
abelian envelope - the category of finitely generated modules®.

For every d € Z, there exists a line bundle &'(d) := P[d]. This is a line bundle of degree d and every
line bundle on the curve Xpp is isomorphic to some &(d). One defines degree of a vector bundle as the
degree of its determinant bundle; slope — as degree divided by rank. For every slope A € Q, there exists a
stable bundle &'(\) with slope A. These vector bundles are constructed in the following way. For A = d/h,
h > 1, (d,h) = 1, one takes the base change Xpp ), = XFF7Qph7 where Q,n is the degree h unramified
extension of Q,, and defines O(\) = O(d, h) := 7.0(d), 7 : Xpr,, — Xrr. We have

ih+d

O(d,h) = M(d,h), M(d,h) = P@BH) ="
iEN
This is a vector bundle on Xgp of rank h and degree d, hence of slope A. The global sections functor
and the functor V +— V ®q, € induce an equivalence of categories between semistable vector bundles of
slope zero and finite dimensional Q,-vector spaces. Since semistable vector bundles of slope zero have
vanishing H' this is an equivalence of exact categories.

2.3.2. Cohomology of vector bundles. We have
ON)®@O(p) = ON+p); OV =0(-N);
Hom(O(N\),O(p)) =0, A>pu; Ext(ON),O0) = HY(Xpp, O(u— X)) =0, X< pu.

Example 2.2. [10, 12.1,12.3]

We have
P; ifd>0,
0 ifd<O.

0 ifd >0,

0 —
(2.2) .H@wmﬁw»—{ Bip/(t™ B +Qp) ifd<0.

H'(Xpr, 0(d)) = {
To obtain this we write Xrr \ {00} = Spec B,, for B, = B#=! = (B*[1/t])¥=! - a principal ideal domain.
There is an equivalence of exact categories

BunXFF = %7 & (F(XFF \ {OO}, éa)v Cg;oo)

Here ¢ is the category of B-pairs [5], i.e., the category of pairs (M, W), where W is a free BIR—module
of finite type and M C W1/t] is a sub free B.-module of finite type such that M ®g, Bar V:> WIl/t). If
& corresponds to the pair (M, W), then its cohomology can be computed by the following Cech complex

RI(Xpp, ) = (M & W S WL/1), d.y) =y
The line bundle &(d) corresponds to the pair (B.,t B1;). Hence
RI(Xrr, 0(d)) = (B. @t "BJ; — Bar).

From this, since Bgr = B. + BXR and B, N Bl; = Q,, we get (2.2). Both H°(Xgp, 0(d)) and
H'(Xpp, 0(d)) are C-points of finite dimensional Banach-Colmez spaces. These spaces have dimen-
sions (d, 1) resp. (0,0), for d > 0, and (0,0) resp. (—d,—1), for d < 0. Hence the Euler characteristic
X(XFF7 ﬁ(d)) = (d, 1).

More generally, for A =d/h, h > 1, (d,h) = 1, we have
(2.3)

ol epd

H%wnﬁwm»={gsw Corast

0 if d <0.

0 if d >0,

HY(Xpp, 0(d,h)) =
(Xrr, O(d, h)) {B:;R (t_dB;;rR—i_Qph) if d <0.

8Recall that a short sequence in a quasi-abelian category is exact if and only if it is exact in its left abelian envelope.
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The vector bundle &(d, h) corresponds to the pair ((B*[l/t])“"h:pd7 (Biz)"), with the glueing map u :
(BF[1/1])¢"=P" — (Bqgr)" defined as 2 — (z, (), . .., " 1(z)). Hence

RT(Xpr, 0(d, h)) = (BT[1/1)*" =" & (B "= (Bar)")

and computation (2.3) follows since Bqr = B, + B and (B‘*‘[l/t])“’h:1 NBl = Q.

Again, both H°(Xgg, 0(d, h)) and H*(Xgr, O(d, h)) are C-points of finite dimensional Banach-Colmez
spaces. These spaces have dimensions (d, k) resp. (0,0), for d > 0, and (0,0) resp. (—d, —h), for d < 0.
Hence the Euler characteristic x(Xpr, O(d, h)) = (d, h).

2.3.3. Classification of vector bundles. We have the following classification theorem for vector bundles
on XFF

Theorem 2.3. (Fargues-Fontaine [11, Theorem 6.9])

(1) The semistable vector bundles of slope A on Xgg are the direct sums of O(N).
(2) The Harder-Narasimhan filtration of a vector bundle on Xgg is split.
(3) There is a bijection

ALy An) =[] 0(N)].

Let Modg(p) be the category of p-modules over the Robba ring &%, i.e., finite type projective Z%-
modules DY equipped with a ¢-linear isomorphism ¢ : D = D. Since Z is Bézout, this implies [1, 2.7.2]
that Modg(p) is quasi-abelian. The induced kernel-cokernel exact structure is the same as the natural
exact structure: use the embedding of the category Mod g into its left abelian envelope - the category of
finitely generated Z-modules.

Let Modg(p) be the category of finite type projective B-modules D equipped with a semi-linear
isomorphism ¢ : D—D. It is an exact category. We have the following diagram of equivalences of exact
categories [11, Prop. 7.16, Theorem 7.18]

(2.4) Modg(¢) <—— Modg(p) — Bunx,,

The first map is induced by the inclusion B C #. Via this map, the classification theorem of Kedlaya
for p-modules over #Z [15] yields that there is a bijection

(2.5) A > > Nn e N € QF = Modg(p)/ ~
()\1, ceey )\n) = [@?:13(_>\i)]'

In particular, every ¢-module over B is free of finite type'C.
The second map in (2.4) is defined by sending

(2.6) D — &(D),

where & (D) is the sheaf associated to the P-graded module @dZOD“":”d. Hence &(B(i)) = €(—i) and

—

we have D ® B(TR 5 &(D),,. This equivalence of exact categories implies that the category Modg(¢)
is also quasi-abelian'!. Since the canonical exact structure on Bunyx,, agrees with the quasi-abelian
kernel-cokernel exact structure it follows that this is also the case in Modg(y). Since we know that this
is also the case in Mod#(p), it follows that the first map in (2.4) is an equivalence of exact categories.

9Since Z is Bézout, an Z-module D is projective of finite type if and only if it is torsion free of finite type if and only if
it is free of finite type.

10But7 in general, projective B-modules are not free [10, 11.4.1].

H'We note here that the ring B is not Bézout.
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2.3.4. Modifications of vector bundles and filtered p-modules. We will recall the definitions of these cat-
egories [12]. A modification of vector bundles on the curve Xgp is a triple (&1, &%, u), where &1, & are
vector bundles on Xpp and u is an isomorphism &}jx,.\{oc} = 62| Xpp\{oc}- Modification (&1, &2,u) is
called effective if u(&1) C &»; it is called admissible if & is a semistable vector bundle of slope 0. Let .,
M, ™ denote the corresponding exact categories.

Modifications can be also described as pairs (&, A), where & is a vector bundle and A is a BIR—lattice
AC éa\oo[l/t]. To a modification (&1, &2,u) one associates the pair (éag,u(c;@;,m)). Effective modifications
correspond to pairs (&, A) such that A C é’Aoo. This correspondence preserves exact structures.

A filtered p-module (over K) '? (D, A) consists of a p-module D over BT and a Bj;-lattice A C
D ® Bgr. It is effective if A C D ® BCTR. A filtered p-module is called admissible if D¥Y=' N A is a
Q,-vector space of rank equal to the rank of D over BT. Denote by DF, DF‘%7 DF%i the corresponding

exact categories. We have an equivalence of categories DF = that induces equivalences between the
effective and admissible subcategories. We note that this is not an equivalence of exact categories.

3. EXTENSIONS OF MODIFICATIONS

_In this section we study extensions in the categories of modifications and of filtered ¢-modules over
K.

3.1. Extensions of p-modules. We start with extensions of p-modules. Let Modg+ be the category
of free BT-modules of finite rank. It is an exact category (with a split exact structure) and we will
denote by Zg+, Dg+ its derived dg category and derived category, respectively. We note that, since the
exact structure is split, all quasi-isomorphisms are actually homotopy equivalences. In particular, Dg+ =

~

Hg+ (the homotopy category). For Dy, Dy € @g+7 we have a quasi-isomorphism Homngr (D1, D) —
B
Homg+ (D1, D2). We have similar statements for analogous categories MOdBj{R and Modg,,. We note

that, since BCTR is a PID and Bgg is a field, these two categories are quasi-abelian (with the kernel-
cokernel exact structure equal to the natural one) [1, 2.7.2]. In ModB:R7 a morphism is strict if and

only if its cokernel taken in the category of Blz-modules is torsion-free or, equivalently, its kernel is
t-saturated in the ambient module®®.

Let Modg+ (@) be the category of free Bt-modules D of finite rank equipped with an isomorphism
©*D = D. It is an exact category. The exact structure is split, i.e., Ext! in Modg+ (¢) is trivial. To
see this, one first proves a classification of p-modules over B* analogous to the one for B in (2.5) then
computes Ext! for the simple modules [12, Theorem 7.23, Proposition 7.25].

Let Mod gar (¢) be the category of finite rank modules over F™" with a semilinear isomorphism ¢ : D —
D. Tt is an exact category with split exact structure. There is an (exact) functor Mod g=r () — Modg+(¢),
D~ D ®@gp BT. Using the Dieudonné-Manin decomposition in Mod gur () we see that this functor
induces bijection on objects of the two categories. Clearly though we have a lot more morphisms in
BT -modules.

We will denote by Zg+(p), D+(¢) the derived categories of Modg+(¢). For Dy, Dy € Modg+(p),
let Homg+ (D1, D2) denote the group of Frobenius morphisms. We have the exact sequence

(3.1) 0 — Homg+ ,(Dy, Dy) — Homp: (D1, D) > Homps (Dy, ¢, Da) — 0.

where 0 : 2 — ¢p,r — @.(z)¢p,. Hence, Homp+ (D1, D) = Cone(d)[—1]. It follows that, for Dy, D, €
@g+ (¢), we have a quasi-isomorphism Hom@b+(¢)(D1, Dy) = Homg+ (D1, Dy), i.e.,
B

Hom@ng (¢)(D1, D) = Cone(Homgp+ (D1, D2) 2, Homp+ (D1, ¢+D2))[—1]

2Fargues’ (12, 4.2.2] original name was ” p-module jaugé”.
13A B:{R—module N is called t-saturated in a B(TR—module M, for N — M, if every x € M such that tz € N is actually
in N.
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We compute similarly that (with the obvious notation), for Dy, Dy € 2%(p), we have a quasi-
isomorphism

Hom@g( (D1, D3) = Hompg, (D1, D2) := Cone(Homg (D1, D) LA Homgp (D1, ¢« D2))[—1]

»)

The inclusion BT C B defines an equivalence of categories [11, 7.7]
(3.2) Modg+ () = Modg(p).

This is shown in [11] by proving that the above functor is fully faithful [11, Prop. 7.20], what implies,
by the classification of p-modules over B (2.5), an analogous classification of ¢-modules over B*. The
wanted equivalence of categories follows. On the other hand, if we equip Modg+(p) with the natural
exact structure, the functor (3.2) is not an equivalence of exact categories. It is because for the natural
exact structure Ext(B*, B+ (1)) = 0 (by (3.1)) but for the quasi-abelian kernel-cokernel exact structure
Ext(B*,B*(1)) = Ext(B,B(1)) = Ext(0,0(-1)) = H'(Xpp, 0(-1)) = C/Q,. The corresponding
exact sequences have cokernel maps which are not surjective for the natural exact structure. In what
follows we will work exclusively with the natural exact structure.

3.2. Extensions of filtered p-modules. Consider the quasi-abelian category F‘ModBd+R of pairs (A, M),
A C M, where M € MOdBIR’ and A is a Bz-lattice in M[1/¢]. We note that a morphism (fa, far) :
(A, M) — (A, M) is strict [18, 1.1.3] if and only if so are the morphisms fx and fys. Since BJj is a
PID, elementary divisors theory, gives us that every exact sequence

O - (Alle) - (A27M2) - (A37M3) - O

splits. Hence, for My, My € @b(FMOdBj;R)’ we have Hom@b(FMOdBjR)(Ml’ M) = HomFMOdBIR (My, My).

Similarly, we define the quasi-abelian category FModg,,, of pairs (A, M), A C M, where M € Modg,j,,
and A is a BIR—lattice in M. Again, for My, My € 2°(FModg,,, ), we have Hom@b(FModBdR)(Ml, Ms) =
Hompwmodg,, (M1, Ma2).

Let M = (D,A), T = (D', A’) be two complexes in C’b(DF%)7 C’(DF%), respectively. Define the
complexes Hom™ (M, T), Hom (M, T) as the following homotopy fibers
Hom™ (M, T) := [Homgp+ ,(D,D’) & Homp Mod ((A, DBIR)’ (A, ;BIR))M‘) HomBjR(DBj;R» DEIR)]’

HOHI(M, T) = [HOHIB-#,@(D, D/) (o) HOHIF MOdBdR ((A7 DBdR), (Al7 D%dR))M HOHIBdR (DBde D;_;,dR)]
Complexes Hom™, Hom compose naturally.

Proposition 3.1. We have (x = _,ad)
Hom@b(DF%*)(M, T) ~ Hom™ (M, T), HOIn@b(DF%)(M, T) ~ Hom (M, T).

Proof. Proof is analogous to the one of Proposition 2.7 in [9]: note that Cone(M v ), for M €
Qb(DF%), M € 9*(DF%), is acyclic and that the category of semistable vector bundles of slope zero is
closed under extensions (in the category of vector bundles). O

Let 1:= (B*,BJ) be the unit filtered ¢-module. For M = (D,A), M € DF% and M € DF we set
{Ii()K, M) := H*RHom™ (1, M) and H*(K, M) := H*RHom(1, M), respectively. We have
3.3

D=1 N A, i=0, D=1 N Ay i=0,
H.(K,M)={ D®g:+ Bjg/(A+D?=') i=1, H'(K,M)={D®g+Ba/(A+D?=') i=1,
0 1> 2. 0 1> 2.

Moreover, the complex
RHom™ (1, M) := (D¥=' — D @+ Bl /A)
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can be lifted canonically to a complex of finite dimensional Banach-Colmez spaces. To see that, set, for
a sympathetic algebra A,

(3.4) D(A) := D ®g+ BT(4), A(A):=A ®p+, B: (A),
RHom™ (1, M)(A) := (D(A)?*=" — D ®@p+ Bl (4)/A(A)).
The bottom complex is clearly a complex of Banach-Colmez spaces such that RHom™ (1, M)(C) =

RHom™ (1, M). The fact that this is a complex of finite dimensional Banach-Colmez spaces follows from
section (2.2.2).

Remark 3.2. Let (&1, &3, u) be an effective modification and let M be the associated effective filtered
p-module. We have an exact sequence of sheaves on Xgp

0= & 5 & — ines (G200 /U(E1,00)) = 0
We get from it the long exact sequence of cohomology groups
0 —H"(Xpp, &) — H(Xpr, &) — Er,00/u(81,00)
— H'(Xrr, 61) — H' (Xprp, &) — 0
Since H(Xpp, &(D)) = D¥=1, by (3.3), we have that
HY(K,M) = H°(Xgr, &1),
H}(K,M)=ker(H" (Xpr, &) — H' (Xpr, 62)).
In particular, if (&1, &, u) is effective and admissible then H} (K, M) = 0 because H'(Xpp, &1) = 0.
Remark 3.3. We note that if M = 1, then H} (K, M) = 0 and H'(K, M) = Bar/By; hence effective
filtered p-modules are not closed under extensions in the category of filtered p-modules. On the other

hand, admissible filtered ¢-modules are closed under extensions (because semistable vector bundles of
slope zero are closed under extensions in the category of vector bundles).

3.3. Extensions of modifications. Extensions of modifications of vector bundles can be computed
in an analogous way; we will just list the results. Let M = (D,A), T = (D’,A’) be two complexes
in Ct(.#T), C*(M), respectively, with D, D’ — complexes of p-modules over B. Define the respective
complexes Hom™ (M, T'), Hom(M, T) as the following homotopy fibers

H0m+ (M’ T) = [HOHlB’Lp(l)7 D/) @ Hompg MOdBIR ((A, DB:R)’ (A/’ %IR))M HomBIR (DBIR’ D%;R‘)]’

Hom (M, T) := [Homp (D, D’) ® Homp Mods,, (A, DBy), (A, ngR))M Hompg,, (DB 4y s ngR)]
Complexes Hom™, Hom compose naturally.
Proposition 3.4. We have (x = _,ad)
Homgu( g+.) (M, T) ~ Hom™* (M, T), Homgu( g+ (M,T) ~ Hom(M,T).

Let 1 := (B,BJ;) be the unit modification. For M = (D,A), M € .#% and M € ./, we set
H (M, M) := H*RHom™ (1, M) and H*(.#, M) := H*RHom(1, M), respectively. We have the follow-
ing long exact sequence (x = +, )

0— HY(#,M) — D' - (D@ Big)/A — HX (A, M) — D/(1—p)D — 0
Moreover, for i > 2, H:(.#, M) = 0.

We conclude that, for an effective filtered p-module M = (D,A) over K, we have H! (K,M) —
H! (.#,Mg), where Mg := (D ®p+ B, A). More specifically, we have
(1) HY(K,M) = HY(#,Mg),
(2) Hi(K,M)— HI(.#,Mg) with cokernel H(Xrr,& (D)) = D/(1 — ¢)D,
(3) H.(K,M)=H'(.#,Mg) =0, for i > 2.
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The following proposition shows that cohomology of effective modifications recovers only the cohomol-
ogy of the ”smaller” modified vector bundle on the Fargues-Fontaine curve.

Proposition 3.5. Let T = (&1, &, u) be an effective modification. We have a canonical quasi-isomorphism
RHom ,+(1,T) ~ RI'(Xpr, &1).
Proof. Let T = (&1, 85,u) and T' = (&, &5,u’) be two of complexes of effective modifications. We have
R Hom -+ (T, T") = [R Hompyay, (&, 8]) & R Hompyn . (&, &) R Hompuny, _ (61, &)
If we apply this to the unit modification 1 and T' = (&, &2, u) we find that
R Hom_+(1,T) = [R Hompuny,, (€, &) & R Hompuny,, (0, &) "R Hompuny, (0. &)]
= RHompuny_ (0, 61) = RI'(Xpr, 1),

as wanted. O

4. GEOMETRIC SYNTOMIC COHOMOLOGY

We will recall the definition of geometric syntomic cohomology defined in [16] and list its basic prop-
erties.

4.1. Definitions. For X € ¥ arg, we have the rational crystalline cohomology RI'¢;(X) defined in [4]
using h-topology. It is a filtered dg perfect B -algebra equipped with the Frobenius action ¢. The Galois
group G acts on ¥ arg and it acts on X +— RI';(X) by transport of structure. If X is defined over K
then G acts naturally on R ¢, (X).

For r > 0, one defines [16] geometric syntomic cohomology of X as the r’th filtered Frobenius eigenspace

of crystalline cohomology

Rlayn(X,7) i= [F"RTe (X)—25RT e (X))].
In the case when X is the generic fiber of a proper semistable scheme 2~ over Ok, this agrees with the
(continuous) logarithmic syntomic cohomology of Fontaine-Messing-Kato.

The above definition is convenient to study period maps but for computations a different definition
is more convenient. We will explain it now. There is a natural map v : R[(X) — RT4r(X) @7 Bli.
Here RI'gr (X) is the Deligne’s de Rham cohomology. It is a filtered perfect complex of K-vector spaces.
We equip it with the Hodge-Deligne filtration. It follows from the degeneration of the Hodge-de Rham
spectral sequence that the differentials in RI'gg (X)) are strict for the filtration (cf. [14, Prop. 8.3.1]).

The complex RI'4r (X) @% BIR is a perfect complex of free B(TR—modules. It is filtered by a perfect
complex of B;-lattices. The cohomology of F!(RI'4r(X) ®% BjR), i > 0, is torsion-free: this follows
from the degeneration of the Hodge-de Rham spectral sequence. Moreover, this implies that this complex
is strict: kernels of differentials are t-saturated because the complex is perfect, images are t-saturated in
the kernels because cohomology is torsion-free; this implies that the images are t-saturated in the ambient
modules, as wanted.

For r > 0, the geometric syntomic cohomology of X can be defined in the following way.

Rlgyn(X,7) := | R (X)

(1—¢r)

RIe(X) & (RTqn(X) @5 Bln)/F7 ]

i (1=@rtar®t) .
RI bk (X) @ o B —"5 Rlpx (X) @pur BE @ (RCar(X) @ Big)/F"

iN |vo

1—pr—
| Rk (X) @pnr BY; - RIuk (X) @ por BY,

T2

We set ; := o/p'. Here RT'gk(X) is the Beilinson’s Hyodo-Kato cohomology of X [4]. It is a complex
of finite rank (, N)-modules over F™. It comes equipped with the Hyodo-Kato quasi-isomorphism

LdR : RFHK(X) & por K~ RFdR(X)



GEOMETRIC SYNTOMIC COHOMOLOGY AND VECTOR BUNDLES ON THE FARGUES-FONTAINE CURVE 13

The second quasi-isomorphism in the above diagram uses the quasi-isomorphism
ter : RTuk (X) @por BY, = Rl (X) @+ B,

that is compatible with the action of ¢ and N. We will write RI'gk (X)7,

B = (RFHK(X) & por B;t)NZO.

We have a trivialization
RTuk(X) @ BEL 5 Rk (X)g: = (RTuk (X) @ pnr B)V=0,
z — exp(N(z) log([p])),

where p is a sequence of p™’th roots of p. This yields a quasi-isomorphism RI'gk (X)7,, ~ RI'¢;(X). Both

BL —
maps are compatible with Frobenius and monodromy.
We can rewrite the above in the following form

RTsyn (X, 7) 5 [ ROy (X)#=F" i

(RL4r(X) @ Big)/F" ]

~ Lar @t
& [ (RTpk (X) @par BY)#=P"N=0 =25 (RL4r(X) @7 BJg)/F" ],

where we set .
RI‘Cf(X)“’:p = Rl (X )*>RFC]r (X)]
and

11—,
Rk (X) @ por B, —— RTpk (X) @ por B
(RT s (X) @ oo Bih)#=#N=0 . iN lN

RFHK( ) ®Fm B H RFHK (X) ®Fnr B:;
Alternatively, by formula (2.1), we can change the period ring B to B+ to obtain

RTyn (X, 7) = [ (RTuK (X) @ por Bif )PP V=0 "5 (RT 0 (X) @ Big) /F7 -

We will write R[uk (X)54 = (RFHK(X)®Fmegg)N=0; we have a canonical trivialization RT'gk (X)5, ~
RIak (X) ®par BT (compatible with Frobenius and monodromy). With this notation, we have

(4.1) Rlgyn(X,7) = [ RTux (X) 57~ P — (RT4r(X) @ BIR)/F" .
4.2. Basic properties. We will now list basic properties of geometric syntomic cohomology.

4.2.1. Syntomic period maps. Let X € ¥ arg. Recall that Beilinson [3], [4] defined comparison quasi-
isomorphisms

Pcr - RI., (X) ®B$ B ~RIlg (Xa Qp) ®Qp Bcra PHK Rl'mx (X) @pnr Bsy > Rl (X Qp) ®Q” BSt7
par : ROgr(X) ®7% Bar = Rl¢ (X, Qp) ®q, Bar

that are compatible with the extra structures and with each other. For r > 0, they give us the syntomic
period map [16]

Psyn : Rlsyn (X, 1) — Rl (X, Qp(r))
defined as follows

(4.2) Rl (X, 7) ~ [(ROjk (X) @ pee B)#=# N=0_48E R 0 (X) @5 B )/ F]
— [(RTuk (X) @ por Byy)# 7 N =002 (RT g (X) @7 Bar)/F7]
~ R« (X, Q) ®q, BE™ —““RT«(X,Q,) ©q, Ban/F"]

& REg (X, Q,(1)).
The last quasi-isomorphism follows from the fundamental exact sequence

0— Qu(r) — Bfrzl’r — Bgr/F" — 0
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In a stable range, the syntomic period map is a quasi-isomorphism.

Proposition 4.1. ([16, Prop. 4.6]) The syntomic period morphism induces a quasi-isomorphism
Psyn : T<rRTsyn (X, 1) = <Rl (X, Qp(1)).

4.2.2. Homotopy property. Syntomic cohomology has homotopy invariance property.

Proposition 4.2. Let X € Varyg and let f : ALY — X be the natural projection from the affine line over
X to X. Then, for all r > 0, the pullback map

f*t Rlgyn (X, 7)—">RLgym(AX,7)
18 a quasi-isomorphism.
Proof. Tt suffices to show that the pullback maps
F*: (Hig (X) @ BE)P™ — (Hig (Ak) ©@par BE),
f 1 (Hip(X) @ BiR)/F7 — (Hip(Ak) @5 Big)/F"

are isomorphisms. But this follows immediately from the fact that we have a filtered isomorphism

f* e Hag(X) = Hig(AX)
and hence, via the Hyodo-Kato isomorphism, also a Frobenius equivariant isomorphism

fre HﬁK(X) = HﬁK(Ak)

O

4.2.3. Projective space theorem. For X € ¥arg, we have the functorial syntomic Chern class map [16,
5.1]

" Pie(X)—HZ (X, 1).

syn

For X € Varg, it yields the syntomic Chern class map
M Pie(X)—HZ (X, 1).

syn

We have the following projective space theorem for syntomic cohomology.

Proposition 4.3. Let & be a locally free sheaf of rank d+1, d > 0, on a scheme X € Varg. Consider
the associated projective bundle w : P(&) — X. Then we have the following isomorphism

d d
@ciyn(ﬁ(l))i unr*: @H“_Zi(X,T —i) = H*(X,r), 0<d<r.
i=0 i=0
o syn 2 .
ere, the class ¢’ (O(1)) € HE,,(P(&), 1) refers to the class of the tautological bundle on P(&).

Proof. Just as in the proof of Proposition 5.2 from [16], the above projective space theorem can be
reduced to the projective space theorems for the Hyodo-Kato and the Hodge cohomologies. We refer to
loc. cit. for details and notation.

To prove our proposition it suffices to show that for any ss-pair (U, U) over K and the projective space
T ]P’dﬁ — U of dimension d over U we have a projective space theorem for syntomic cohomology (a > 0)

d

d
Pamen)y va: PHG (U Dg,r —i) = Hyn((PE Pz, ), 0<d<r,
=0 =0

syn

By the distinguished triangle
Rlsyn (U, U)5,7) — RO (U, U)5)?*" — (RT4r((U,U)%) @ BiR)/F"

where the class ¢”"(0(1)) € H2 ((]P"li]?IP’dU), 1) refers to the class of the tautological bundle on Pdﬁ.
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and its compatibility with the action of ¢}”", it suffices to prove the following two isomorphisms for the
absolute log-crystalline complexes and for the filtered log de Rham complexes (0 < d < r)

d
(4.3) Do) EBH“ (U 0)g) = HE (PG, PR,
=0
Do) v PHERY Ug) @ Bip)/F™' = (Hir(P) ) © Big)/F".
=0 =0

For the crystalline cohomology in (4.3), we can pass to the Hyodo-Kato cohomology. There the projective
space theorem

d d
Patew)yur: @ HE (U, U)g) ©r BE = Hi (PG, PH)z) @ B
i=0 =0

follows immediately, via the Hyodo-Kato isomorphism, from the projective space theorem for the de
Rham cohomology.
For the de Rham cohomology in (4.3), passing to the grading we obtain

(49 Pare)yur: Qe HE Ur) or Biy) & e (Hin(PL 1) @7 By).

Since, for a variety Y over K,

r

g (Hir (V) 0% Bip) = D Hi ™ (V.05 ) o C,
i=0

the isomorphism (4.4) follows from the projective space theorem for Hodge cohomology. We are done. O

4.2.4. Bloch-Ogus Theory. The above implies that syntomic cohomology is representable by a motivic
ring spectrum .: the argument is the same as in Appendix B of [16]. We list the following consequences.

Proposition 4.4. (1) Syntomic cohomology is covariant with respect to projective morphisms of
smooth varieties. More precisely, to a projective morphism of smooth K-varieties f:Y — X one
can associate a Gysin morphism in syntomic cohomology

fot Hi (Y,r) — HI2Y(X,r —d),

syn syn

where d is the dimension of f.
(2) We have the syntomic regulator
Tsyn HXZ(X) - Hslyn(X7r)7
where H]T\/’[i(X) demotes the motivic cohomology. It is compatible with product, pullbacks, and

pushforwards; via the period map it is compatible with the étale regulator.
(3) The syntomic cohomology has a natural extension to h-motives:

DMh(K, Qp)Op — D(Qp), M — HomDMh(K,Qp)(M7 y)

and the syntomic regulator rsyn can be extended to motives.
(4) There exists a canonical syntomic Borel-Moore homology H"(—,*) such that the pair of functor
(HZy (=, %), HX" (=, %)) defines a Bloch-Ogus theory.

(5) To the ring spectrum & there is associated a cohomology with compact support satisfying the
usual properties.
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4.3. Fundamental (long) exact sequence. In this section, we will discuss certain exact sequences
that involve syntomic cohomology. Recall that we have

(4.5) ROgyn (X, 7) =[RT e (X)¥™? — 5RO4R(X) @7 Big)/F"]
[(RLuk (X) @p BS)#= V=022 (R0 4p (X) @7 Big)/F"]

This yields a long exact sequence of cohomology that simplifies quite a bit. Indeed, we have H’ ((RTpk(X)®r
Bf)¢=r"N=0) = (Hﬁ[K(X) @p BE)¥=P""N=0 [16, Corollary 3.25]. It follows that HIRT..(X)¥=P =
HI (X)#=P" ~ (RI'yk (X) @par BL)?=P". By the degeneration of the Hodge-de Rham spectral sequence,
we also have H7 ((RTr(X) @ Bir)/F") = (H}z(X)@%Big)/F". Hence, from the mapping fiber (4.5),
we get the following fundamental long exact sequence

— H7H(X)P S (HRH(X) 95 BRR)/FT — Hiypy(X,r) — HL(X)P= 2 (Hig(X) @5 Bip)/F" —

syn

that we will write alternatively as

(4.6) = (Higd (X) @ BE)P=PON=0 "5 (HH(X) 0 Big)/F7 — Hi, (X, 1)

syn
— (Hiic(X) ©p BE)P="N=0 2 (Hip (X) @ BiR)/F" —
It yields the exact sequence

(4.7) 0 — cokervy;_1 — H' (X,r) — kery; — 0.

syn

Example 4.5. Let X = Spec(K). We get the exact sequence
—(Hig (K) @ Bip)/F" — Hiy, (K1) — HL(K)?= —(Hip(K) @7 Big)/F" —

syn
Since H! (K) = H!.(F) ®F BJ,, we get that H? (K) = B, and H(K) = 0, for i > 0. Also, clearly,
H{:(K) = K and Hiz(K) = 0, for i > 0. Hence the above sequence becomes the fundamental exact
sequence
0— Qy(r) = (BE*™ — Bip/F" —0

It implies that HC, (K,r) ~ Q,(r) and H! (K,r) =0, for i > 0.

syn syn

4.3.1. Relation to extensions of p-modules over K. It turns out that the kernel and cokernel appearing
in the exact sequence (4.7) are extension groups in the category of filtered ¢-modules over K. To
see this, set D'(r) := Hjx(X)5s with Frobenius ¢, = ¢/p" and set A’(r) := F"(Hiz(X) % BiR).
Let Hjp _(X,r) := (D'(r),A'(r)). Since Hj(X) ®p+ B ~ Hip(X) @5 Big (via the Hyodo-Kato
isomorphism), we have Hpp_(X,7) € DF .

Lemma 4.6. We have the following exact sequences
0 — Hy (K, Hpp (X,r) — Hin(X,7) — HY(K, Hpp_(X,7)) — 0.
0 — Ker(H' (Xpr, & (Hpp (X, 7)) — H' (Xpr, 6(D1(r)))) — Hipy(X,7)
— H°(Xpr, & (Hpp, (X,7))) — 0

Moreover, for i <r+1 orr > d, there are natural isomorphisms

Hi (X,T’) = HE&)-(Fv H]SFf(Xv T)) = HO(XFFvéo(H]%)Ff(XaT)))'

syn

Proof. Since ker~y; = Di(r)?*=1 N Al(r) and cokervy; = (D'(r) @p+ Bly)/(Al(r) + Di(r)#=1), the first
exact sequence follows from (4.7) and (3.3). The second exact sequence follows from that and from the
exact sequence of sheaves on Xgp
0 — E(Hpp, (X,1)) = E(D'(r)) — icox(D'(r) @5+ Bir/A'(r)) — 0.
The last statement of the lemma follows from the first exact sequence and the fact that, for ¢ < r or
r > d, the filtered ¢-module HEF?(X ,r) is admissible. To see the last claim, note that the variety X
comes from a variety X defined over some finite extension L of K. Hence, by comparison theorems, the
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pair (Hjj (X1), Hig(X1)) forms an admissible (¢, N, G )-module. Since F" ' Hiy (X) = 0, we can now
simply quote [16, Cor. 2.10]. O

In the next section we will give a more conceptual reason for the existence of the sequences from the
above lemma. We note, that the above lemma implies that the fundamental (long) exact sequence (4.6)
splits in a stable range: for ¢ < r, we have the fundamental short exact sequences

0 — Hiyn(X, ) = (Higg (X) @pne BE)#™P V=002 (Hip (X) @ Bi)/F7 = 0

syn
5. THE p-ADIC ABSOLUTE HODGE COHOMOLOGY

We will show in this section that the geometric syntomic cohomology is a p-adic absolute cohomology,
that is, that to every variety over K one can associate a canonical complex of effective filtered p-modules
over K and syntomic cohomology is R Hom from the trivial module to that complex. We will describe
two methods of constructing such complexes.

5.1. Via geometric p-adic Hodge complexes.

!/
BIR’ R
Modg+ , F Modg+ with the finiteness conditions dropped. These are exact categories. Consider the

5.1.1. The category of geometric p-adic Hodge compleres. Let Mod FMOd%I be the categories

dR dR
exact monoidal functors
Fy : Modg+ (p) — Modgt , D= D ®p+ Blz; Fuar: FMOd;BIR — Modg (A, M) — M.
We define the dg category Z,u of p-adic Hodge complexes as the homotopy limit
Dpnt = holim (2" (Modg+ (¢)) 22 7" (Mo ) fan b (p Modp. )

We denote by Dpi the homotopy category of Zpn. An object of 2,1 consists of objects My € 2°(Modg+ (),
Mg € 2°(F Mod;3+ ), and a quasi-isomorphism
dR

Fo(Mo) ¥ Far (M)
in Q(Mod;BdJrR). We will denote the object above by M = (My, Mk, apr). The morphisms are given by
the complex Homg,, (Mo, Mk, anr), (No, Nk, an)):
(5.1)
Homis ((Mo, M, anr), (No, Ni, ax))
= Hom s (vod, (o)) (Mos No) @ Homi@b(FMod;B+ ) (M, Nic) @ Homigyyo 0 (Fo(Mo), Far (Ni))

dR dR
A (closed) morphism (a, b, c) € Homg,, (Mo, Mk, anr), (No, Nk, an)) is a quasi-isomorphism if and only
so are the morphisms a and b.
By definition, we get a commutative square of dg categories over Q:

(5.2) Doyt — L P (F Modly )

To \L ¢/ Far
7" (Modg, (7)) — 7" (Modg. ).

As pointed out above, a morphism f of p-adic Hodge complexes is a quasi-isomorphism if and only if
Tar(f) and To(f) are quasi-isomorphisms.
For M € Cb(DF%)7 we can define §(M) € Zpu to be the object

O(M) := (D, (A, Fo(D)),Id : Fo(D) ~ Fy(D)).
Since @ preserves quasi-isomorphisms, it induces a compatible functor

0: 9°(DFL) — Zpu.
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Definition 5.1. We will say that a p-adic Hodge complex M = (My, Mk, apr) is geometric if the complex
My is in the image of the canonical functor C*(Modpu:(¢)) — C®(Modg+ (¢)) and the complex My is
strict with torsion-free finite rank cohomology groups (defined in the category of pairs of B(J{R—modules).
We note that we have the exact sequence (in the exact category F MOd;ﬂR)

(5.3) 0—Imd*—kerd % H' — 0.
Denote by @gH the full dg subcategory of Z,u of geometric p-adic Hodge complexes.
We note that for a geometric complex M = (My, Mk, apr) it makes sense to take its cohomology
groups: _ _ ' _ _
H'(M) := (H'(My), H' (Mg),an : FoH'(My) ~ FarH'(Mg)) € DF%, i>0.
Proposition 5.2. The functor 6 induces an equivalence of dg categories
0: QQ(DF%) 5 @gH,
where QQ(DF%) denotes the full dg subcategory of .@b(DF%) of geometric p-adic Hodge complexes.

Proof. First, we will show that 6 is fully faithful. That is, that, given two complexes M, M’ of C’g(DF%)7
the functor 0 induces a quasi-isomorphism:

0: Homg,ppt, (M, M) — Homgs (O(M),0(M"))

By Proposition 3.1, since Fo(My) = Far(Mg), Fo(M}) = Far(M} ), we have the following sequence of
quasi-isomorphisms

Homgys, (0(M),0(M')) = Homgs (Mo, My, 1), (Mg, Mjg, 1))

F,
H(Fo(M), Fap(M'")) & Homgy (pMod

F{
~ (Homgps (vody ; () (Mo, Mg) = Homgenoa
dR dR

) (M, M

F F,
~ (HOIHBJr#,(Mo,Mé) = HomBIR(FO(M)deR(M,)) B HomFModB+ (MK,M}{))

dR

~ H M, M.
Om_@b(DF%)( M)

Now, it remains to show that 6 is essentially surjective. Let (My, Mk,apn) be a geometric p-adic
Hodge complex. Then, by assumption,

(5.4) (Mo, M, anr) = (®iz0H' (Mo)[~i], ®izo0 H' (M )[~],
diyy s @izoFoH'(Mo)[—i] = ®izoFar H' (M) [~i)).
Note that a’, is actually an isomorphism of complexes. Essential surjectivity of 6 follows. O

Remark 5.3. We note that the proof of Proposition 5.2 shows that every geometric p-adic Hodge complex
is quasi-isomorphic to a complex of its cohomology filtered p-modules (with trivial differentials).

5.1.2. p-adic absolute Hodge cohomology via geometric p-adic Hodge complexes. Let X be a variety over

K. For r > 0, consider the following complex in @gH
RTY4(X,7) == (RTux (X, r)g+, (RLar (X)@%Bgg, F"), tar : RCuk (X)g+ @B+ Big = RTar(X)@xBiR),

where the r-twist in RI'yk (X, 7)g, refers to Frobenius divided by p". As explained at the beginning
of Section 4.1, the p-adic Hodge complex RI‘gH(X,T) is geometric. We will call it the geometric p-adic
Hodge cohomology of X. Set

RTpp,(X,r) := 'R, (X,r) € 29(DFL).
The p-adic absolute Hodge cohomology of X is defined as
(5.5) Rl (X, 1) = Homgs (1, RIY (X, 7).
By Proposition 5.2, we have
RT p (X, 1) ~ Hom@b(DF%)(l, RIpr_(X,7)).
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Theorem 5.4. There exists a natural quasi-isomorphism (in the classical derived category)
Rlgyn(X,7) = RO (X,r), 7 >0.

Proof. We can write

Lar@L—can

RToyn(X,7) 5 [ ROk (X)5f™" @ F'(RL4r(X) @ Blp)

57 RT4r(X) @7 By |

By Proposition 5.2, we have

Rl gyn (X, 7) = Hom@gH(l, Rl"gH(X, r)) ~ Hom@b(DF%)(l,RPDF?(Xw)) ~ RT (X, ),
as wanted. g
5.2. Via Beilinson’s Basic Lemma. Using Beilinson’s Basic Lemma as in [9] we can associate to every

X € Yarg (more generally, to any finite diagram of such X) the following functorial data

(1) RTEL(X), a complex of finite (¢, N)-modules over F™ representing RI'gx (X).

(2) RT'Z;(X), a complex of finite filtered K-vector spaces representing RIqr (X).

(3) the Hyodo-Kato isomorphism of complexes

LdR - RFgK (X) & por f :> RFER(X)
representing the original Hyodo-Kato map tgg.

They yield a functorial complex RFEFK (X,7), 7 > 0, of effective filtered p-modules (RI'f, (X)5+, RTEK (X))@
B(J{R, F"),tar). By construction, for every good pair (X,Y, ), the associated complex

RFgF?(Xv Y,r) =~ Hli)Ff(Xﬂ Y,r) = (HilK(X7 Y, T)]T?ﬁr? (HglR(X7 Y) Y4 B;Pw FT)ﬂ LdR)‘

We note that the complex RFSF?(X ,7) is geometric. Indeed, Hodge Theory yields that ”geometric”
morphisms between de Rham cohomology groups are strict for the Hodge-Deligne filtration. Hence
the complex RI‘fR(X ) has strict differentials. This implies that this is also the case for the complex
RI'}; (X) @7 Big. Moreover, the cohomology groups H iRFng(X ,7) are effective filtered -modules.
Hence RFSF?(X, r) € 29(GT).
We set
RIS, (X,r) = R[S, (X, r) := R[4 (K, RI'Bp_(X, 7))

syn

The two syntomic complexes described above are naturally quasi-isomorphic.
Theorem 5.5. (1) There is a canonical quasi-isomorphism in Qb(DF%)
Rlpr(X,7) = ROBp_(X,7), r € N.
(2) There is a canonical quasi-isomorphism
RI»(X,r) ~ RIS, (X,r), r€N.

Proof. The second statement follows immediately from the first one and Theorem 5.4. To prove the
first statement, we follow the proof of Corollary 3.7 from [9] and just briefly describe the argument
here. Consider the complex RFEH(X,T) in @gH defined using Beilinson’s Basic Lemma starting with
RIpu(X,r). We note that, for a good pair (XY, j), we have

RTp((X,Y,),7) = (Hi (XY, r) e, (Hip (X, Y)@gBig, F7), tar « Hiyo (X, Y) g ®+ By = Hip(X,Y)@xBg).
Hence RI'}; (X, 7) is isomorphic to QRFB’F?(X ,7). Moreover, we get a functorial quasi-isomorphism in
2"(DFL):
kx: RIDg(X,r) =~ 6RIpp_(X,r).
It follows that RFEF?(X, r) =~ RIpp(X,7), as wanted. O
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6. SYNTOMIC COHOMOLOGY AND BANACH-COLMEZ SPACES

We will show in this section that syntomic complex (of an algebraic variety) can be realized as a complex
of Banach-Colmez spaces. Similarly for the fundamental exact sequence and the syntomic period map:
both of them can be canonically lifted to the category of Banach-Colmez spaces. We will also discuss an
analog for formal schemes.

6.1. Syntomic complex as a complex of Banach-Colmez spaces.

6.1.1. Algebraic varieties. Let X be a variety over K.
Theorem 6.1. (1) There exists a compler RTE (X r) € 2°(%%€) such that RT'E (X,r)(C) =

syn syn

RI'B (X,r) and the distinguished triangle

syn

Rlgyn(X,7) — Rluk (X) 7™ % (RO4r (X) @5 Bip)/F"

can be lifted canonically to a distinguished triangle of Banach-Colmez spaces.

(2) The syntomic period map psyn can be lifted canonically to a map of Banach-Colmez spaces, i.e.,
we have a map

(6.1) psyn : RIS (X, 1) — RLE(X, Qy(r))

such that the induced map on C-points is the classical syntomic period map. Here the complex
RI'Z (X, Qu(r)) is a a complex of finite-rank Qp-vector spaces defined using Beilinson’s Basic
Lemma.

(3) We have a canonical spectral sequence

By = H(K, Hbp_(X.7)) = Hi(X,7)
that degenerates at Eo. It can be canonically lifted to the category of Banach-Colmez spaces.
Proof. For the first claim, define
(6.2) RIZL(X,7) = [RIg ()58 =5 (RUGR (X) @ Bly) /7]
By Section 2.2.2,
RIfk (X5 = XL (RTEK (X))(©),
(RI§R (X) @7 Bip)/F" = Xgr(RI 4R (X))(C),

and the map tqg can be lifted canonically to a map between complexes of Banach-Colmez spaces. We
can now define the following complex of Banach-Colmez spaces

(6.3) RIS (X, 1) o= [XE (RDfk (X)) = Xir (RE g (X))
We have RI'E (X, 7)(C) = RIS, (X,r) and hence H*(RT'S,(X,7))(C) = H'RTE (X, r).

To define the lift (6.1), it suffices to inspect the sequence of quasi-isomorphisms (4.2) defining the
syntomic period map and to

(1) replace the complexes RI'yx (X ), RTqr(X), and RI'¢ (X, Q) by their analogs RIS (X), RI'Z; (X),
and RI'Z (X, Q,) defined using Beilinson’s Basic Lemma;

(2) note that (RT'E(X)®pur Bgt)?=P V=0 and (RT' 5 (X) ®%Bar)/F" are C-points of complexes of
Ind-Banach-Colmez spaces; and similarly for RTZ (X, Q,) ©q, B ""=" and RT3 (X, Q,) ®q,
Bar/F";

(3) note that, for a pst-pair (D, V'), the period isomorphisms

(D @pm By)? P N0~ Vag BE N (Dx @k Bar)/F" =~V ®q, Bar/F"

can be lifted canonically to the category of Ind-Banach-Colmez spaces.

The spectral sequence in the third claim is constructed from (6.2) and (6.3) and uses the computations
of extensions in effective filtered ¢-modules from (3.3).
O
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6.1.2. Syntomic Euler characteristic. Let X be a variety over K. By Section 2.2.2, the syntomic Euler
characteristic of X is equal to

X(RLS,,(X,r) = D (=1)' dim X, (D) = ) (~1)" dim Xg (D")

i>0 i>0
=> (1" > (r=r,1) = > (=1)'(rdimg D% — Y dim F/ DL, 0),
i>0 ri<r i>0 j=1

where D' = (D', D%.) = (Hy (X), Hi(X)). For r large enough this stabilizes. That is, if F"*' D2 =0,
i >0, and if all 7}’s are < r, then

X(RTE (X)) =) (=1)(rdimpn D' — tn(D"), dimpn D*) = Y "(=1)*(r dimg D — tg(Di),0)

i>0 i>0
=Y (=)' (tu(Dk) — tn (D), dimpar D*) = (Y (=1)"(tu(Dk) — tn (D)), x(RTar(X))).
i>0 i>0

Since the filtered (¢, N, Gk )-module D! = (Di,D%) is admissible, we have ty(D%) = ty(D%) and
X(RTE, (X, 7)) = (0, x(RTar (X)))-
6.1.3. Formal schemes. Part of Theorem 6.1 has an analog for formal schemes. Let 2  be a quasi-
compact (p-adic) formal scheme over @k with strict semistable reduction. As shown in [8], for r > 0,
one can associate to 2" a functorial syntomic cohomology complex RT'sy, (2%, r) defined be a formula
analogous to (4.1). We see 2~ as a log-scheme and the Hyodo-Kato and the de Rham cohomologies used
are logarithmic.
Proposition 6.2. Assume that 2 is proper.
(1) Then there exists a complex RT gy (25, 1) € D°(BE) such that RT sy (25, 7)(C) = Rsyn (2%, 1)
and the distinguished triangle
RTyn (27, 7) = RUux (25" % (RTar(2%) @ Big)/F”
can be lifted canonically to a distinguished triangle of Banach-Colmez spaces.

(2) We have a canonical spectral sequence

Byl = H{(K, Hiyp (Zr)) = HifJ (Zr)

syn

that degenerates at Fo. It can be canonically lifted to the category of Banach-Colmez spaces.
Proof. Consider the following complex in 27y
RF}%H(‘%’?’ r) := (RTgk (X, T’)TB+, (RFdR(‘%f)@)fBIR? F"), 4R : RFHK(%)E-F@B*BIR = RFdR(%F)®?BIR)’

where the r-twist in R['uk (2, 7)g+ refers to Frobenius divided by p”. The p-adic Hodge complex
RI‘f)H(fr’f?, r) is geometric: the explanation at the beginning of Section 4.1 goes through once we have
the degeneration of the Hodge-de Rham spectral sequence and this was proved in [19, Theorem 8.4]. Set

RTpr(2%,7) = GflRFgH(%?,r) € .@g(DF%).

We set HI")F?(%?, r):= HRIpp_(2%, 7).
By Proposition 5.2, we have

Homgs (1, RIPy(2%,7)) ~ Hom@b(DF%) (1, Rlpp (2%, 7))

Since
~ ro=p" r Ltaqr®t—can
Rlgu(2%,7) = [ RTuk (2)52 ™" @ F"(RU4r(2%) @ Blr) —

= HOm@gH (17 RFgH(‘%.?7 T))a

RFdR(%r) ®f BIR ]
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we get that
RFsyn(%fa ?”) ~ HOIH@”(DF%) (1, RFDF?(%‘?7 r))

The first claim of our proposition follows now from formula (5.4), Proposition 3.1, and (3.4). The second
— just as in the proof of Theorem 6.1. O

6.2. Identity component of syntomic cohomology. We will show that the image of the syntomic
cohomology Banach-Colmez space in the étale cohomology is the Q,-vector space of its connected com-
ponents.

Proposition 6.3. For a variety X € Varg and i > 0, we have the natural isomorphisms
Ker(ply,) = HL(K, Higl (X,r). Tm(ply,) = H)(K, Hip (X.1))

where pl, : Hi (X, 1) — HL (X, Qp(r)) is the syntomic period map.

syn
Proof. Consider the following commutative diagram

— s HI_(X,r) i

syn

HE (X)#= (Hip(X) @5 Big) /F" ——>

lﬂéyn J{pir ipim,

0— Hét(X, Qp(r)) - Hét(X, Qp) ® Bfr:pr - Hgt(X7 Qp) ®F BdR/FT —0

It follows that pf,, factors through HY (K, H]gF?(X, r)) and that HY (K, H]gF?(X, 7)) — HL (X, Qp(r)).
Hence H1 (K, HB}I?(X, r)) =~ ker(p,,) and HY (K, H]%FY(X, 7)) =~ Im(pf,,), as wanted. O
Corollary 6.4. Fori < r orr > d, there are natural isomorphisms
i ~ TF pri Piyn pri
Hipn(X,r) = HY (K, Hpp (X,7)) =" H{ (X, Qy(r)).

syn

Proof. The first isomorphism follows from Lemma 4.6. The second, from the above proposition and the
fact that, for i < r or r > d, the pair (Hjjx(X), Hiz (X)) comes from an admissible filtered (¢, N, Gp)-
module (for a finite extension L/K) hence we can revoke [16, Prop. 2.10]. O
The exact sequence of Banach-Colmez spaces
0— Hi(K,Hpp: (X,7)) — HRUG, (X, r) — HY(K, Hpp_(X,7)) — 0
has the following interpretation. The Banach-Colmez space H1 (K, HEF;(X ,7)) is connected (as a quo-
tient of the connected Space X7y (H’5'(X))) and the Space HY (K, HBF?(X, 7)) is a finite rank Q,,-vector
space. Hence H} (K, HE}%(X, r)) is the identity component of H'RT, (X, 7) and HY(K, Hpp_(X,7)) =

syn
ﬂO(HiRFg,n(X, r)). The projection of Banach-Colmex spaces HiRFgm(X, r) — HY(K, H]SF?()Q r)) has

a noncanonical section.

7. COMPUTATIONS

In this section we will present several computations of geometric syntomic cohomology groups. They
show that these groups yield interesting invariants of algebraic varieties.

7.1. Ordinary varieties. We will show that geometric syntomic cohomology of ordinary varieties is a
finite rank Q,-vector space. For varying twists r, it yields a Galois equivariant filtration of the étale
cohomology.

Recall the following terminology from [17]. A p-adic G k-representation V is called ordinary if it admits
an equivariant increasing filtration Vj,j € Z, such that an open subgroup of the inertia group acts on
V;i/Vi—1 by X7, x being the cyclotomic character.

A filtered (¢, N, G )-module is called ordinary if its Newton and Hodge polygons agree. Such a module
admits an increasing filtration by filtered (¢, N, G i )-submodules, Dy, j € Z, such that D;/D; 1 = D[_j).

Here we set D|_;) = (D(—j}, D|_; %), where D|_j = D N (D @pn W(k))—j for (D @pn W(k))[—j —



GEOMETRIC SYNTOMIC COHOMOLOGY AND VECTOR BUNDLES ON THE FARGUES-FONTAINE CURVE 23

a submodule of D ®pur W (k) generated by x such that ¢(z) = p~7z. It is equipped with the trivial
monodromy and the filtration on D_jj j := D[Cifg]f is given by F/Dg = Dy, F~7t'Dg = 0. The
categories of ordinary Galois representations and ordinary filtered (¢, N, Gk )-modules are equivalent.
We have Vst (D[—j)) ~ V_j.

A variety X over K is ordinary if so are the pairs (Hjj(X), Hig (X)), i > 0. A variety X over K is
ordinary if it comes from an ordinary variety defined over a finite extension of K.

Example 7.1. For » > 0 and i > 0, we have
H! (X’T) = H9r<?7 H]iDF?(X’ T)) = Hgt(X’ QP)T(T) — Hgt(X, Qp(r))

syn

In particular, it is a finite rank Q,-vector space.

Proof. For k >0, let D = F"e, p(e) = pFe, F¥*Dyg = Dy, F**' Dy = 0. Equip it with the trivial action
of the monodromy and Gg. The pair (D, D) forms an admissible filtered (¢, N, Gk )-module whose
associated Galois representation is Qp(—k).

If r < k, we have

T _.r—k
(D @ps: BL)?™P = (B)¥™ =0, (D®p=BJR)/F"=Bl;/Blz=0.

Hence HY(K,D) = HL(K,D) = 0.
If r > k, we have

(D @pee BEP — (D @p Bip) /FT] = [(BLF " = Bl /F"™" & Qu(r — k).

Hence HY (K, D) = Q,(r — k) and H} (K, D) = 0.
By devissage, it follows that, for any ordinary filtered (¢, N, Gk )-module D, we have Hi (K,D)=0
and HY (K, D) = Vi (D,)(r) = V,(r), as wanted. O

We note that in the étale cohomology group H, (X, Q,) we see the cyclotomic characters x7,0 > j >
—i; hence in the group H, (X, Q,(r)) - the characters x7,r > j > —i+r. The above example shows that
syntomic cohomology Hsiyn(X ,7), 7 > 0, picks up the twists Q,(j), for r > 7 > 0, in the étale cohomology

H (X,Qyp(r)). If r is large, 7 > i, we pick up the whole étale cohomology group.

7.2. Curves. Let X be a proper smooth curve over K. We will show that the geometric syntomic
cohomology of X recovers the ” étale p-rank of the special fiber of the Néron model of the Jacobian of
the curve”.
By Lemma 4.6,
Hyyo(X,r) = HU(K, Hpp_(X,7)), 7>1,i<r+1,

syn

is a finite rank vector space over Q,, that is a subspace of H (X, Q,(r)). Moreover,

Plon t Hin(X,r) 5 HL(X,Qp(r), r>1i<r

syn

For r = 0, we have

Hg (X, 0) = HG (X, Qp(0) ~ Q.

syn
Since FO(Hip(X) @ BiR) = Hig(X) ® B, we have
Hy, (X,0) 2 (Hiye(X) @ poe BE)PTH = Hy (X, Qp(0))-

syn

Since Hf(X) =~ F™ with Frobenius pyp, we have HZ, (X,0) = 0 since

H? (X,0)— (BL)?=P  =0.

syn
It remains to understand the inclusion Hg , (X,0) < H}(X,Qp). Since the Frobenius slopes on
H} (X) are > 0, we have

Hp (X,0) 2 (Hp (X) @poe BE)P™! = (Hygg (X) (o) @ BE)P™! = (Hpg (X) (o) @ W(K))#T

syn
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This is a Qp-vector space, of the same rank as the F™-rank of Hj (X )[o], that injects via the period
map into H}, (X, Q,). Since H (X, Q) ~ V,(Jac(X))* (the Q,-dual), this rank is the 7 étale p-rank of

the special fiber of the Néron model of the Jacobian of the curve”.

7.3. Product of elliptic curves. Varieties that are not ordinary give rise to geometric syntomic coho-
mology groups that have nontrivial C-dimension. We will start with some preliminary computations.

7.3.1. The group HI(-). Let D be an admissible filtered (¢, N, Gx)-module with F'Dyg = D (this
implies that the slopes of Frobenius are > 0). Then the group HY((D ®@pn B)N=0¢=F" F"(Dyx @k
B1:))) is the largest subrepresentation V;. of Vi (D)(r) with Hodge weights in [0,7]. It corresponds to the
largest (weakly) admissible submodule D, of D with F" ™D, = 0 (note that this is equivalent to all
Hodge weights being less or equal to 7 and it implies that all Frobenius slopes have the same property).

7.3.2. Trace map. Let X be a variety over K of dimension d. We claim that ~we have a canonical
isomorphism H24 (X,d) ~ Q. Indeed, by Lemma 4.6, we have H24 (X,d) = H? (K, H%‘f;ﬁ(X, d)) and

syn syn
7 _ _.d
HY (K, HE (X, d)) = Ker((HAL(X) @po BN 097" — (H3(X) @5 Bip)/F?)
= (HEL(X) @ BH)N=0#=0"
e last equality holds because = . dlnce o~ with Frobenius p“p, we
The 1 lity holds b FIHX(X) = H3E(X). Since HA%(X) ~ F™ with Frobenius p?

have (H24 (X) @ pue BE)N=0:0=p" — B1#=1 — Q,,, as wanted.

7.3.3. Product of elliptic curves. We are now ready to do computations for products of certain elliptic
curves.

Example 7.2. Let E be an elliptic curve over K with a supersingular reduction. Let X = F x F.
(1) We have the following exact sequence of Galois representations
0— HSQyn(X?7 1) - Hé?t(Xf’ QP(1>) - C(_l) - Hsyn(Xf7 1) -0
(2) If Sym® H}, (E%) is an irreducible Galois representation, then
Hgt(Xf7 Qp(l))/HSQyn(X?» 1) ~ Sym2 Hé}t(Efﬂ Q) (1), Hgyn(va 1)~C(-1)/ Sym2 Hélt(E?’ Qp)(1).
Proof. We note that we have the following exact sequence of Galois representations
(7.1) 0= H, (X 1) — (Hix (X) @ BE) PP =" (HiR(X) @k Bip)/F' — H3\ (X5, 1) — 0

It is obtained from the fundamental long exact sequence. The exactness on the left follows from Lemma
4.6. For the exactness on the right, we note, that using the Kiinneth formula in Hyodo-Kato cohomology
and 7.3.2, we get that

(Hi (X) ®p BE)?P™ = (Hik (B) ©p BS)?™' @ (Hik (B) ©r BE)?™.
Using the fact that the slope of the Frobenius on Hjjk(E) is 1/2 we obtain
¥ =0.

Consider now the following commutative diagram induces by the period maps

—1/2

(Hi (X) ©r BE)PP = (B&#7P
HSQyn(X?v D—— (Hjx(X) @p BL)P™P —— (Hir(X) @K BgR)/Fl - Hsgyn(X?’ 1)
Psyn PHK PdR
HE (X7, Qp(1))—— (H{ik (X) ®F Bex) P —= (Hip (X) ®x Bar)/F*

| | |

C(—1)———— coker puk coker pgr
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The rows and columns are exact. The fact that ker(f) ~ F?H3z(X) @k C(—1) ~ C(-1) follows from
the fundamental exact sequence

0— Qpt —» BL¥=? =Bl /F' —0
Snake Lemma yields the following exact sequence

0— H2, (X5, 1) = HE (X%, Qp(1)) — C(—1) — H (X7, 1) — 0,

syn syn
as claimed in the first part of our example.
We argue now for the second part. Since de Rham cohomology satisfies Kiinneth formula, the compu-
tations in 7.3.2 yield that (H23(X) ®x Blg)/F! ~ C. In a similar way, using the Kiinneth formula in
Hyodo-Kato cohomology and 7.3.2, we get that

(Hig(X) @p BE)P™P = (Hi (E)®? @p BL)* P © Q2

and the vector space Q2 is in the kernel of tqr (since F'H3p(E) = H3g(F)). Hence we have the exact
sequence
0 — Hi, (X, 1) = (Hix (B)®? @p BL)*™P © Q) — C — HJ,\ (X5,1) = 0

Using the fact that the slope of the Frobenius on Hyy (F) is 1/2 and B5:*=! = Q,, we compute that
(Hix(X)®? @p BE)?= ~ Q2. Since Hljy (E)®? = Sym® Hji (E) ® F, we have

(Hik (BE)®? @r BL)Y™F = (Sym® Hyk (E) @r BL)Y P € Q,
and, by 7.3.1, Q, is in the kernel of (qr. Hence we have the exact sequence

0 H2,(X7g. 1) — (Sym?® Hiye(E) @ BE)P © Q) — € — H3,(Xz,1) — 0

syn syn

It follows that, if Sym? H} (B, Qp) is an irreducible Galois representation, then HZ, (X7,1) ~ Qi and

syn

HZ (X%, Qp(1)/HE, (X%, 1) ~ Sym® H}, (B, Qy)(1), as wanted. O

Remark 7.3. (1) The above proof shows that H2 (X%, 1) as a Galois representation is a quotient
of C(—1) and of C by a finite rank Q,-Galois representation. This type of curious phenomena
was studied by Fontaine in [13].
(2) If X is a variety that is not ordinary, similar computations to the ones we have done above, show
that the syntomic cohomology of the products X™ acquires nontrivial C-dimension as n becomes
large.

7.4. Galois descent. Let X be a variety over K. Then the syntomic complex RI'gyn (X7, 7) is equipped
with a G-action. Set'* RTY (X, ) := RT(Gk,Rlsyn(X7, 7). Since,

RIe (X, Qp(r)) = RI(Gk, Rlet (X7, Qp(1))),
we have the induced syntomic period map

Phon 1 R (X, 1) — RTe (X, Qp(r)).

syn
Proposition 7.4. There is a canonical distinguished triangle

b
(7.2) RI%,,, (X, 7)2RTa (X, Q)(r) — RI (G, (RTH (X) @por Ber/BE)* ")
Proof. Consider the following complex

LAR®L

CT(Xg) = [ (RIfix (Xg) @por BE)N=09=1" (RT gk (X7) @ Bip)/F']

representing RIgyn (X7, 7). Define C(X7) by omitting the superscript + in the above definition. We
have

C(X7)/CT(Xg) = [ARDEk (X7))—22— BRI % (X7))],

1See [16, 4.2] for the necessary formalities concerning continuous Galois cohomology and Hochschild-Serre spectral
sequence.
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where

ART B¢ (X%)) = (RTE (X%) @ pur By/BE)N=0¢=P"
BRTA (35)) = (RUSR () 6 Ban)/ ™/ (RS (X0) 6 B/

Hence

RI (G, C(Xg)/CT (X)) = [RT (G, A(RDfi (X)) — " —RI' (G, B(RU (X))

and it suffices to show that the complex RT'(Gr, B(RI'S;(X%))) is acyclic. Since we have a quasi-
isomorphism RI'Z; (X) @ x K = RI'E; (X7), it suffices to show that, for a finite rank K-vector space D
with a descending filtration such that F'Dy = Dy, the complex RI'(Gg, B(Dk)) is acyclic. But the
complex B(Dg) has a natural filtration with graded pieces equal to copies of C(j)’s for strictly negative
j’s. Since H*(Gg,C(j)) = 0,5 < 0, the acyclicity of the complex RI['(Gg, B(D)) follows.

O

Remark 7.5. It is not clear to us what is the relation between the distinguished triangle (7.2) and the
Bloch-Kato (dual) exponential exact sequence.
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