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Abstract We study the accuracy of the classic algorithm for inverting a com-
plex number given by its real and imaginary parts as floating-point numbers.
Our analyses are done in binary floating-point arithmetic, with an unbounded
exponent range and in precision p; we also assume that the basic arithmetic
operations (+, —, X, /) are rounded to nearest, so that the roundoff unit is
u = 27P. We bound the largest relative error in the computed inverse either
in the componentwise or in the normwise sense. We prove the componentwise
relative error bound 3u for the complex inversion algorithm (assuming p > 4),
and we show that this bound is asymptotically optimal (as p — oo) when p is
even, and sharp when using one of the basic IEEE 754 binary formats with an
odd precision (p = 53,113). This componentwise bound obviously leads to the
same bound 3u for the normwise relative error. However, we prove that the
smaller bound 2.707131wu holds (assuming p > 24) for the normwise relative
error, and we illustrate the sharpness of this bound for the basic IEEE 754
binary formats (p = 24,53, 113) using numerical examples.
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1 Introduction

This paper deals with the accuracy of the inversion of a nonzero complex
number given by its real and imaginary parts as floating-point numbers. We
assume that the underlying floating-point arithmetic has radix 2 and precision
p = 2, and we also assume an unbounded exponent range, which means that
our results apply to practical floating-point calculations according to the IEEE
754 standard [6] as long as underflow and overflow do not occur.
Given a nonzero complex number a + b, its inverse satisfies
. a b

z=R+il, R_a2+b2’ I= prETE (1)
Assuming a and b are floating-point numbers and denoting by RN a round-
to-nearest function, we focus in this paper on the approximation z = R+il
that can be computed classically in floating-point arithmetic according to

R= RN(RN(RN(a2) + RN(b2))> @)

for the real part, and with a similar expression for the imaginary part T. This
scheme corresponds to Algorithm 1 below.

Algorithm 1 Inversion of a nonzero complex floating-point number a + ¢b.
Sq — RN (a2)
sp < RN (b2)
s < RN(sa + sp)
R+ RN(a/s)
T+ RN(=b/s)
return R +i7

We provide an accuracy analysis of Algorithm 1, for both the componen-
twise relative error Ec = max(|R — R|/|R|,|I — I|/|I|) and the normwise
relative error Ex = |z — Z|/|z|. In each case, we bound the largest error value
by a function B(p) depending only on the precision p, and study the tightness
of that bound. In this context, we typically distinguish between three levels of
quality:

e If we can show that there exist some inputs a + b parametrized by p and
for which the bound is attained for every p > po (for a given pg > 2), then
we say that the bound is optimal.

e If we can show that there exist some inputs parametrized by p and for
which the relative error F(p) satisfies E(p)/B(p) — 1 as p — oo, then we
say that the bound is asymptotically optimal.

e In some cases, we did not manage to establish (asymptotic) optimality,
but have found input examples—either parametrized by p, or just for some
values of p of practical interest (like those corresponding to the basic IEEE
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754 formats)—for which E(p) is very close to B(p). In this case, we say
that the bound is sharp. (See [13] for a similar use of the word “sharp”.)

The componentwise relative error generated by Algorithm 1 can easily be
bounded as E¢ < 3u + O(u?), where u = 277 is the unit roundoff. Our first
contribution is to show that the term (’)(uQ) can in fact be removed, which
leads to the simpler bound E¢ < 3u (assuming p > 4). Furthermore, when
p is even, we show that this bound is asymptotically optimal by providing
floating-point numbers @ and b parametrized by p and for which Ec > 3u —
%u% + O(u2); when p is odd, we show that the bound 3u is sharp, especially
for the corresponding basic IEEE 754 binary formats (p = 53,113).

The normwise relative error bound Ex < 3u + O(uZ) can be found in [4,
p. 30], and a direct application of our componentwise error analysis leads
further to Ex < 3u. The second main contribution of our paper is to show that
if p > 10 then the following smaller bound holds: Ex < yu+9u?, where « is an
explicit constant in (2.70712,2.70713). When using for example the IEEE 754
binary32 format (p = 24), this implies Ex < 2.707131u. The techniques and
the case distinction we use to prove this bound are inspired from [13], but
we also extensively use real analysis and differentiation for the treatment of
each case. We provide numerical examples to show that the bound we obtain
is sharp for the basic IEEE 754 formats (p = 24,53, 113).

Several authors [10,11,8,2] have suggested ways of avoiding spurious over-
flows and underflows in complex division, and some of them may be used in
Algorithm 1. Of course, if the computation introduces further rounding errors,
which is the case for example in Smith’s method [10], then our error bounds
may not hold anymore. However, following the technique developed by Priest
in [8], it is possible to scale a and b by a power of two in order to avoid spuri-
ous overflows and underflows without introducing new rounding errors: in that
case, our analyses are valid if neither overflow nor underflow occurs during the
computation. Nonetheless, we do not deal with scaling techniques here, and
focus only on the largest error assuming an unbounded exponent range.
Outline. Section 2 is devoted to the componentwise relative error analysis of
Algorithm 1, and Section 3 to its normwise relative error analysis. We conclude
in Section 4 with some remarks on the implications of these error analyses for
complex floating-point division. The technical parts of the proofs that can be
skipped at first reading are gathered in Appendix A.

Assumptions and notation. For any real number ¢, we denote by RN(¢) the
binary floating-point number that is nearest to ¢, with a tie-breaking strategy
preserving the following properties:

e RN(2Ft) = 2¥RN(t) for any integer k;
e RN(—t) = —RN(?).

In particular, either the roundTiesToEven or the roundTiesToAway rounding
direction attribute defined in the IEEE 754 standard [6] can be used.
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Throughout the paper, we also rely on the following relative error bound [7,
p. 232]: for any real number ¢,

u
1+u

RN(t) =t(1+¢€) with [¢] < (3)
Note that (3) implies the well-known inequality |RN(¢)—t| < u|t|; see [5, p. 38].

Finally, we use the notation ufp(t) (unit in the first place, introduced in [9])
to denote the weight of the most significant bit of ¢: if ¢ # 0 then ufp(t) is
the unique integer power of two such that 1 < |¢|/ ufp(¢) < 2, and ufp(0) = 0.
The usual ulp function (unit in the last place) is related to the ufp function
through the relation ulp(t) = 2u - ufp(t), so that

|t — RN(¢)| < 1ulp(t) = ufp(t)u. (4)

2 Componentwise error bound

In this section, we focus on the componentwise relative error of Algorithm 1.
We note first that since a+1ib is nonzero, R = a/(a*+b%) and I = —b/(a®+b?)
cannot both be zero, and that if one of them is zero then the returned result
is very accurate. Assume for example that R = 0 (the case I = 0 is similar).
In that case, a = 0 and I = —1/b. Using the bound in (3), it is then easily
checked that the values R and I returned by the algorithm are as follows:

e R= 0, which means that the real part is computed exactly;
e I = —RN(b/RN(b?)) and the relative error on the imaginary part is bounded

by 2u (and thus smaller than the bound we are going to give in the general
case).

Therefore, the rest of this section is devoted to analyzing Ec = max (|R -
R|/|R|,|I - IA|/|I|) for R and I nonzero. Repeated applications of the bound
in (3) give immediately Ec < 3u + O(u?). We show below that if p > 4 then
the O(uQ) term can in fact be removed, leading to the simpler bound 3u.

To do this, we prove that if p # 3 then the relative error bound u/(1 4 u)
in (3) can be replaced by u/(1+3u) when evaluating a square RN (a?) instead of
a general product. (When p = 3, it is easily checked that the bound u/(1 + u)
is attained when squaring the floating-point numbers 3/2 - 2¢, e € Z.) This
slight refinement will turn out to be enough to show that Algorithm 1 satisfies
Ec < 3u.

Lemma 1 Let a be a floating-point number. If p # 3 then |a®—(2+2u)| > 4u?.

Proof If |a| < 1 then |a® — (2 4 2u)| > 1+ 2u, and the result follows from the
fact that 1 + 2u > 4u? when p > 0. Assume now that |a] > 1. To handle this
case, we show first that

a>=2+2u = p=3. (5)
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Since |a| is a floating-point number not smaller than 1, there exists a positive
integer A such that |a| = A - 27?7 = A . 2u. The equality a? = 2 + 2u is
thus equivalent to A% = (2P 4+ 1) - 2°~! and, using the (unique) decomposition
A= (2B +1)-2° with B,C € N, it can also be rewritten (2B + 1)? - 22¢ =
(2P +1)-2P~1. Now, p > 0 implies that 2P + 1 is odd and at least 3, so B # 0
and (2B+1)? = 2P + 1. The latter equality can be rewritten as 4B(B+1) = 2P
and its unique solution over N2 is (B, p) = (1, 3), so (5) follows.

If p # 3 then, by (5) we have a? # 2 + 2u, that is, 42 # (2P +1) - 2P~ L,
Since the latter inequality involves only integers, it is equivalent to | A% — (2P +
1)-2P71 > 1 and thus to |a? — (2 + 2u)| > 4u>.

Lemma 2 Let a be a floating-point number. If p # 3 then RN (a?) = a*(1+e)
with le] < u/(1+ 3u).

Proof We can assume that 1 < a < 2.If a = 1 then RN(a?) = a? and the result

is clear. If 1 < a < v/2 then it follows from a being a floating-point number that
p > 4 and that a belongs to the non-empty interval [1+2u, v/2). Consequently,
1+ 4u < a? < 2 and thus |¢] < wufp(a?)/a® = u/a® < u/(1 + 4u). Finally,
if V2 < a < 2 then 2 < a®? < 4 and, by Lemma 1, it suffices to consider the
following four subcases:

o If 2 < a? < 2+ 2u — 4u? then RN(az) = 2 and, therefore,
| =1 2 < 2 U
el=1—-—=<1- < .

2 2+2u—4u? " 1+ 3u

o If 2+ 2u + 4u?® < a? < 2 4 4u then RN(a?) = 2 + 4u and, therefore,

:2—|—4u_1< 2+ 4u U

— X - < .
el = =2 2+ 2u+ 4u? 1+ 3u

o If 24+ 4u < a? < 24 6u then RN(aQ) = 2 4 4u and, therefore,

_2+24u<1 2+4u_ U

-1 — - .
el 2+ 6u  1+3u

a

o If 2+ 6u < a? < 4 then ufp(a?®) = 2 and |e| < 2u/a? < 2u/(2 + 6u) =
u/(14 3u).

Theorem 1 If p > 4 then the componentwise relative error for Algorithm 1
satisfies Ec < 3u.

Proof Due to the symmetry of Algorithm 1, it suffices to show that |R — ﬁ\ <
3u|R|. From (3) and Lemma 2 we have

Sq = a2(1+ea), Sp = b2(1—i—€b)7 s = (Sq+5p)(1+es), R= %(14—63)

with |eq], |ep] < u/(1 4 3u) and |es], |er| < u/(1 + ). Hence

a 1+¢€p

R= .
a?(1+e,)+02(1+€6) 1+4es
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and, using R = a/(a® + b?), we deduce that pR < R < ¢'R with

Lo Lt

1+u
and @ = .
T+ )+ 09) (- 5) (1 - o5)

It is easily checked that ¢ > 1 — 3u and ¢’ = 1 + 3u, which completes the
proof.

v

We conclude this section by showing that the componentwise bound E¢ <
3u is sharp. More precisely, when the precision p is even, the following example
shows that the componentwise error bound 3u is asymptotically optimal as
p — 00. Assuming an even p > 12, let us consider the following binary floating-
point numbers in precision p:

a=28"145.272 427512
b=2r"t 42571 41,
With these values as inputs of Algorithm 1, we have (the details are provided
in Appendix A.1):
Sa=2P"245.25"2411.271,
sp =272 91 1 3. 0p 1
s =922 4 9% -1 4 9P+l

From this we deduce

7p

Lo FHl Lo _gm T _gudi2 L 027 ),

and ulp(%) =2 F+2, Then, defining the floating-point number 7 by

T=27FH g9 g F 42

)

it can be checked that
a 2= FH1 4 9= FH5

‘E _T‘ T 1425t po-pes

< bulp(®).
Hence R = RN(2) = 7, which together with R = a/(a? + b?) leads to

—— =3u— 7u% + O(u?).

As a consequence, in this example the componentwise relative error in the com-
puted 7 is at least 3u — %u% + O(uQ), which shows the asymptotic optimality
(as p — 00) of the bound when p is even.

When p is odd, we have not found an input set parametrized by the pre-
cision to prove the asymptotic optimality of the error bound 3u. However, we
illustrate the sharpness of the bound by numerical examples in Table 1.
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p Inputs a and b Ec/u

15 |a=16732 2.93047. ..
b = 23252-23

17 | a = 66078 2.96359. ..
b = 9301428

19 | a=131435 2.98509. ..
b = 370969-28

53 | a = 4508053433127332 2.97894 . ..
b = 6369149602646415-216

113 | a = 5192393427440123027423416459819356 2.97647 . ..
b = 7343016638055329519853569740503421-216

Table 1 Examples with p odd and a componentwise relative error close to 3u.

3 Normwise error bound

In this section, we are interested in the normwise relative error of Algorithm 1,

that is,
Ex = Va2 + b2\/(R —R2+(I-1)2

The analysis is done in radix 2 and precision p, and we assume that overflows
and underflows never occur. If we apply directly the componentwise bound
obtained in Section 2, we end up with the normwise error bound Ex < 3u.
In this section, we establish the following result, which achieves a smaller
bound by keeping track of the correlations between the various rounding errors
committed by the algorithm.

Theorem 2 If p > 10 then the normwise relative error for Algorithm 1 sat-
isfies Ex < yu + 9u?, where v is defined by

\/8778980525057 + 16793600(8\/5 —1/127) — 550842155008+/254
B 8192 (16 — v/254) ’
and is such that v € (2.70712,2.70713).

If p > 10, Ex < 2.70713u + 9u? is therefore a rigorous bound for the
normwise error of Algorithm 1. It should also be noticed that the second order
term in the error bound can be absorbed by the first order term, at the cost
of a slight overestimation: for example, for p > 24, we have 9u = 9 - 2724 <
1079 so that Ex < 2.707131u. The numerical examples listed in Table 2 show
that the error bound of Theorem 2 is sharp for the basic IEEE 754 formats
(p = 24,53,113).

7y

3.1 Preliminaries

The first step in the error analysis of Algorithm 1 is to reduce the input
domain. Since the function RN is symmetric with respect to zero, the signs of
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p Inputs a and b En/u

24 | a= 11863283 2.69090. ..
b = 11865457-212

53 | a = 4503599709991314 2.70679. ..
b = 6369051770002436-226

113 | a = 2112 2.70559. ..
b = 7343016637207171132572330391109909-256

Table 2 Examples with a normwise relative error close to vyu.

a and b are not relevant and we can assume that both a and b are nonnegative.
Swapping the inputs a and b does not affect the relative error; moreover, if
a = 0, then a simple analysis, based on (3), leads to the upper bound 2u
for En, so we can assume that 0 < a < b. Finally, multiplying or dividing by
two both a and b does not affect either the relative error, and we can restrict
the analysis to the case 1 < b < 2.

From the definition of the ufp function and this input range reduction, we
know that ufp(b?) € {1,2}. Moreover, b is a floating-point number, so that
1 <b<2—2uandthus 1 < b? < 4 — 4u. Since 4 — 4u is a floating-point
number, and using the monotonicity of the rounding function RN, we deduce
that 1 < sp < 4. Using again the monotonicity of RN, we also deduce that
0 < sq < 4. Hence 1 < s, + sp < 8, which implies ufp(s, + sp) € {1,2,4}.

We now define 4,4, d, ds, dg, and d; as follows:

Sq = a2 + dqu, [0a] < ufp(aQ),
sp = b% + dpu, |0s] < ufp(bQ),
$ = Sq + Sp+ dsu, 65| < ufp(sa + sb),
R=2%+0onu, 0] < ufp(2),
I=—(t+6m), 167] < ufp(?).
Let us also define § = 0, + 0 + 0, and € = %, so that |§|u and eu are the

absolute and relative errors, respectively, in the evaluation of a? + b2. Since
0<a<b,ufp (bQ) < 2 and ufp(s, + sp) < 4, we deduce that |§| < 8. Moreover,
it can be deduced from (3) that € < 2. (This bound on e already appeared
in [3, p. 1471].)

With these notations, we have

a

R-n= s(a? 4+ b?)

ou — dru,

and since a similar expression holds for I — I, we arrive at

O(adp +bor) ( 5 )2.

E12\1_ 2 | 12\ (52 2
ﬁ_(a +b>(6R+6I)_2a2+b2+5u a? + b2+ du
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Then, using the triangular inequality, we obtain

E2
=5 < (a2 +0%) ((up(2)? + ufp(£)?)

6] ufp(%)a + uf (g)b 2
s ; >+< )

a?+b% —|dlu a?+b? —

For p > 2, eu < 1 and we use the equality a2+b21—\5\u = a2-1i-b2 (1 + 1_Eeuu)

2
and the inequality (1 + ﬁu) <14 ufﬁ)?u to get

EX < fala,b)u? + fz(a,b)u?, (7)
with
fala,b) = (a +?) ((ufp(2)? +uip(2)?)

2|6|(ufp(%)a+ufp(g)b) +< 5 >2 .

+ (12—|—b2 a2+b2

and
€2 2¢3

+ .
L—eu (1—eu)?

fa(a,b) = 2<ufp(%)a + ufp(g)b)
From (4), we have

a? +v? a’ +b? 1
s a2+ —|flu 1—eu’

ufp(%)a +ufp(2)b <

and since 0 < € < 2, it follows that f3(a,b) < 2(612_(2)62) < 25 for p > 10.

Moreover, if f5 is upper bounded by &, we can conclude from (7) that

5

2
Ex < 2 9
N \/EU-FQ\/E’U, ()

3.2 Taking care of some corner cases

We can first roughly bound f2 using the inequality ufp(t) < |¢|, valid for any
real ¢, which will allow us to conclude in some particular cases and to further
reduce the input domain. From (8) we have

a2 + b2 2 16| (a2+b2) 5 2
b) < | 55— 2
fa(a,) (a2+b2—5|u) * (a2+b2)(a2+b2—|6|u)+<a2+62)

2
:(1+6+ € u> .
1—eu
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This last bound is increasing with respect to € and u (i.e., decreasing with
respect to the precision p). Therefore, if e < 1+ @ + u, and as soon as p > 5,
we have f(a,b) < (24 % + 3u)2 and, from (9),

En < (2 + %) u + 8u?. (10)

Below are five cases that lead to the inequality e < 1+ g + u, so they can
be ignored in the following analysis.
e If a = b, then s, = s, and s = s, + s, so that d; = 0 and one can check
that € < 1. In this case, the previous bound (10) holds and we can continue
the analysis assuming that
a<b. (11)

o If b =1, then s, = b> = 1 and &, = 0. Moreover, from (11) we have a < 1, so
that s, < 1, which implies ufp(1 + s,) = 1 and € < 1. Again, the bound (10)
holds and we can continue the analysis assuming that 1 < b. In fact, since b is
a floating-point number, we can assume that

1+ 2u < b. (12)

o If a =1, then §, = 0 and we can distinguish three cases. If ufp(bQ) =1 then
ufp(1+s) = 2 and e < 3. If ufp(b?) = 2 then either ufp(1 + s;,) = 2 which
implies € < %, or ufp(1l + s5) = 4 and then € < % + u. In all these cases, (10)
holds, hence we can assume now that

a#1. (13)

o If a? + b2 < ufp(s, + sp), then we have (s, +5p) —ufp(sq + sp) < (da+p)u <
(a® + b*)u < ufp(s, + sp)u = 2ulp(sq + sp). Since ufp(s, + sp) is a foating-
point number, we can deduce that s = RN(s, + sp) = ufp(sq + $p) hence e < 1
and (10) holds. In the following, we can then assume that

ufp(sq + sp) < a? + b2 (14)

e One last case is when s, + sp > \/iufp(sa + sp). In this case, e < 1+ g +u
and the previous bound (10) holds. Therefore, we now assume that

Sa + 55 < V2ufp(sy + 5p). (15)

3.3 Overview of the case analysis

The analysis goes through the possible values of ufp(s, + sp), which are 1, 2,
and 4. In each case, we first deduce upper bounds for ufp (bz), ufp(%), and
ufp(g). This leads to a new function g, which is greater than or equal to fs,
and which depends on a and b as well as on a third parameter, e, defined as
the unique integer such that

ufp(aQ) =27°
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The function g does not involve floating-point operations anymore and can be
seen as a continuous and differentiable function over real inputs. We then look
for an upper bound on this function over a restricted domain D containing all
the floating-point numbers we are interested in. For this latter step, we mainly
use real analysis, especially partial derivatives. In some cases, we can maximize
with respect to @ and b at the same time. The last step is always to maximize
with respect to e, using the change of variable x = 27¢ and considering x as a
continuous variable.

The analysis is split into seven cases depending on the values of some
ufp functions involved in the definition (8) of f. Note that, since a® < 4,
we have e > —1. In each case but the last one, we end up with a bound

smaller than or equal to (2 + §)2 for fo, from which we conclude using (9)

that Eny < (2 + g)u + 5u2. The last case is similar although we have a
slightly larger bound +2 + 20u for f, (we have 2 + g = 2.70710..., while

= 2.70712...), which leads to Ex < yu + 9u?. The table below summarizes
the bounds in each case, under the assumptions (11) to (15).

ufp(sq + ) | ufp(b?) e ufp(2) f2 En
1 1 > 2 <273 6.565 2.6u
. , =1 | <i [C+D[e+rBursw
>0 |<2728 | (D42 2.5u
X >1 <275 [ (T4 )° 2.65u
) =0 | <t | @7 | gures
) >1 (<27 | 2+ 2) | 2+ 2)u+ 5u?
>2 even | =213 | 424+ 20u yu + 9u?

We give all the details of the analysis of the first case. For the other cases, we
only give a sketch of the analysis, while deferring the details to Appendices A.2
to A.7.

3.4 Case ufp(sq + sp) =1

In this case, we can deduce from (15) that 1 < s,+5, < /2. As a consequence,
we must have b < /2 (otherwise we would have s, + s, > 2), hence

ufp(b2) =1.
Since s, < V2 —-1< % and s, = RN(aQ), we have a? < %, and

e > 2.
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Moreover, we know from (12) that b > 1+42u so we have b? > b(1+2u) > b+2u,
which is a floating-point number because ufp(b) = 1. Consequently s, > b+ 2u
and s > sq + Sp —u = Sq + b+ u > b, hence % < 1, which implies

ufp(2) < 3.
Finally, s = RN(s, +53) > 150 2 <a < 2%° and
ufp(%) <273,
Therefore, using (8) we deduce in this case that f2(a,b) < g1(a,b, e), with

2+27¢)(27%a+ %)  [2+27°)°
a? + b2 a? + b2

()= (a4 17) (27 + ) +2

Let us now characterize explicitly the domain over which we will bound
gi1(a,b,e). First, we know that 273 < a < 2%, Next, since s, + s, < V2
and s, > 0, we have s, < \@, so that b2 < vV2+wand 1 < b < VV2+u.
Finally, we have a? + b? < s, + ufp(az)u + sp + ufp(bQ)u <V2+ %m which
concludes the domain analysis: it suffices to look for an upper bound for g;
over the domain

Dy :={(a,b,e 2*%<a<2%,1<b<\/\@+u,a2+b2<\@+§u,e>2.
4

We now compute the partial derivatives of g; with respect to a and b,

2427¢ . 2427¢) (2 %a+ L 2 4 27¢)°
%:2a(2*6+§)+ 215 _yq! )( 2“ 2)—4a( - )3,
da a® + b2 (a? +b?) (a? +b?)
24 9-¢ 24+27¢) (2 5a+ 2L 2 4 27¢)?
99 _ gy (3-e 4 1y 4 2F ! ) - 3) 2t )3,
9b a® +b° (a® +b?) (a? + b?)

and the next step is to prove that they are both negative over the domain D;.

. 10 1.0 2427° (1 _ 1ol—¢
Since 3 5p91(a,b,e) — 2 5-g1(a,b,e) = aér+b2 (§ —£2'72) < 0 over Dy, it is

sufficient to prove that 3%91 (a,b,e) < 0. Since Qa% > 0, we can rewrite
this inequality as
27+ 1) (a®+ %) 273 27%a+ 2 2+27°

<2 .
2+ 2-¢ + a a? + b2 (a2 + b2)2

This inequality follows from the following three relations:

e, 1 2 2 - 5
(2 +4)(a +b)_|_2 ’ <M+1 for (a,b,e) € Dy,

2+ 2-¢ a 4
2+ 2 1 4
M+1< = + 5 fOI‘pZ3,
' Vit e (V24
1 4 27 5a+2% 2427¢

+ <2 for (a,b,e) € Ds.
VT (aegey @R ey OIS
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Since both % and % are negative over Dy, since (a,b,e) € Dy implies
a>27%and b > 1, and since (272,1,¢e) € Dy, we deduce that g;(a,b,e) <
g1(273,1,€) =: hy(x), with 2 = 27¢ and

(z+2)Qr+1) <m+2>2.

hi(z) = (z+1) (x+ 1) + 7+ 1 r+1

Since e > 2, we have 0 < z < ; and

W=

8z + 3723 + 6322 + 43z + 1
h' = 0.
(@) Az +1)3 ~

Overall, we thus have fa(a,b) < g1(a,b,e) < hi(z) < hy (%) = 6.565.

3.5 Case ufp(s, + sp) = 4

From (15) and (11), we know that 4 < s, + s < 4v/2 and s, < 5. As a
consequence, we have 2 < s;, which implies 2 < b2, so that

ufp(bz) =2 and V2<b<2-2u.

Since 4 is a floating-point number, we have s = RN(s, + $3) > 4 and g <
% hence

<

NI

ufp(?) < 3.
In the same way, % <3< 2=%* 50 that
ufp(%) <2723,
We now distinguish two subcases, namely e = —1 and e > 0.

3.5.1 Subcase e = —1

We have ufp(2) < 27, hence ufp(2) < 1, thus we deduce from (8) that
fa(a,b) < g2(a,b) with

2002 4(a+b 8 \?
gala,b) = T ¢ (a+)+( >

8 a2+ b2 a2+ b2

From (15), we know that s, + s, < 4v/2, which implies a? + b? < 4v/2 + 4u.
The domain of interest is then given by

Dy :={(a,b) | V2<a <b<2 a®+b% <4V2+4u}.

Computing the partial derivatives of go with respect to a and b, and proving
that they are both negative over the domain Ds (detailed computations are

in §A.2), we end up with fa(a,b) < g2(v/2,v2) = (2+ §)2
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3.5.2 Subcase e > 0

Since |d] < ufp(aQ) + ufp(bQ) +ufp(s, + sp) = 6+ 27¢ and ufp(%) <2723,
from (8) we get fa(a,b) < g3(a,b, e) with

g3(a,b,e) := (a®+b%)(27°+1) (6+27°)(272a+b) <6+2—€>

16 2 (a? +b?) a? + b2

From (14), a® 4 b? is lower bounded by 4, and we restrict the analysis of g3 to
the domain

Dsi={(a,be) | 275 <a<27,V2<b<2,4<a>+b* < 4V/2+4u,e >0}

First, it can be checked that the partial derivative of g3 with respect to b is
negative over D3 (details are in §A.3). Since b > v/4 — a?, and (a,b,e) € Dj
implies (a,v4 — a2?,e) € D3, we deduce that gs(a,b,e) < gs(a,vV4— a2, e),
where

27¢ 41 (64+27°)(2 fa+Vi—a?) (6427

ga(a VIt ) = 2L B2 ) B2
4 8 16

We then compute %gg(a, Vi —a?e) = 6+§76 (2*% — \/#), which is non-

negative because a? < 22 < 42°° Gince (21567\/4 —21-¢ ¢) € D3, we

1+2-¢ = I+42-¢
have gs(a, b, e) < 93(21%6, V4 —21=¢ e) =: hy(z), with x = 27¢ and

v+l (6+0)(V2r+vEi=2%)  (6+a)°

ha(w) = — =+ 8 ST
Since
, x Vvd—2x x+6 1
= = 2 > -
hs(x) 1+8<1+\[)+ 3 + 3 V2 N T

is positive for 0 < z < 1, we deduce f3(a,b) < hg(1) = (I + 72)2 =6.037....

3.6 Case ufp(s, + $p) = 2

From (14) we have 2 < a? + b?, and from (15) we have 2 < s, + 8 < 242
hence
e > 0.

Since 2 is a floating-point number, we know that s > 2. Therefore ¢ < 2*%67

hence

e

ufp(2) <2772, (16)

and g < 1 so that
() < 5.

We handle separately the two possible values, 1 and 2, for ufp (bz).
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3.6.1 Subcase ufp(bQ) =1

We distinguish the cases e > 1 and e = 0.

o Subsubcase e = 1: From (8) we have fa(a,b) < g4(a,b,e) with

(a2 + %) (27° + 1) . (B+27°) (2 5a+b) [3+27°\7
4 a? + b2 a? + b2

ga(a,b,e) =

From (14), we know that a? + b? is lower bounded by 2. On the other hand,
we have a? +b% < s, +sp+ (ufp(a2) + ufp(bQ)) u<2vV2+2uand 1 <b< \@,
hence we can restrict the analysis to the domain

Dy :={(a,b,e) | 272 §a<2%,1 <b<V2,2<a®+ b <2vV2+2u,e > 1}

We can first compute the partial derivative of g4 with respect to b and prove
it is negative over Dy for p > 4 (see the details in §A.4). Since (a, V2 — a2, e)
is in Dy, we deduce that g4(a, b, e) < g4(a, V2 — a?,e), and we have

27¢ 41 (3+279(27%a++v2—a2 34+ 9-¢)?
g4(a,*/2—a2,e): 2+ +( )( ; )+( +4 )

Next, we can compute the derivative of g4(a, V2 — a2, e) with respect to a (see

§A.4) and check that the maximum is attained at ag = 273,/ 2 1+2 -, so that
ga(a,b,e) < ga(ap, /2 — ai,e) =: ha(z) with

r4+1 3+ 2 2 (34 )
h = 2 — .
1(@) 2 * 2 (I\/1+m+\/ 1—1—96)Jr 4
Since hj(z) > 0 for 0 < z < 3, we conclude that fo(a,b) < ga(a,b,e) <
2
ha(3) = (5 +9)"

o Subsubcase e = 0: According to (13), we assume that 1 < a, so that
ufp(b2) = ufp( ) = 1. It follows that s > s, + 85 — 2u = a® + b% — 4u, hence
< m Since a and b are both floating- pomt numbers, and from (11),
we know that b > a + 2u so that b — 4u > a?. By computing its partial
derivative, it can then be checked that is increasing with respect to

a2+b2—4u
. . . a b—2u . . . . .
a, which implies ¢ < 2w 10 —du This last expressmn is decreasmg with
respect to b, and since b > 1 + 2u we deduce ¢ < m < . Thus,
ufp($) < -
In the same way, it can be derived from % < az—i-bﬁ that
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Combining these bounds on ufp(%) and ufp(%) with (8) gives fa(a,b) <
gs(a,b), where

a?+b%  2(a+b) 16
8 a2+b2 (a2+b2)2-

gs(a,b) :=

Hence it remains to bound gs(a,b) over the domain D5 defined by
Ds :={(a,b) | 1 <a<b<V2and a® +b* < 2v2 + 2u}.

In this domain, we have %95(% b) < 0 (details are in §A.5), so that gs(a,b) <

gs(a,a) = % + (;% + %, which is maximal for a = 1. Therefore, we deduce that

fala,b) < gs(a,b) < g5(1,1) = (3)°.

3.6.2 Subcase ufp(bQ) =2

In this paragraph, a? < 1 (otherwise we would have s, + s, > 2 + 1 while
from (15) we have s, + s, < 21/2), hence e > 1 . We split the inequality (16)

into two possible cases. Either ufp(%) < 27175 which implies ufp(%) <2~ % ,

—1—£ . . .
or ufp(%) = 27173 in which case e is even.

e Subsubcase ufp(%) < 27'7%2: We deduce from (8) and [§] < 4+ 27¢ that
fg(&,b) < 96(a7ba 6) with

_e _1l4e
(@) (21 (44279 (2 T a+ b) 4422
g6(a7ba 6) — 4 + a2+b2 + (a2 +b2> :

We can compute the derivatives of gs (details are provided in §A.6) with
respect to a and b and prove that they are negative over the domain

Do :={(a,b,e) 275 <a<27 ,V2<b<2,
2<a®+b0? <2vV2+ (2427 u,e > 1}

For (a,b,e) € Dg, we deduce that gg(a,b,e) < gs(27%,/2,¢) =: hg(x) with

hG(I):(:c+2)4(3+1)+\/§(4;i)2(;+1) (i:;) U

We can maximize hg(z) for 0 < 2 < 3, which leads to fa(a,b) < hg(0) =
2+ 2)"
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a
s

o Subsubcase ufp( ) = 27173 In this case, e is even, hence e > 2. We have
fa(a,b) < g7(a,b,e) with

grlabe) m LTV @TIHD | ([@427) (2 Rath) (4+ 2e>2

4 a? +b? a? + b?
The lower bound 2% for a does not lead to a sufficiently tight bound for f,

in this case: to get a better bound, we exploit further the hypothesis ufp(%) =
27175, This gives s$27 172 < a, which implies a® — 2'T3a + b% + du < 0, hence

a>2% — /26 — 24 (4427 u = ag + n(uw)

with

ap =22 —v/2¢ =2, nu) <0, [n(u)] € O(u).

Therefore, we analyze g7 over the domain

D7 = {(a,b,e) | ag +n(u) Sa <27 ,V2<b<2,
2 < a?+ b <2\/§—|—(2+2_e)u,e>2,e even}.

First, we can compute the partial derivative of g; with respect to b and
prove (see Appendix A.7) that it is negative over the domain D7, hence we
know that g7(a,b,e) < g7(a, /2, e).

It can be checked that ag-+n(u) belongs to [27172, 21;26] and that g7(a, v/2, e)
is decreasing with respect to a over [2*1’% , 2%} ; see Appendix A.7. We then
deduce that g7(a,v/2,e) < g7(ag + n(u), V2, €), for any (a,b,e) € Ds.

Next, it can be proved that g7(ao+7n(u), V2, ) < gr(ag, V2, €)+20u (again,
the details are provided in §A.7). As a consequence, for any (a,b,e) € Dy we
have g7(a, b, e) < g7(ag, V2, €) + 20u.

The last step is to bound g7 (ag, v/2, €) for e an even positive integer. With
y = /1 —21=¢ we have g7(ag, /2, ¢e) =: hz(y) with h7(y) a rational function
in y. The variable y belongs to [\/5/2, 1], and hf(y) = % with

P(y) = 3y" + 11y° — 5 — (12v2 + 85)y* — (322 + 143)y°
— (23 — 8V2)y? + (64V2 + 113)y + 36V2 + 33.

Using Descartes’ rule of signs, one can check that P has exactly one root in the
interval [\/5/2, 1}, and since the evaluation of P is positive at v/1 —2~% and
negative at v/1 — 2=7, we deduce that h7 is increasing over [\@/2, V1— 2*5]
and decreasing over [\/1 — 277, 1]. Comparing the values of h; at the points
V1 —27%and V1 —2-7, we conclude that h7(v/1 —2-7) is an upper bound
for h7.

Finally, it can be checked that h7(v/1 —2-7) = 42 hence we get f2(a,b) <
42 + 20u. From (9), we derive the final upper bound yu + 9u? for Ey, which
concludes the proof of Theorem 2.
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4 Implications for complex floating-point division

Let us conclude with some remarks about complex division. The conventional
complex division algorithm for computing an approximation z = R + i of
(a + ib)/(c + id) in floating-point arithmetic consists in evaluating the real
part as

(17)

7 RN (RN(RN(ac) + RN(bd)))

RN(RN(c2) + RN(d2))

and using a similar scheme for the imaginary part. An approximate quotient 2
can also be obtained by first computing an inverse of ¢+ id using Algorithm 1,
and then multiplying it by a + ¢b by means of the classic complex multiplica-
tion algorithm. Note that both algorithms require 3 additions/subtractions, 6
multiplications, and 2 divisions.

Normwise relative accuracy analyses of the method based on (17) can be
found in [4,12,5]. To our knowledge, the best known upper bound for the
normwise relative error generated by this method is (3++v/5)u+ O(u?) =~ 5.2u:
as noted in [1], this bound can be derived from the bound v/5u from [3] on
the normwise relative error for the classic complex multiplication algorithm.
On the other hand, it can be checked using Theorem 2 and, again, the bound
V/5u from [3] that the algorithm combining inversion and multiplication admits
the smaller normwise error bound (v + v/5)u + O(u?) ~ 4.9u. The following
examples of complex quotients in precision p = 11 show that in both cases the
largest normwise relative error cannot be bounded by yu + (’)(uQ) ~ 2.Tu as
for inversion:

e with a + ib = 1575 + ¢ 1419 and ¢ + id = 1457 + 41480, using (17) gives
|z — z|/(u|z]) = 4.67973. . ;

e dividing 1506 + 71512 by 1491 + 4 1504 using the inversion-multiplication
approach leads to |z — z|/(u|z|) = 4.34446.. ..

However, these examples are not sufficient to conclude about the sharpness of
the bounds (3+v/5)u+0(u?) and (y+v/5)u+O(u?), and further investigation
is needed to understand the accuracy of complex floating-point division.
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A Details omitted in the proofs

A.1 Asymptotic optimality of the componentwise error bound

We briefly detail the computations of s,, s; and s in the example parametrized by p given
in Section 2. We assume that p > 12 is even, and we recall that

a=2%2"145.272 497 5+2
b=2P~1 105141

e Computation of s = RN (a2):

a?2=2P"245.2572411.97 49744 10.27% 2Pt
ulp(a2) =21
Sa=2P"245.2572 4 11.971
la2 — ;| =274 +10-275 247
<274410.-276 4278

<272 = %ulp(a2)

Hence s, = Sg.

e Computation of s, = RN (bz):

b2 = 02p2 4 o F 1 L op L op=2 4 9k Ly
§ =222 4 o1 3. 01
ulp(bz) =op—1

0% — 5| =2P72 —2% —1

<2P72 = %ulp(bQ)

Hence s, = §p,.
e Computation of s = RN(sq + sp):

Sat+sp =222 42 F -1 {3,901 L op=2 5952 11.971
F=222 4 9F 14 ortl
ulp(sq + sp) = 2P~
|Sa + s, — 3] =2P"2—5.2572 _11.271

1
<2P 2= UIp(sa + 1)

Hence s = 5.
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A.2 Partial derivatives of go

Computing the partial derivatives of go with respect to a and b gives

092 _a 4 8a(a + b) 256a
90 4@y (a2 +02)2 (a2 +b2)%
dgs b 4 8b(a + b) 256b
o Z+a2+b2 - (a2+b2)2 - (a2+b2)3‘

First, we know that b > a so %%92(‘17 b) < %%QQ(av b). We just have to prove that
2 ga(a,b) < 0, that is,

(a2 +62)°  4(a2 +1?) 256
1 + . <8(a+b)+a2+b2.

Since for (a,b) € D2 we have V2 < a,b, and a2 + b% < 4v/2 + 4u, it is enough to check that

(1v2+ 4u)2 4 (12 + 4u) 956
1 + 7 <16V2+ YWY

which holds for p > 2.

A.3 Partial derivative of g3

We compute the partial derivative of g3 with respect to b, and check that this derivative is
negative over the domain D3. We have

dgs _b(27°+1) 6+2°° b(6+2_5)(2’%a+b) 4b(6+2—6)2

ob 8 2 (a2 4 b2) (a2 4 b2)? (a2 4 b2)3

)

and we check that

b(27¢+1)  6+27° (6+27°) (27 2a+0) (6+27¢)?
t 05— < b 4b -
8 2 (a? 4+ b?) (a2 +b?) (a? +1?)
(a2+b2)2

Multiplying both sides by and since 1 < b, it is enough to prove that

b(6+2—°)

27€ 1 1) (a2 +52)? 42 42 . 6+2-¢
Gkt A G ) N S PNkt S
8(6+2¢) 2 a? + b2

This follows from the following sequence of three inequalities

2
(2—e+1) (a2+b2)2 +a2+b2 - 2(4\/5-‘(-471) N 4\/§+4u

8(6+27¢) 2 48 2
2
2 (4\/5 + 4“) 4v2 + 4u 6
+ <4 +1 forp>3,
48 2 42 + 4u
6 6+2-°

4—— <4 +273q+b.
42 + 4u a? + b2
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A.4 Partial derivatives of g4

The partial derivative of g4 with respect to b is given by

dgs  b(2°+1)  342°¢ 2b(27%a+b>(3+2_5) CEE

ob 2 a? + b2 (a2 + b2)? (a2 +2)3
We want to prove that %94 (a,b,e) < 0 or, equivalently, that

(@ +9) (27 +1) 402
2(3+2¢) b

3+27¢
a2 4+ b2’

<2(2—%a+b>+4

This inequality can be derived from the following ones:

2
(a2+b2)2 (2—e+1) N a? + b2 _ 2(2\/§+2u)

2v/2 + 2u,
2(3+2-¢) b + +eu
2
(2\/§+2u) /3 12
- 4+ 2V242u <24+ ——— forp >4,
3 2v2 + 2u P
12 e 3427¢
24+ ——=  <2(27%a4b)+422
2v2 + 2u ( ) a? + b2

The partial derivative of gs(a,v2 — a?, e) with respect to a is

0 3+27¢ _e a
—_ V2—a?e)= —— (272 — ——— |,
ggdi(@V2Z-ate) = — ( m)

which is zero if a = ag with ag = 273 A /#, positive if a < ap, and negative if a > ag.

A.5 Partial derivative of g

We have
89579 2 _ 4(a+b)b_ 64

— b,
b 4 a?+b (a2+02)7 (a2 +b2)°

and it can be checked that this partial derivative is negative using the following inequalities:

2
(‘12 + b2)2 2,9 2 (2\/5 + 2u>
g @) < T+2(2\/§+2u),
(2v2+ 2u)2 z 64
—— 4+ 2(2vV24+2u) < 8+ ——— forp>2,
4 ( ) 2v2 + 2u b
64 64
8+ ——— < 4(a+b)+ .
2v2 +2u ( ) a? + b2
A.6 Partial derivatives of gg
The partial derivatives of gg with respect to a and b are
_lte _
996 a , _. 4427 _ite (2 2 a+b)(4+2 °) (4+2_5)2
—=-(2"°4+2)+ 5522 —2a 5 —4a 3
fa 4 a? + b2 (a2 + b2) (a2 + b2)
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and

_1lte e 9
696 b B 4+4+92¢ (2 2 G+b) (4+2 ) (4_’_276)
—=-(2"°+2)+ —2b 5 —4b T
ob 4 a2 + b2 (a2 + b2) (a? +1?)

For (a,b,e) € Dg, it can be checked that %(a, b,e) < 0 and %Lbs(a’ b,e) < 0 as follows.
Note first that 275 < a implies

—e e —e
4+ 2 1+ < 4+ 2

2772 { ———a,
a? + b2 V2 (a2 + b2)

and that v2 < b implies

4427°¢ 4427°¢

a2 +b2 " \/2(a? +b2)
Thus, the same expression can be used as an upper bound for both %%%f and %aail?‘ Then,

2 2,2

multiplying it by %, it is enough to prove that

(a2+b2)2 (2717 +1) 242
2(4+2°9) V2

This last inequality follows from the following three ones:

4+ 27¢
a2 + b2’

<2(2—¥a+b>+4

2

2
(a2 +62)° (27 41) | a4t _ (2v2+ @2+ 1)u) (+1) L, 2T

2
2(4+27¢) V2 8 * VoI
2
(2v2+(2+3)u) (3+1) 241 16
+2+ 2 <224 ——"— — forp>2,
8 V2 " 2ot (2+hu P07
and
16 _lte 4427¢
724 — < 2(272 b) +4—"—.
+2\@+(2+%)u ( (l+) a2+b2

A.7 Analysis of g7

In this section, we provide some details about the analysis of g7 that were omitted in §3.6.2.

e Let us first maximize g7 with respect to b. We have

—e 27%a+b 44+ 27¢ 4 9—e 2

997 _ b (ge gy 4 212 72b< ) )7415(Jr )

ob 2 a? + b2 (a2 + b2)? (a2 +b2)3
(a2+b2)2

We want to prove that %gn(a, b,e) < 0 over D7. Multiplying by and using the

(Arz—°)b
inequality % < 1, we only need to prove that
(a2 +02)* (27 +1)
2(4+2¢)

4427¢
a2 4+ b2’

+a2+b2<2(2—%a+b)+4

Since e > 2, we can derive this inequality for p > 2 from the three following ones using the
definition of D7:

2
(a2 +b2)% (272 +1) <2x/§+(2+§)u) (;+1)
2@+2 ) +a2+b? < .

1
+2ﬁ+<2+1)u,
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2
2v2+ (2+ Hu) (3 +1) 1 16
( : ) : +2\/§+<2+—)u<2\/§+71,
8 4 2v2+ (2+ 3)u
and
16 e 442-¢
2o —— < 2(2 +b)+4—"—.
2V2+ (24 1) u ( e ) a? +b?

Therefore, g7 is decreasing with respect to b, and for all (a, b, ) in D7, g7(a, b, €) < g7(a,v/2,e).

e We now maximize gr(a, v'2, e) with respect to a. Let us recall that in Dv,

a>ag+nu) =25 —\/2c —24 (4427

and prove that

ao 4+ n(u) >27173.
Using the notation = = 27¢, the inequality ag +n(u) > 2"~ % is equivalent to (i —u)x =
—1 + 4u which holds for p > 2 since L >0>—1+44u.

1
Moreover, we have

(a2 +2)2 9 Vs 27+ 1)@2+2)?2 273,
-~ 2 gr(a,V2,e) = 2 % T 2
sl 129 9a7 (@ V2O sdtr2e) T o @2
_e 4+27¢
—2(2 za+ﬂ)—4m,
2 2 e —e
With%>0fora€[::[2_1_57217].Fore?ZandaEI,wehave
(a2 +2)%2 0 3 125 32
—— = gr(a,V2,e) < — +5—-2v2 - = <0.
a(@12-9) 9aTT@ V2O < gt 5

As a consequence, g7(a, V2, e) is decreasing with respect to a over I, and since ag+n(u) € I,
1—e
the maximum of g7(a,v2,e) for a € [ag +n(u),272 | is gr(ao + n(w), V2, ).
Thus, for (a,b,e) in D7, we have g7(a,b,e) < gr(a,v2,e) < g7(ao + n(u), V2, e).

e Let us prove that g7(ao + n(u),v2,e) < gr(ao,v2,e) + 20u. For this purpose, we first
show that |n(u)| < 2u. We have

()| = /22 — 2+ (4 +2-¢)u— VZ —2

l1—e
and a short calculation shows that |n(u)| < 2u. It can also be checked that ag < 272 using

again x = 27 ¢ and a short calculation. Since e > 2, this implies ag < g < 1. Let us now
consider

1
)= —"7"7+—7Z#2#¥——.
°) = e )T 2
We have
1 2a0 + n(u)

Ao(u) = n(w),

ag+2 (g +2)((ao + n(u)2 +2)

and using —2u < n(u) < 0, we deduce

1
Xo(u) < m + apu.
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Moreover, we have

1 )2 B 4ag
ag +2 (a2 +2)2((ao + n(u))2 +2)
(2a0 + n(u))? — 2((ao + n(u)? +2)
(a2 +2)2((ao + n(u))2 +2)2

xo(w? = n(w)

n(u)?,

and using both —2u < n(u) < 0 and ag < 1, we also deduce

2
) + apu.

Xo(u)? < (

a%+2

From the definition of g7, using 0 < ag +7(u) < ap and the previous upper bounds on Ag(u)
and A\o(u)2, we obtain

@2 @) s 1
g7(ao +n(u),\/§, e) < Of + (4+2 ) <2 ag + \/5) (W +a0u>

+(4+2 e)2<71 +a u)
0 )
(a% +2)2

and g7(ao + n(u),v2,e) < gr(ao,v2,€) + (4 +27°) (2_%% +V2+4+ 2’e> apu. The

inequality g7(ao 4+ n(u), V2, e) < g7(ao, V2, e) + 20u then follows from e > 2 and ag < g

e Finally, we check that the function h7 is increasing over [\/5/2, v1-— 2—5] and decreasing
= H .
over [\/1 —2-7 1]. We have h7(y) = % with
H(y) = y" + 3y® — 795 — (8v2 + 45)y* — (16v2 + 53)y>
+ (64v/2 4+ 113)y? + (144V/2 + 315)y + 72V/2 + 249.

Hence h%(y) = 32@(7?1)2 where P is the polynomial

P(y) = 3y" + 11y% — 5y° — (12v2 + 85)y* — (32v/2 + 143)y°
— (23 — 8V2)y? + (64V2 + 113)y + 36v/2 + 33.

This polynomial has 0 or 2 positive roots according to Descartes’ rule of signs (there are
two sign changes in the sequence of coefficients). Moreover,

P(y+1) = 3y7 + 3245 + 124¢° + (160 — 12v2)y* — (208 + 80v/2)y>
— (784 4 160v/2)y? — (640 + 64v/2)y — 96 + 64V/2,

with only one sign change, so there is exactly one root of P greater than 1 and at most one

root of P in [\/5/2, 1]. Since P(vT—2-5) > 0 and P(v/T—2-7) < 0, we deduce that P(y)

is positive for y € [\/5/2, V1— 2*5], and negative for y € [\/1 —-2-7 1], which implies
that h7 is increasing over the former interval, and decreasing over the latter.



