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Abstract. We consider a two-leg boson ladder in artificial gauge field with hardcore intraleg and negligible interleg interactions. Using numerical simulations
based on the Density Matrix Renormalization Group (DMRG) algorithm, combined with a bosonization approach, we study its commensurate-incommensurate
transition to a vortex phase at a critical flux. We discuss the finite-size scaling
behavior of the longitudinal current near the transition. For weak interchain boson hopping, the finite size scaling is in agreement with the predictions from
bosonization.

1 Introduction

Ultracold atomic gases allow the simulation of condensed-matter physics model Hamiltonians
such as the Bose Hubbard model [1] with a high tunability of the parameters. Recently, it
has become possible to simulate the orbital effect of a magnetic field or a spin-orbit coupling
using Raman processes [2–5]. In condensed matter physics, the two-leg bosonic ladder has been
studied in relation with Josephson ladders [6–10]. For low magnetic field, the two-leg bosonic
ladder is expected to show an analog of the Meissner state, in which currents circulate only along
the legs of the ladder, while for higher field a vortex state is expected [6, 9]. The phase transition
between these two states is a commensurate-incommensurate transition [11, 12]. However, actual
Josephson junction ladders are dissipative systems [13, 14] and the resulting decoherence is
expected to spoil the quantum phase transitions. Ultracold atomic gases have instead permitted
the experimental realization of a two-leg bosonic ladder [15] under magnetic flux, allowing the
observation of both the Meissner and the vortex phase in the case of non-interacting bosons.
This has spurred recent theoretical activity [16–28] on the two-leg bosonic ladder in a magnetic
field. In the present manuscript, we describe the commensurate-incommensurate transition from
the Meissner to the vortex phase by a DMRG study combined with a bosonization approach and
focus on the scaling behavior of the longitudinal current near the transition when a hard-core
condition is established for the interaction along the legs.
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2 Hamiltonian and bosonization approach
The Hamiltonian of the symmetric two-leg boson Hubbard ladder subjected to a flux λ per
plaquette is [9]:
i
Xh †
λ
λ
H = −t
bj,σ ei 2 σ bj+1,σ + b†j+1,σ e−i 2 σ bj,σ
j,σ

+Ω

X

b†j,σ bj,−σ +

j,σ

X
j,σ

U njσ (njσ − 1),

(1)

where b†j,σ (bj,σ ) is the boson creation (annihilation) at site j on the leg labelled with σ = ±1,
t is the hopping amplitude along the legs, Ω the hopping amplitude between the rungs, and
U the on-site interaction. The density of bosons is nj,σ = b†j,σ bj,σ . This Hamiltonian can also
describe a two-component bosonic system (σ being then the spin quantum number) with a
spin–orbit interaction. For the sake of clarity, we will always use the two-leg ladder description
in the rest of the manuscript.
The low-energy physics of this system can be properly investigated using Haldane’s bosonization of interacting bosons [29, 30] and treating Ω as a perturbation [9]. For generic incommensurate filling the low energy Hamiltonian can be written as H = Hc + Hsλ with


Z
√
dx
uc
2
2
Hc =
(2)
uc Kc (πΠc ) +
(∂x φc ) + 2g3 cos( 8φc + δx)
2π
Kc


Z
Z
Z
√
dx
λus Ks
us
Hsλ =
dxΠs (x), (3)
us Ks (πΠs )2 +
(∂x φs )2 − ΩA20 dx cos 2θs − √
2π
Ks
2a
√
where we introduced the symmetric (antisymmetric) φc(s) = (φ1 ± φ−1 )/ 2 combination of the
√
bosonized operator, together with its conjugate variables πΠc(s) = (∇x θ1 (x)±∇x θ−1 (x))/ 2. a
is the lattice spacing along the legs of the ladder, δ = 2π(n − 1)/a, with n the mean density and
A20 is some non-universal amplitude coming from the expansion of the density operator [29]. The
Hamiltonian Hc , with linear spectrum, describes the leg-symmetric density excitations while
Hs describes the leg-antisymmetric density excitations.
In the case of hard-core bosons, for λ = 0 [31] and at half–filling, a Mott gap opens up as
soon as the hopping amplitude between the rungs is finite and the transition is of a KosterlitzThouless type. For other fillings the ground state is a gapless Luttinger liquid with a Luttinger
parameter that depends on the filling [9]. Hsλ , for λ = 0, is the integrable quantum sine-Gordon
model with a gapful spectrum for Ks > 1/4. For 1/4 < Ks < 1/2 the gapped excitations above
the ground state are only solitons while for Ks > 1/2 the gapped excitations include also soliton
bound states called breathers [32].
For λ 6= 0, the ground state of the Hamiltonian (3) shows a commensurate-incommensurate
(C-IC) quantum transition [11, 12] driven by the flux λ. This transition can be followed by
examining the behavior of the longitudinal current in the antisymmetric sector which is linked
by the Hellmann–Feynman theorem to the derivative of the ground state energy with respect
to λ:

X 
(4)
Js = −it
σ eiλσ b†j,σ bj+1,σ − e−iλσ b†j+1,σ bj,σ
j,σ

and of the current perpendicular to the ladder


Jr,j = i b†j,σ bj,−σ − b†j,−σ bj,σ .
1

(5)

For λ under the threshold λc ∼ (ΩA20 a/us ) 2−1/(2Ks ) , the excitations above the ground state
remain gapful. In such regime, Js = us Ks λ/(2π) grows linearly with the imposed flux and
Jr = 0. This phase can be pictorially described as a Meissner phase where the current exists
along the legs of the ladder and they screen out the applied magnetic field. When λ exceeds the
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Fig. 1. A plot of current versus flux in the Meissner phase for system sizes L = 8, 12, 16, 24 and
Ω = 0.125t. The current responds linearly to the flux with us Ks /(2π) = 2.77±0.02 below the threshold
λc = 0.408. Above this value some extra contribution to the edge current developes and the linear
behavior is lost.

threshold λc , it becomes energetically advantageous to populate the ground state of Hs with
a finite density of solitons to form a Tomonaga-Luttinger liquid. The low energy properties of
this state are then described by the effective Hamiltonian:
Hs∗

=

Z



u∗s (λ)
dx ∗
∗
∗ 2
2
u (λ)Ks (λ)(πΠs ) + ∗
(∂x φ) .
2π s
Ks (λ)

(6)

In this phase both the currents along the legs and on the rungs are non-zero and a vortex
phase similar to the one in a superconductor ispformed. Near the transition point λc , it was
found by fermionization [9] that Js = us Ks (λ − λ2 − λ2c )/(2π) and thus the current decreases
on increasing the flux λ. Notice that the Hamiltonian (1) is invariant under the simultaneous
transformations λ → λ + 2π and bj,σ → (−1)j bjσ . Under parity bj,σ → b−j,σ , H λ → H −λ .
These symmetries imply that Js (λ + 2π) = Js (λ) and Js (−λ) = −Js (λ), so that it is enough
to consider only 0 < λ < π. If λ = π the longitudinal current Js is zero. An exact behavior
of the current can be obtained by a DMRG treatment of the Hamiltonian (1), but in order to
compare bosonization results with DMRG simulations a finite-size treatment is necessary, as
illustrated below.

3 Density Matrix Renormalization group and finite size scaling

We performed simulations based on the DMRG algorithm [33, 34] to investigate the hard core
boson limit (U → +∞) of (1) with a fixed density of n = 0.5 and estimate the currents (4) and
(5) using Periodic Boundary Conditions (PBC) for sizes L = 8, 12, 16, 24 and 48. Simulations
are done keeping up to m = 1256 states during the renormalization procedure in a way that
the truncation error i.e. the weight of the discarded states, is at most of order 10−6 , while the
maximum error on the ground-state energy is of order 5 × 10−5 at most. We further extrapolate
in m the quantities we calculate to improve their accuracy.
The DMRG is done on system of finite size, and the calculated longitudinal current cannot be
directly compared with the theoretical prediction from [9]. We thus extend the fermionization
approach of [9] to a finite size system with periodic boundary conditions (PBCs). The boundary
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conditions on the boson fields in (2)–(3) are:
√ X
θc (x + L) = θc (x) + π 2
Jσ ,

(7)

σ

√ X
σJσ
θs (x + L) = θs (x) + π 2

(8)

σ

π X
φc (x + L) = φc (x) + √
Nσ ,
2 σ
π X
φs (x + L) = φs (x) + √
σNσ ,
2 σ

(9)
(10)

where Jσ , Nσ are integers. For the fermion fields defined as ψr (x) =
r = ±, this leads to the following boundary conditions:
ψr (x + L) = ψr (x)eiπ[1+

P

σ

σ(Jσ −rNσ )]

,

e

√
θ (x)
√
−r 2φs (x)
i s
2

√

2πa

, where
(11)

where the extra factor eiπ is coming from the commutation relation between the Klein factor
and the number operator [35, 36]. These boundary conditions ensure that the ground state of
the pseudofermion Hamiltonian isP
always unique with zero totalPmomentum. When the total
particle number is fixed, that is
σ Nσ = 0 and the current
σ Jσ = 0, Eq. (11) implies
that
the
fermions
have
antiperiodic
boundary
conditions.
Their
dispersion
relation is thus ǫn =
p
s
[π(2n + 1)us Ks /L]2 + ∆2s with n an integer and ∆s the gap. Thus, for λ > λc = 2∆
us the
expression of the antisymmetric current becomes


 q

λus Ks 2
2
L
−
∆
2
1
u s Ks  λ
s
2
(12)
− E
+  ,
Js (λ) =
2
2π L
2πus Ks
2
where E(x) is the integer part. We notepthat the current starts to deviate from the linear
λ
response of the Meissner state when λ > λ2c + (2π/L)2 and if we plot L[ 2π
− Js (λ)/(us Ks )]
p
2
2
versus L λ − λc /(2π) we shall find a function taking even integer values with jumps whenever
the scaling variable is an odd integer.
In the region of Ω where this bosonization approach is valid, we could use this finite size
behavior to extract the critical λ using small system sizes: i.e. up to L = 24. This is illustrated
in Fig. 1 where for Ω = 0.125t the expression (12) is compared with DMRG data by adjusting
the parameter λc = 0.408 to obtain the best collapse. This result is in good agreement with
what we obtain by looking for example at the sharp drop in the spin current as a function of λ
at larger sizes (L = 48) on a grid λ = 2m
L π with m an integer number, chosen to minimize size
effects. In this case the sudden drop is located between λ = 0.3926 and λ = 0.5236.
In Fig. 3 we show the scaled deviation of the longitudinal current for Ω = 0.75t where
a deviation from formula (12) is observed due to the fact that at increasing Ω the coupling
between the legs becomes stronger and the continuum approximation leading to Eq. 3 breaks
down. A fine tuning of Ω shows that deviations from continuum description start to appear
above Ω = 0.25t.
In conclusion, using DMRG and bosonization technique, we have studied the behavior of the
leg particle current of a bosonic two leg ladder under a flux. We have obtained a finite-size scaling
expression for the current near the Meissner-Vortex transition using bosonization, and we have
compared it with the DMRG calculation, allowing us to find both the gap and the velocity
of low energy excitations in the vortex state. In future DMRG studies, we will consider other
observables such as the rung current, the density correlations, and the momentum distribution
and we will similarly analyze their finite size scaling.
We thank F. Ortolani for the DMRG code. M.D.D. and M.L.C. acknowledges partial supports from
PRIN-2011 ”Collective Quantum Phenomena: from strongly correlated system to quantum simulators”.
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Fig. 2. Plot of the scaled deviation of the current√from the linear response in the vortex phase,
λ
− Js (λ)/(us Ks )], versus the scaling variable L λ2 − λ2c /(2π) for system sizes L = 8, 12, 16, 24
L[ 2π
and Ω = 0.125t. The scaled deviation has plateaus on even integer values. Jumps between plateaus
occur whenever the scaling variable is an odd integer. The theoretical prediction from bosonization is
plotted as the cyan line.
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Fig. 3. Plot of the scaled deviation of the current√from the linear response in the vortex phase,
λ
− Js (λ)/(us Ks )], versus the scaling variable L λ2 − λ2c /(2π) for system sizes L = 8, 12, 16, 24
L[ 2π
and Ω = 0.75t. The scaled deviation doesn’t show net plateaus and jumps between plateaus become
less pronounced. The theoretical prediction from bosonization is plotted as the cyan line.

We acknowledge the collaboration of the IT Center, University of Pisa, for making available significant
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