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In this paper we report a new method for determining the critical threshold of the
Fréedericksz transition driven by an electric field. It is based on the measurement of the
amplitude of the molecule fluctuations as a function of the voltage difference applied to
a planar nematic cell. The precise measurement of the director fluctuations of the liquid
crystal is made possible by the use of a very precise and sensitive polarization interferometer. The great advantage of the method is that it does not depend on complex fits as it is
usually done in literature.
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The Fréedericksz Transition (FT) is widely used in modern optoelectronic devices based on
liquid crystal technology such as amplitude phase modulators and displays. For the development
of such equipments, one needs precise knowledge of the different constants of the chosen liquid
crystal in interaction with a specific substrate. The determination of these constants is generally
achieved with several techniques that involve at one point the knowledge of the critical threshold of
the FT1,2 . In this paper we propose a new method for determining this last quantity : it is based
on a very sensitive interferometer which allows a precise measurement of the thermal fluctuation
amplitude of the LC molecule orientation. This method does not need the knowledge of any other
parameters such as the thickness of the cell or the anchoring characteristics.
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FIG. 1. Experimental set-up. a) Definition of the nematic director ~n ; b)Scheme of the liquid
crystal cell used for the experiments : 1 - glass plate 2 - ITO 3 - rubbed PVA layer; c) Scheme of
the quadrature phase interferometer
First, let us recall the main properties of the FT, a transition that occurs when a confined
nematic liquid crystal (NLC) is submitted to an external electric, magnetic or optical field3,4 . The
order parameter of the FT is the unit pseudo vector ~n (the director) which defines the local
direction of alignment of the molecules as represented on fig1a). In the case of the FT driven by
an electric field, the system under consideration is confined between two glass plates, separated by
a distance L (about 15µm). The surfaces in contact with LC molecules are successively coated by
ITO, for applying an electric field, and by a polymer layer which is rubbed along a specific direction
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to align the molecules in the vicinity of the plates. In our case, a planar anchoring5 is realized and
the molecules are in average in the (x,z) plane, making a θs angle with the plates called pre-tilt
angle (see fig1a ). An anti-parallel configuration6 is chosen (θ(x = 0) = θs = −θ(x = L)) in which,
in the absence of any external field, the system is totally symmetric (see fig1b). Applying a voltage
~ perpendicular
difference U between the electrodes, the NLC is submitted to an electric field E
to the plates ; to avoid polarization, the applied voltage is modulated at a frequency f of a
√
few kHz, U (t) = U0 2 cos 2πf t. When U0 exceeds a critical value Uc , the planar state becomes
unstable and the molecules rotate to align with the electrical field – when the dielectric anisotropy
of the LC is positive. This transition is usually described as a second order phase transition
between two orientational orders3,4 . In our experiment the liquid crystal is the 5CB (4-pentyl-4biphénylcarbonitrile) whose parameters are know with a good accuracy (see for example ref.1 ).
The polymer films are made of PVA (PolyVinyl Alcohol), which insures a strong anchoring on the
plates of the 5CB molecules, with θs ' 0.05rad and an anchoring energy W = 3 10−4 J/m2 .
In order to understand our measuring technique one has to recall how the FT is theoretically
described in the framework of the Franck-Oosen continuum theory of liquid crystals7 . In such a
description the order parameter of the transition is the angle θ between ~n and the initial uniform
orientation of the molecules ~x. In our configuration (planar cell), assuming strong anchoring (e.g.
that the director is fixed on the surfaces), the free energy per unit surface Fs can be written as an
integral over the thickness L of the cell as shown in equation (1).

1
Fs =
2

Z

Ln

o
~ ·E
~ dz
(k1 (1 + κ) sin2 θ)θz2 − D

(1)

0

~ is the electric field and D
~ is the electric
This expression takes into account both the electric (E
displacement vector) and elastic contributions8 ; k1 is an elastic constant and κ characterizes the
elastic anisotropy.
The equilibrium description of the FT is given by the relation between the order parameter
at the middle of the cell θm and the voltage U0 . This relationship of θm as a function of U0 can
be obtained following two different methods. The first one8 consists in computing a numerical
minimization (Num-min) of the free energy eq (1) . The result of Num-min depends on the free
parameter Uc and this technique is often used to get Uc from the experimental data1,2,8 The second
method to determine analytically Uc is to work in the vicinity of the threshold and to assume the

3

sinusoidal form of the solution before expanding the free energy to find the equilibrium condition.
This second method, in addition to the measurement of the critical threshold, allows one to show
the second order phase transition character of the FT, as will be shown on the following. In fact,
assuming perfect boundary conditions (e.g. θs = 0 and infinite anchoring energy) and the sinusoidal
form of the solution, θ = θm (t) sin( πz
L ), the series development of the free energy of the system (1)
becomes :


2
4
⊥ U 2 θm
π 2 k1
θm
− 2 −
Fs =
ε+
(κ + 1 + Υ )
2L
π k1
2
8

(2)

In this expression the dielectric permittivities are defined along ( ) or perpendicular (⊥ ) to
the molecular axis. The dielectric anisotropy is characterized by the difference a =  − ⊥ or by
the non-dimensional constant Υ = a /⊥ . The control parameter ε is defined as ε =

U02 −Uc2
Uc2

where

Uc , the critical field, is given by the relation (3) :

Uc2 =

π 2 k1
a

(3)

The expression (2) of the free energy can be seen as the Ginzburg-Landau description of a second
order phase transition with order parameter θm and control parameter ε. The minimization of
this free energy as a function of θm gives the relation (4) between the mean value of the order
parameter : < θm >, (< · > stands for temporal averaging ) and the control parameter.
r
2ε
< θm >= ±
κ+Υ +1

(4)

In this framework, one can also study the dynamics of the FT by introducing the rotational
viscosity γ and equating the frictional dissipation to the derivative of the free energy. Then, defining
the characteristic time τ0 =

γL2
,
π 2 k1

and adding thermal noise η, δ-correlated in time, one gets the

following Ginzburg-Landau equation9 to describe the dynamics of θm :
τ0

1
dθm
3
= ε θm − (κ + Υ + 1)θm
+η
dt
2

(5)

The equilibrium solution of (5) is of course given by relation (4).
To study the dynamics of the fluctuations, we decompose the dynamics of θm in its mean value
< θm > and its fluctuations δθ : θm (t) =< θm > +δθ(t), < θm > is known from (4). Introducing
this decomposition in (5), we get the following equation for the fluctuations :

τ δ θ̇ = −2εδθ + η
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(6)

From this equation (that can be seen as a Langevin equation – for more details, see10,12 ) one
deduces the following expression for the variance σθ2 of δθ above the critical point:

σθ2 =< δθ2 >∝

kB T
2ε

(7)

Thus the amplitude of σθ2 diverges at critical point, as one would expect from a second order
transition. This divergence gives us a good way to measure the critical point. However, to use this
property, one has to take into account how the order parameter θm is measured in our experiment.
In fact, we use a very sensitive interferometer (see ref11 for details) depicted on fig1 : a polarized
laser beam (wavelength λ = 632.8nm) arriving on the liquid crystal cell is decomposed in the
ordinary and extraordinary polarizations. These two polarizations gets a dephasing φ after the
cell because of the optical anisotropy of the medium, which depends on how much the molecules
have rotated. A Wollaston prism makes the two polarizations interfere in the first detector, as
depicted in fig1c). The electric signal out of the photodiodes is proportional to sin φ. In detector
2, a λ/4 plate is inserted before the Wollaston, which leads to an electric signal proportional to
cos φ. Combining the signal of the two detectors, one can extract a signal proportional to φ. This
proportionality is the great advantage of our system on apparatus based on crossed polarizers which
have been widely used to study this transition. In fact, this last method has the inconvenient of
being sensitive to cos φ and therefore its sensibility to the fluctuations depends on the mean value
of φ. Moreover, our method is also much more sensitive than capacitive methods in which the
averaging area is too large to access the fluctuations.
In our experiment, the measured observable is φ which is acquired with a resolution of 24 bits at
a sampling rate of 1024 Hz. In the vicinity of the threshold, φ is proportional to the square of the
order parameter θm 12 . In fact, in this framework, φ and θ are related by the following expression :
φ=
where φ0 = 2πLne /λ, ν =

n2e −n2o
n2e

φ0 ν 2
θ
4 m

(8)

is the optical anisotropy with no and ne the refractive index of

the ordinary and extraordinary polarizations (ν = 0.2457 in 5CB). To find the relation between the
fluctuations of φ and those of θm , we derivate equation (8) and obtain the relation (9) between δθ
and δφ which shows that, around the threshold, δφ is proportional to < θm > δθ and not directly
proportional to δθ.
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δφ =

φ0 ν < θ m >
δθ
2

(9)

From eq(9), we built the variance σφ2 , the one which is actually measured, as follows :

σφ2 =< δφ2 >=

φ20 ν 2
< θm >2 < δθ2 >
4

(10)

In this expression, we see directly that before the threshold the variance of φ is zero. Above
the threshold, < θm >2 is linear in ε (cf eq(4)) whereas < δθ2 > is proportional to 1/ε (cf eq (7)),
2 (see eq
therefore σφ2 remains constant.Taking into account the fact that φ is proportional to θm

(8)), σφ2 / < φ > will have the same dependence in ε as σθ2 .
Experimentally, we first measure < φ > as a function of the voltage U0 , applied to the cell,
by averaging the acquired signal over a few minutes (the typical timescale of the system is about
10 seconds). We plot the experimental results on the main figure of fig2a) and, as predicted, we
observe an increase of the control parameter above a particular value of U0 , about 0.7V. On the
same figure, we also plot the result of the numerical integration of the minimization (Num-Min) of
Fs . Let us recall that this calculation depends on one free parameter, Uc (see ref.8 for details), the
thickness of the cell L being entirely determined by the dephasing φ obtained at high voltage, when
all molecules have rotated. The value of Uc is therefore determined by computing the minimum
square difference (msd) between the data and the fit obtained for a given value of Uc 1,2 . The
parabola in the inset of fig2a) shows the values of the minimum square difference (msd) as a
function of the chosen Uc . The minimum gives the best estimation of Uc , whereas the uncertainty
is given by the curvature of the well (more precisely, ∆U 2 = 1/2C where C is the local curvature
of the well). The resulting uncertainty in our case is 0.003V.
Uc (num) = 0.705 ± 0.003V

(11)

An expansion around the critical point is shown on fig2b) where it can be seen that the transition
is not sharp as would be expected from a second order phase transition, instead, the data are
characteristic of an imperfect transition : this is due to cell assembling and preparation. In fact,
because the angle made with the director and the confining plates (pre-tilt angle) cannot be exactly
zero, we choose an anti-parallel configuration (see fig1a-b or ref6 ; direction of rubbing of both plates
is the same) where, in the ideal case, the equilibrium configuration in the absence of external field
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FIG. 2. a) main figure : amplitude diagram of the FT. Inset : msd as a function of chosen Uc . b)
Expansion around the threshold of the amplitude diagram
is symmetric. Nevertheless, a truly symmetric assembling of the cell is not possible, and there
is always a small residual angle between the plates that facilitates the transition. To explain the
roundness of the transition, the small asymmetry between the plates can be taken into account
phenomenologically by adding a constant term to eq(5) :

1
3
τ θ̇m = εθm − (κ + Υ + 1) θm
− θ03 + η
2

(12)

Experimentally, one gets θ03 = 0.0019 rad3 from the value of φ at the threshold. An implicit solution
of eq(12) is calculated and plotted on fig2b) (green continuous line). We see that the roundness of
the transition is well explained by eq(12). This unavoidable asymmetry of about ten percent on θs
will also be responsible for a cut-off in the divergence of σθ2 and a smoothing of the σφ2 curve as it
is developed in ref13 .
In our system, the typical amplitude of the fluctuations is 3 order of magnitude smaller than
the mean value of the acquired signal. For this reason, it is impossible to avoid any drift over few
hours of acquisition, and the estimation of the variance of the static signal (σφ2 =< (δφ)2 >) cannot
be done over a single acquisition. The best compromise we found is to estimate the variance on
a temporal average over different acquisitions of about 3 minutes in which the slow drift cannot
be perceived, and then, averaging in a statistical way on the independent measurements of the
variance. We report σφ2 as a function of U02 on fig3.
On the same figure, we also plot (red continuous line) the variance obtained from eq(12), and a
good agreement is observed with the experimental data. The decrease observed for large ε is due
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FIG. 3. Phase transition diagram and evolution of the variance of φ as a function of U0
to the non linearities as discussed in13 . Such a behavior has already been observed in ref14,15 using
shadowgraph methods, and in ref16,17 with light diffusion methods, but has never been explained (in
ref15 , a first order transition has been proposed to explain the continuous growth of the fluctuations
at the threshold even if no hysteresis was found).
On figure 4, we plot σφ2 /φ which, thanks to eq(10), shall diverge for ε = 0, that is to say, for
U0 = Uc .
Indeed, we can clearly see that there is a sharp maximum which stands much more closely to
the apparent beginning of the instability. This maximum gives us a new definition of the critical
threshold :
Uc (f luct) = 0.711 ± 0.001
The difference between the two measurement of the electrical threshold is due to the fact that,
in our numerical integration, we neither take into account the effect of the finite anchoring energy
nor the existence of a small asymmetry in the cell which both tend to lower the threshold. When
comparing our results to those of Faetti1 , taking into account our distance to the nematic-isotrop
transition (∆T = 10 Celsius Degree), we get Uc = 0.710 which is very close to our measurement
based upon fluctuations.
To conclude, we have described a new method for measuring the electrical threshold of the
Fréedericksz transition. The great advantage of the method is that it does not require any complex
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fit and any hypothesis on boundary conditions. Furthermore we have, for the first time, a solid
explanation for the constant growing of the fluctuations while passing the threshold measured with
different optical sets up.
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