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Abstract

We present a systematic account of supergravity theories in which the global
scaling symmetry is gauged. This generalizes the standard gaugings of non-
abelian off-shell symmetries. A particular feature of these theories is an
additional positive contribution to the effective cosmological constant.

As the scaling symmetry is an on-shell symmetry, the resulting gaugings
do no longer possess an action. We develop the algebraic framework for the
maximal theories in various dimensions and construct explicit solutions to
the algebraic consistency constraints — related to “pure-spinor-like” struc-
tures for the exceptional groups. As an example, we explicitly work out
the modified supersymmetry transformation rules and equations of motion
in three dimensions. Finally, we speculate about the role of these theories
from the perspective of very extended Kac-Moody algebras.
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1 Introduction

Einstein’s equations of general relativity possess a well-known global symmetry under
conformal rescaling of the metric

g — N g, (1.1)

with constant A. As the Einstein-Hilbert Lagrangian scales according to Lgg —
AP~2 Ly, this symmetry is off-shell realized only in D = 2 space-time dimensions.



The global scaling symmetry extends to supergravity theories in all dimensions, with
gravitinos and matter fields scaling with different weights under (1.1), in particular,
p-forms scale with weight p and scalars fields are invariant. In this context it is of-
ten referred to as a trombone symmetry and plays an important role e.g. among the
spectrum-generating symmetries for the fundamental BPS solutions [1].

In addition, the maximal supergravity theories admit rather large global symmetry
groups, given by the exceptional groups G = E,(,), which (at least in odd dimensions)
are genuine off-shell symmetries of the action.! These have first been revealed in four-
dimensional maximal supergravity [2] and we will refer to them as duality (or Cremmer-
Julia) symmetries, see [3]| for a review. In fact, the trombone symmetry (1.1) plays
an important role in the realization of the Cremmer-Julia groups E,,) in the various
dimensions. Recall that maximal supergravities are obtained by dimensional reduction
of the eleven-dimensional theory [4] on an n-torus. From the eleven-dimensional point
of view there are two scaling symmetries inherited to the D = (11 —n)-dimensional
theory. Apart from the trombone symmetry (1.1) of eleven-dimensional supergravity,
a rescaling of the n-torus

Y — ay, i=1,...,n, for the coordinates y* of the torus ,  (1.2)

is part of the eleven-dimensional diffeomorphisms and translates into a particular rescal-
ing of the D-dimensional fields. From the D-dimensional point of view, it is however
more natural to consider particular combinations of the two scaling symmetries (1.1),
(1.2): Choosing av = A defines a scaling which leaves the scalars of the D-dimensional
theory invariant — this is the D-dimensional trombone symmetry (1.1). On the other
hand, choosing a = A%™ defines a scaling which leaves the D-dimensional metric (in
the Einstein frame) invariant;? this symmetry is part of the Cremmer-Julia group em-
bedded as GL(1) € GL(n) C E,u). This shows how higher-dimensional trombone
symmetries naturally merge with the lower-dimensional duality groups.

It is well-known that certain subgroups of the global Cremmer-Julia symmetry
groups E, ;) may be promoted to local symmetries while preserving all supersymme-
tries [5, 6, 7]. The resulting gauged supergravities exhibit non-abelian gauge groups,
additional couplings and in particular a scalar potential. The construction of these
theories can be systematically performed using the group-theoretical framework of [8,
9, 10, 11] which allows to characterize the various gaugings in terms of a single tenso-
rial object, the embedding tensor ©, subject to a number of algebraic constraints that
encode the consistency of the theory. In view of the close relation of the Cremmer-Julia
groups E,(,) and the trombone symmetry (1.1) in dimensional reduction, it seems nat-
ural to also consider the possible gaugings of the trombone symmetry. This is what we
are going to address in this paper.

I The notation E,,(n) refers to the split form of the exceptional group E,.
2In the reduction to D = 2 dimensions (n = 9), this scaling degenerates as a sign of the fact that
in two dimensions the theory cannot be cast into the Einstein frame.



G | Ruy | R o 6
SL(3) | 24 | 10’ || 15140 | 10
SO(5,5) | 45 | 16, | 144. | 16,
By | 78 | 27 | 351 | 27
Eery | 133 | 56 | 912 | 56
Fss) | 248 | 248 | 1+3875 | 248
Eg(9) Aagi | My Ay
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Table 1: The embedding tensor in maximal supergravity in various dimensions. Raqj and Ry
denote the adjoint representation of the global symmetry group G and the representation in
which the vector fields transform, respectively. The tensors © and 6 denote the components
of the embedding tensor, the latter also induce a gauging of the trombone symmetry (1.1).

Certain theories with local trombone symmetry have already appeared in the lit-
erature. A straightforward way to obtain such theories is by performing a standard
Scherk-Schwarz reduction [12] twisting the fields with the higher-dimensional on-shell
symmetry (1.1). Applying this to the circle reduction of eleven-dimensional super-
gravity gives rise to a one-parameter deformation of the ten-dimensional IIA theory
with maximal supersymmetry [13, 14] which is different from Romans’ massive su-
pergravity [15]. In particular, this theory does not have an action and admits a de
Sitter vacuum. According to the discussion above, from the ten-dimensional point of
view this theory corresponds to the gauging of a linear combination of the D = 10
trombone symmetry and the off-shell GL(1) symmetry. It has been further studied
in [16, 17, 18, 19]. Other examples of such theories have been obtained in lower dimen-
sions by studying analogous generalized Scherk-Schwarz reductions to nine and to six
dimensions [20, 21, 22].

In this paper we will set up a systematic framework for the classification and con-
struction of these theories. We follow the group-theoretical approach of [8, 9, 10, 11},
in which theories with a local trombone symmetry (1.1) simply correspond to the
introduction of additional components #;; in the embedding tensor. This allows to
straightforwardly derive consistency conditions on such gaugings and to construct ex-
plicit examples exploiting the structure of the underlying symmetry groups. As it
turns out, the additional components in the embedding tensor generically induce a
simultaneous gauging of the trombone symmetry (1.1) and a subgroup of the duality
group G.

In table 1 we have collected the representations in which the embedding tensor
transforms for the maximal supergravities in various dimensions. The standard gaug-
ings are described by a tensor © inducing gauge groups that are subgroups of the
duality group G and do not include the trombone symmetry (1.1). This tensor trans-
forms in a particular subrepresentation of the tensor product Raq; ® Ry« of the adjoint
representation of G and the representation dual to the vector fields of the theory. The



corresponding theories have been constructed in [8, 10, 23, 24, 25, 26]. The theories we
will construct in this paper allow for additional components in the embedding tensor,
combining into a vector € which transforms in the representation R,.. Note that in
two dimensions the two objects © and 6 coincide (in fact, this observation triggered
the present investigation). As a consequence, in two dimensions gaugings generically
include a local trombone symmetry (1.1), in accordance with the fact that in D = 2
dimensions this symmetry becomes off-shell — more precisely it builds the central ex-
tension of the affine global symmetry group Egggy [27]. Moreover, this indicates that
the new theories we present in this paper are particularly interesting from the unifying
point of view of the extended Kac-Moody algebras Ejq [28] and Eq; [29], conjectured
to underlie eleven-dimensional supergravity and its compactifications. We will come
back to this in the conclusions.

The rest of this paper is organized as follows. In section 2 we set up the general
formalism in order to describe a theory with local scaling symmetry (1.1). In the gravity
sector this introduces new minimal couplings between the metric and a vector field
which modify the Einstein equations. In the full theory we describe the simultaneous
gauging of a subgroup of the duality group G and the scaling symmetry (1.1) by
an embedding tensor © which completely encodes the theory. With respect to the
standard constructions, the possibility of a local scaling symmetry translates into a
set of additional components 6, of the embedding tensor. We derive the quadratic
constraints on the embedding tensor which encode consistency of the gaugings.

In section 3 we work out the details of the construction for all maximal supergrav-
ities in dimensions 6 > D > 3. The analysis relies on the particular properties of the
global symmetry groups SO(5,5), Eg(s), E7(7), and Egs) of these theories. In particular,
we investigate the class of gaugings which is exclusively triggered by the new compo-
nents 6, of the embedding tensor. In this case, the quadratic consistency constraints
reduce to a simple set of equations that for SO(5,5) reduce to the well-known “pure-
spinor” condition and to its higher-rank analogues in the other dimensions. We present
the explicit solution of these quadratic constraints.

Subsequently, in section 4 we analyze the compatibility of the gaugings with su-
persymmetry. For the case of the three-dimensional theory we derive the full set of
deformed equations of motion and show closure of the supersymmetry algebra. We
find that a particular effect of the theories with local scaling symmetry is a positive
contribution to the effective cosmological constant. We close the paper with some
speculations on the possible role of these new theories in the unifying framework of the
extended Kac-Moody algebras Ejy and Eq;.



2 Gauging the scaling symmetry

In supergravity theories, the trombone symmetry (1.1) extends to the full bosonic field
content: the metric and the antisymmetric p-forms infinitesimally scale as

59;“/ = 2/\g;u/a 5Au1...up = p>\A (21)

H1---Hp >

respectively, with a constant parameter A\, while scalar fields remain invariant. The
fermionic fields on the other hand transform as

for gravitinos 1, and spin-1/2 fermions y, respectively. It is easy to check that under
this symmetry all kinetic terms of the Lagrangian scale homogeneously as

5£kin - (D_2>>\£k1n (23)

It is a non-trivial property of supergravity theories that also all interaction terms
scale with the same weight. In particular, this restricts the topological terms to two-
derivative terms.

In the following we will consider gaugings of supergravity in which the trombone
symmetry (2.1), (2.2) becomes a local symmetry. Following the standard procedure,
this is achieved by introducing covariant derivatives

D# = (9“ - AH to > (24)

where ty denotes the generator of the trombone symmetry. However, this cannot be
the full answer. Consistency implies that the vector field A, itself must not be charged
under the symmetry it is gauging. This shows already that the local gauge symmetry
cannot simply be the scaling symmetry (2.1), (2.2) under which all vector fields are
charged. Rather, gauging of the scaling symmetry must be accompanied by a gauging
of other generators of the global symmetry group G of the theory — which however is
invisible in the gravity sector. Indeed, this is what we will find in the following.

2.1 Gravity sector

To begin with, we will study the gravity sector with local scaling symmetry (2.1), i.e.
introduce covariant derivatives (2.4) in Einstein’s equations. Since eventually we are
interested in supergravity, we use the formulation in terms of the vielbein e,* with
curved indices p,v,... and flat indices a,b,.... As a first step, the standard spin
connection w,* defined by

!
0 = V(w)[uey]a = 6[He,,}“ + w[uabe,,}b, (2.5)

is replaced by a covariantized object @M“b defined by
! ~
0 = D[Hel,}“ + w[uab €ulb (26)
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with the covariant derivative D, from (2.4). Explicitly, this yields
0,0 = w,®—2¢e,0 A, (2.7)

for the modified spin connection which is uncharged under the scaling symmetry. It is
important to note that this covariantization of the spin connection may equivalently
be interpreted as the adding of a torsion trace term T, = 2 A, el,]“.?’ Likewise, we
define the covariantized Riemann tensor as

Ruw™ = 20,0, + 20,50,
= R, +4¢,'V(w),jAY +deplt A, A7 — 2¢,%,P A . (2.8)
By construction it is invariant under gauge transformations
de, = Mx)e,”, A, = O\ (x) . (2.9)

The covariantized Riemann tensor (2.8) no longer possesses the symmetries of the
standard Riemann tensor: the first Bianchi identity is modified to

Riywp” = —Fuweg” (2.10)

with the abelian field strength F,, = 20,.A,;. For later supergravity calculations we
also note the relation

R ™" = 4 (R = 197 R) 5 = 2(D = 39" Foyy = 2(D = 2) F¥5
(2.11)

with fy—matrlces in D space- time dimensions, and the Ricci tensor RW = RM),, ey” and
Ricci scalar R = g“”RW Explicitly, the latter are given by*

Rw) = Ry +(D—2) (V(MAV) + AMAV> + G (VAAA —(D-2) AAA,\) 7

A~

R = R+2(D—1)g"VyA,— (D —1)(D —2) AyA*. (2.12)
The covariantized Einstein equations (in absence of matter) thus are
Rw) — 2 Rguw = 0, (2.13)

and manifestly invariant under (2.9). In the theories we will consider, additional matter
will always be present, in particular a gauge field sector which includes the vector
field A,,, such that the right hand side of the Einstein equations will be non-vanishing,
see e.g. equation (4.41) below. One may verify that equations (2.13) do no longer
descend from a standard action which is expected since we have gauged a symmetry
that was not off-shell realized.

In the following we will extend the gauging to the remaining matter fields of su-
pergravity. In particular, we need to identify among the supergravity gauge fields the
vector field A4, used in all covariant derivatives.

3The equivalence breaks down once we consider additional matter in the theory.
“Our notation here is such that V,, in these equations refers to the covariant derivative V(T'),, in
presence of the standard (non-covariantized) Christoffel symbols I'?



2.2 Embedding tensor

Extending the gauging to the full theory is conveniently described by resorting to the
group-theoretical formalism developed in [8, 9, 10, 11]. As we have discussed in the
introduction, the full global symmetry group of the ungauged theory is given by the
direct product R™ x G where the first factor describes the scaling (2.1), (2.2) and the
second factor is the standard duality group. We will denote the total set of generators
by {ta} = {to,ta}, @ =0,...,dim G, where ¢y denotes the generator of R* and the ¢,
denote the generators of G. The latter satisfy commutation relations

[tasts] = fasty - (2.14)

The vector fields Aiy in the ungauged theory transform in some representation R, of
G labeled by M =1,...,dim R,, and carry charge +1 under R* according to (2.1).
A general gauging is defined by introducing covariant derivatives

D# = @L—gAfY(:)Mdt@ = au—gA/]y@Moto—gAl]y@Mata, (215)

in terms of an embedding tensor @Mé‘ which describes the embedding of the gauge
group generators X, = ) wts into the symmetry group of the ungauged theory. In
addition, we have introduced the gauge coupling constant g. It can in principle be
absorbed into the embedding tensor.

According to its coupling the embedding tensor carries charge —1 under R*. Its
component 0y, = e 0 transforms under G in the representation R, dual to R,. It
selects the vector field that gauges the RT-symmetry. Comparing (2.15) to (2.4) we
identify

Ay = gy A (2.16)

The remaining part of the connection (2.15) involves the generators of the duality
group G and is thus invisible in the gravity sector discussed above. It is defined by
the component ©,,* of the embedding tensor which a priori transforms in the tensor
product

Ros ®Ragj = Rn® ..., (2.17)

with R,q; denoting the adjoint representation of G. For gaugings that do not involve the
scaling symmetry RT, it is known that supersymmetry restricts the allowed choices for
O to only very few of the irreducible representations on the r.h.s. of (2.17), see e.g. [9).
In particular, in the maximal theories (for 3 < D < 7), the “trace part” R, in this
tensor product is always forbidden.’ In D = 2 space-time dimensions on the other hand,
the picture is quite the opposite: the gaugings are precisely parametrized by the “trace

5In the half-maximal theories, the representation R.. appears with multiplicity 2 on the r.h.s. of
(2.17) and supersymmetry implies a linear relation between these two representations [30]. The same
happens for the maximal theories in D = 8,9, where the group G is no longer simple [20].
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part” R, on the r.h.s. of (2.17), i.e. gaugings are described by a vector ), transforming
in the basic representation of the infinite-dimensional affine algebra Eg9) [25]. From
a unifying point of view of the gauged supergravities this is somewhat unsatisfactory;
upon dimensional reduction the algebraic structures in higher dimensions are typically
embedded into the lower-dimensional structures described by higher-rank Kac-Moody
algebras. We will see that precisely the theories that involve a gauging of the trombone
symmetry close this gap and allow for a non-vanishing R, in (2.17) also in dimensions
D > 2. Recall that only in D = 2 dimensions, the trombone symmetry is part of the
off-shell symmetries of the action and shows up as the central extension of the affine
algebra Eg(g).

Our general ansatz for the embedding tensor and thus for the connection in (2.15)
is the following:

@MO = Ou, éMa = On“ +(On (ta)MN ’ (2.18)

@ into a “traceless” part satisfying © /% (to)n™ = 0 and its

where we have split &) M
“trace part”, corresponding to the representation R, on the r.h.s. of (2.17).6 As this
second term is forbidden in the standard gaugings, it is natural to assume that it
comes proportional to the same vector #,; that triggers the gauging of the trombone
symmetry via O1°. We will explicitly verify this assumption. All that remains in this
ansatz is to determine the proportionality constant , which must be done case by case,
i.e. in dependence of the space-time dimension and the number of supercharges.

To this end, we recall that a generic gauging introduces non-trivial couplings be-
tween vector fields and the antisymmetric two-form tensors. E.g. the non-abelian field
strength of the vector fields receives corrections of the Stiickelberg type [10, 11]

Flh — Huy = Fa+9Z"pgBL2 (2.19)

17 pvo

with two-forms BZ,Q and the intertwining tensor given by
ZMPQ = (t&)(pM éQ)& . (220)

In particular, this tensor encodes the field content of two-forms in the theory: as in
general in its indices P(@) it does not project onto the full symmetric tensor product
R, ® Ry, but rather satisfies some non-trivial projection

IMpg = ZMpgPRpg (2.21)

also the two-forms will only appear under projection with P, see [11, 31] for details. We
will take this projection as a guide to determine the constant ¢ in (2.18): the projector
P in (2.21) and thus the two-form field content should be the same in presence and

®Here and in the following, we raise and lower adjoint indices with the invariant metric ko5 =
Tr[tatg] which is related to the Cartan-Killing form 1,5 as kap = Cy(dimRy)/(dimRadg;) s with the
Casimir operator C in the vector field representation.



in absence of an Rf-gauging. In particular, this is necessary because the two-form
field content of the theory is fixed by supersymmetry. We will further illustrate this
argument and the calculation in section 3 in several examples. Later in section 4 we
also explicitly confirm consistency of the ansatz (2.18) with supersymmetry.

2.3 Quadratic constraints

Before applying the above construction to various theories, let us collect a few general
formulae and relations. With the ansatz (2.18) for the embedding tensor, the generators
of the gauge group evaluated in the vector field representation are given by

(Xa)w™ = O (ta)n™ = O (ta)w™ + (CE)ar" (ta)n™ = 508 ) 0p . (2:22)
In particular, this gives an explicit expression for the intertwining tensor Z from (2.20)
ZMpq = (ta)pMO0)" + (CpF(t)o? — 0008 ) 0r,  (2:23)

from which we will determine the values of { in the examples below. In every partic-
ular theory, supersymmetry will constrain the possible form of ©,,%, this gives rise to
the so-called linear representation constraints on the embedding tensor. In addition,
consistency requires the components 6);, ©,,* of the embedding tensor to satisfy a
set of rather generic quadratic constraints. These express the fact that the embedding
tensor itself is invariant under the action of the gauge group. Evaluating this condition
for the different components gives rise to the equations

0 = omOn = (:)Md(Sa@N

= ()N Ou g + (C ()" (t)w" — 00K ) Oty . (224)

and

! N
0 = dpON® = Op°(tg) N ON® + Op” f5,On"
(€5 ()Pt )ar™ = C ™ O (472 = 02 80 63 ) 0O .

(2.25)
Together, they guarantee in particular that the gauge group generators (2.22) satisfy
[Xar, Xn] = —(Xu)n™ Xk | (2.26)

i.e. these constraints ensure closure of the gauge algebra. We will show in the following
for various theories that every set of 6,;, ©,, that satisfies the given linear representa-
tion constraints and the quadratic relations (2.24), (2.25) defines a consistent gauging
which in case 63, # 0 involves a gauging of the trombone symmetry.

Let us finally note that the quadratic constraints (2.24), (2.25) in particular imply
the relations

0y ZMpg = 0 = 6y ZMpg , (2.27)
i.e. orthogonality between the embedding tensor and the intertwining tensor Z from

(2.23). This plays an important role in the hierarchy of antisymmetric p-forms [11, 31].

9



3 Algebraic structure in various dimensions

In this section, we work out the above construction for the maximal supergravities in
dimensions 6 > D > 3, for which the global symmetry groups are given by SO(5,5),
Es(6), E7(7y, and Egg), respectively. We determine for the various cases the value of the
parameter ¢ in (2.18), which completely fixes the algebraic structure. Furthermore, we
evaluate the quadratic constraints (2.24), (2.25) and show that they admit non-trivial
solutions. As a result we obtain the full set of consistency constraints for gaugings that
involve a local trombone symmetry (1.1).

We will discuss in most detail the case D = 6 in which the symmetry group is the
smallest and accordingly the algebraic structures are the simplest ones. Subsequently,
we report the results in lower dimensions which are obtained in complete analogy with
slightly bigger computational effort.

3.1 D=6

The ungauged theory in D = 6 dimensions was constructed in [32], its general gaugings
were given in [26], to which we refer for details of the structure. The global symmetry
group of the ungauged theory is the orthogonal group SO(5,5). Vector and two-form
fields of this theory transform in the 16, and 10 representations, respectively, with the
generators t, = f[;; given by

(ti)™ = (g™, (L)' = 4 0 (3.1)

respectively. Here, 7,7,...=1,...,10, and M, N = 1,...,16, label the vector and the
spinor representation of SO(5,5), respectively. The tensors n;; and (7;;)a”" denote the
invariant form and the gamma matrices of SO(5,5), respectively. We use the former
to raise and lower vector indices. A non-trivial relation among the generators that we
will exploit in the following, is’

)" Ca)n” = =5 ()u"™ (vn" = & 0a0N + 16008 — s(V ) mn () EE
(3.2)

which can be proven by further contraction with gamma matrices.
The embedding tensor ©,,“ a priori lives in the tensor product

16,45 = 16, 144, ® 560, , (3.3)

where 45 is the adjoint of SO(5,5). In absence of the RT-gauging, supersymmetry
restricts the embedding tensor ©,, to the irreducible 144, representation in this de-
composition [9, 26]. Le. it can be parametrized in terms of a gamma-traceless vector-
spinor AM? as

Oyl = Nl with %N 0V =0. (3.4)

" As mentioned above, adjoint indices are raised and lowered with the invariant form rag = Tr[tatg]
which here is given by f; k1 = —32 0,10y, -

10



In this case, the intertwining tensor (2.20) is given by

ZMpg = —0" Y (vi)o™ = — (v)pe 0™, (3.5)

where we have used the properties of the SO(5,5) gamma matrices. The form of (3.5)
shows that in indices (PQ), this tensor projects onto a subrepresentation

(16, ® 16,)yym — 10, (3.6)

within the full symmetric tensor product. According to the general discussion above,
this must reproduce the field content of the two-forms of the theory. E.g. the general
coupling (2.19) reduces to

with two-forms B,,;, = (V) pQBfV("2 transforming in the 10. Indeed, this precisely
coincides with the field content of the ungauged theory. Remarkably, this gives a
purely bosonic justification of the restriction of the embedding tensor within (3.3).
Any other component in ©,,% would have required a larger set of two-forms and thus
be in conflict with the field content of the theory (which in turn is determined by
supersymmetry).

Let us now repeat this analysis in presence of an RT-gauging, i.e. for non-vanishing
tensor #),. In this case, the gauge group generators (2.22) are given by

Xun™ = =079 o (i)™ = 35 CO " (w0 — O 0 . (3.8)

Using (3.2), we obtain for the intertwining tensor Z of (2.23)
ZMpo = —(w)pg (eMZ’ +§ ()M* eL) + (3% —1) 656 - (3.9)

Comparing this tensor to (3.5) shows that choosing ( = 16/5, Z projects onto the same
subspace (3.6) as in absence of the R*-gauging

ZMPQ = (vi)pro FMi 7 gKi — _ gKi _ % (,yi)KL 0, . (3.10)

Any other value of { would require a larger set of two-forms for consistency of the
gauged theory and thus eventually be inconsistent with supersymmetry.

To summarize, we have found that the presence of a 16, component in the embed-
ding tensor (3.3) is possible, if simultaneously the R* trombone symmetry is gauged.
The explicit ansatz for the gauge group generators is given by (3.8) with ¢ = 16/5. This
finishes the discussion of the linear representation constraint satisfied by the embedding
tensor in presence of an RT-gauging.

It remains to evaluate the quadratic constraints (2.24), (2.25) required for consis-
tency of the gauging. The constraints (2.24) split into

. ! . | )
() MoV = 0, 080k = —2(y") P k0, (3.11)

11



in terms of the irreducible components 0%% and 6z. These constraints, which are
automatically satisfied for 0 = 0 transform under SO(5,5) in the 120 and the 10
representation, respectively. Note that the part transforming in the 126, + 126, which
could in principle be present in (2.24) is absent in (3.11), thanks to the particular
choice of (. This is crucial for the existence of non-trivial solutions. Some computation

shows that the remaining quadratic constraints (2.25) may be cast into the form

QMZQN[R (lyl})MN

transforming in the 10® 126, ® 320 of SO(5,5) and showing explicitly how the known
quadratic constraints of [26] are modified by the presence of a non-vanishing 6,.

Every solution 6y, M of the combined set of quadratic constraints (3.11), (3.12)
will give rise to a consistent gauging of the maximal supergravity in D = 6. We have
shown that this complete set of constraints transforms as

Rama = (10@® 126, 320) & (10 & 120) , (3.13)

of which the last two representations correspond to (3.11) and are only relevant for a
non-vanishing ;. An important non-trivial result in this computation (which again
hinges on the particular value of ¢ = 16/5 in (2.18) determined above) is the absence of
the 1728 representation in (3.12) which is a priori possible in (2.25). As it constitutes
the major part of the tensor product ¢ ® 0, a mixed constraint in this representation
would presumably exclude any solution with both #¥% and #x non-vanishing. Instead,
we expect a rather rich class of solutions of the quadratic constraints (3.11), (3.12)
with simultaneously non-vanishing "% and 0. We leave the study of such theories to
future work.

Let us analyze here in detail the subclass of gaugings with % = 0, which are thus
complementary to the gaugings studied in [26]. These theories are parametrized by an

SO(5,5) spinor @), for which the constraints (3.11) reduce to
(7)) 00, = 0. (3.14)

Funny enough, this is precisely the structure of an SO(10) pure spinor (albeit for a dif-
ferent real form than the usual SO(1,9)) that shows up in a very different context here
— classifying a particular subsector of possible gaugings in maximal six-dimensional
supergravity. We can use this to employ the well-known parametrization of the general
solution of this quadratic constraint upon decomposing 6, into its GL(5)-irreducible
parts (§,&™, mn)) with m,n =1,...,5, according to the branching

16, — 175?107, (3.15)

of SO(5,5) under GL(5). In terms of these components, the quadratic constraint (alias
the pure spinor condition (3.14)) decomposes into the conditions

ffm — Emklpqgklgpqy Smfmn = 07 (316)
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with the totally antisymmetric tensor €™*P4. On a patch with £ # 0, these equations
are simultaneously solved by setting

€ = Mgy, /€ (3.17)

leaving 11 independent real parameters (&, &,,,) in the general solution.

We have thus found a particular class of maximal supersymmetric gaugings defined
by O = (&,€™, &mny) With ™ given in (3.17). Moreover, this is the most general
gauging with the components 6% = 0. As GL(5) is the global symmetry group of seven-
dimensional maximal supergravity, it is tempting to speculate that these theories have
a possible higher-dimensional origin as particular (generalized) circle compactifications
from seven dimensions. In the following we will see that a very similar pattern shows
up for the analogous class of gaugings in lower dimensions.

3.2 D=5

The ungauged theory in D = 5 dimensions was constructed in [33], its general gaug-
ings were given in [10]. The global symmetry group of the ungauged theory is Eg ).
Vector and two-form fields of this theory transform in the mutually dual 27 and 27
representation. In the ungauged theory, only the vector fields appear in the Lagrangian
while the two-forms are defined as their on-shell duals. A non-trivial relation among
the Eg6) generators that we will exploit in the following, is

)™ ()" = o308+ 203,08 — Sdynp d™7, (3.18)

where dynr and dMNE

as dyngd"N = 6L see [10] for further useful relations.

are the totally symmetric Eg() invariant tensors, normalized

The embedding tensor &) m& a priori lives in the tensor product
27T®78 = 27335191728, (3.19)

where 78 is the adjoint of Eg). In absence of the R*-gauging, supersymmetry restricts
the embedding tensor O, to the 351 representation in this decomposition [9, 10]. Le.
it can be parametrized in terms of an antisymmetric matrix ZMY = —ZNM 55

On® = 12279 (") g "™ dyprdsor - (3.20)
Using (3.18), we obtain for the full intertwining tensor Z of (2.23)
ZMpg = dpqr (ZMF = % dM900) + (5 — 1) 6(F by - (3.21)
This shows that choosing ¢ = 9/2, this tensor simplifies to
ZMpo = dpop (ZME — B gMRQ) = dpop ZMT (3.22)

and thus projects onto a single subrepresentation

(27 © 27)ym — 27, (3.23)
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within the full symmetric tensor product, and thus onto the same subspace as in
absence of the RT-gauging. This is precisely compatible with the two-forms present in
the theory. Any other value of { would for consistency require a larger set of two-forms
and thus be incompatible with supersymmetry.

It is interesting to note, that in absence of the R*-gauging, the tensor ZMN of (3.22)
is totally antisymmetric and as such also shows up in the topological coupling of the
two-forms in the action Lgqp = ZMY By; A dBy. The fact that for non-vanishing
this tensor is no longer antisymmetric reflects the fact that the RT-gaugings in general
do no longer admit an action.

It remains to evaluate the quadratic constraints (2.24), (2.25) required for consis-
tency of the gauging. The quadratic constraints (2.24) split into

2P0, dprerrdornd Pt = 0, ZMVgy = 15dMKLg0, ,  (3.24)

in terms of the irreducible components ZM" and fx. These constraints, which are
automatically satisfied for 6y = 0 transform under Eg) in the 351 and the 27, re-
spectively. After some computation, the quadratic constraints (2.25) take the form

At k™ ZERZNS dpor + 3(ta) k™ Z5N0, 4 3(ta) ™ Z510,, = 9. (3.25)

The first term transforms under Eg(g) in the 2741728 [10], and the form of (3.25) shows
that the additional terms (upon imposing (3.24)) fall into the same representations.
L.e. the total quadratic constraint transforms as

Rgua = (27D 1728) & (27 @ 351), (3.26)

of which the last two representations correspond to (3.24) and are only relevant in
presence of an RT-gauging. An important non-trivial result in this constraint analysis
(which again hinges on the particular value of ( = 9/2 in (2.18)) is the absence of
the 7371 representation which is a priori possible in (3.25). As it constitutes the
major part of the tensor product ZM¥ ® 0, its presence among the constraints would
presumably exclude any solution with both Z™¥ and 6x non-vanishing.

Let us finally discuss the particular gaugings for which ZM"Y = 0 and which are
thus complementary to those constructed in [10]. In this case, the only non-trivial
quadratic constraint on the remaining component 05 comes from (3.24) and is given
by

dMKLG 0, = 0. (3.27)

This condition can be viewed as the “analogue of a pure spinor” (3.14) for the excep-
tional group Ege). We can employ a similar technique to explicitly solve it. To this
end, we decompose 6, into its (SO(5,5) x RT)-irreducible parts (A, A;, A,) according
to the branching

27 — 1M 910?916/ . (3.28)
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The quadratic constraint (3.27) accordingly decomposes into the equations
M = (W) XNAs, ()N =0, MM =0, (3.29)

with the SO(5,5) tensors (v;)* introduced in the last subsection.® On a patch where
A # 0, these equations are simultaneously solved by setting

A= () Aads /A (3.30)

This is straightforwardly verified using the well-known identity (7°)©%(v;)?? = 0 for
SO(5,5) gamma-matrices. In total, this leaves 17 independent real parameters (A, \,)
for the general solution of (3.27).

33 D=4

The ungauged theory in D = 4 dimensions was constructed in [2], its general gaugings
were given in [24]. The global symmetry group of the ungauged theory is E7(7). Vector
and two-form fields of this theory transform in the 56 and the adjoint 133 representa-
tions, respectively. In the ungauged theory, only 28 electric vector fields appear in the
Lagrangian while their 28 magnetic duals are defined on-shell. Similarly, the two-forms
are defined on-shell as duals to the scalar fields of the theory.

A non-trivial relation among the E;(7) generators that we will exploit in the follow-
ing, is

)™ (ta)n" = L0308 + 0508 + () mw (ta)™F — Ly Q5" (3.31)

where the fundamental indices have been raised and lowered with the symplectic matrix
Quy (and we use north-west south-east conventions, i.e. X M — QMNX etc.).
The embedding tensor ©,,“ a priori lives in the tensor product

56 ©133 = 569124 6480 . (3.32)

In absence of the R*-gauging, supersymmetry restricts the embedding tensor ©,,*
to the 912 representation in this decomposition [9, 24], i.e. to a tensor satisfying the
condition ©,% = —2(t5t%) "~ ONP.

Using (3.31), we obtain for the full intertwining tensor Z of (2.23)

ZM oo = (ta)ro ( — 1O QM 4 ¢ (t,)M gL) +(§—1)5%0, . (333)
This shows that upon choosing ¢ = 8, this tensor simplifies to

ZMpo = —Lta)prg (@Ma—16(ta)ML9L> = (ta)po ZMo,  (3.34)

8In contrast to the last subsection, we here use indices «, 3 for the SO(5,5) spinor representation,
as capital indices M, N in this section are reserved for the Eg) fundamental representation of the
vector fields.
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and thus projects onto a single subrepresentation
(56 ® 56)5y, — 133, (3.35)

within the full symmetric tensor product, which is the same subspace as in absence of
the R*-gauging. This is precisely compatible with the content of two-forms present in
the theory. Any other value of { would for consistency require a larger set of two-forms
and thus be incompatible with supersymmetry.

It remains to evaluate the quadratic constraints (2.24), (2.25) required for consis-
tency of the gauging. The quadratic constraints (2.24) split into

(t)m@OnT00 = 0, QF0p"0g = —16(t) 0,0, .  (3.36)

transforming in the 1539 and the 133 of E7(;), respectively. As in the higher dimen-
sions discussed above, the quadratic constraint (2.25) in presence of a 6, induces a
modification of the known quadratic constraints [24] which is given by

Ou ONT QMY = 80, Oy tAMN _y B g 07 QMY (3.37)

Together, we find that the total set of quadratic constraints transforms under E7(y in
the representation

Rqwa = (133 @ 8645) @ (133 & 1539) (3.38)

of which the last two representations correspond to (3.36) and are only relevant in
presence of a non-vanishing 6.

Let us finally discuss the particular gaugings for which ©,, = 0 and which are
thus complementary to those constructed previously in [24]. In this case, the only non-
trivial quadratic constraint on the remaining component 0y comes from (3.36) and is
given by

(t)5L i, = 0. (3.39)

This condition can be viewed as the “analogue of a pure spinor” (3.14) for the ex-
ceptional group Erz(7). In complete analogy to the analysis for the groups SO(5,5)
and Ege) above, we can find its most general solution by decomposing ), into its
(Ee) x RT)-irreducible parts (1, n,,n™,7) according to the branching

56 — 1 3@21 '@ 1™, (3.40)

The quadratic constraint (3.39) accordingly decomposes into the set of equations

— dmkl

nn" s 0m =™ 0 = E0an™ = 0= (t)n" nmn” , (3.41)
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with the Ege) tensors dp,,, and Eg) generators (tq)n™ introduced in the last subsec-
tion.? On a patch where i # 0, these equations are simultaneously solved by setting

m dmkl

o= mem/n . 0= & &P/’ (3.42)

upon using the identity didpmn)d™" = %6(kdl ) This leaves 28 independent param-

mn
eters (n,7,,) in the general solution.!”

34 D=3

The ungauged theory in D = 3 dimensions was constructed in [35], its general gaugings
were given in [8]. The global symmetry group of the ungauged theory is Egs). The
three-dimensional theory is special in that the ungauged theory does not carry any
vector fields which appear in the gauged theory via a Chern-Simons coupling. As
they are dual to the scalar fields, they transform in the adjoint of Eg(), which is the
248-dimensional representation with generators!!

™ = —fan, (3.43)
in terms of the structure constants of Egwg). Two forms transform in the 1 & 3875
representation of Eggy. Although these forms are non-propagating in three dimensions,
their field content can be inferred from the supersymmetry algebra or from their on-
shell duality to the embedding tensor [31].
The embedding tensor 5) M @ priori lives in the tensor product

248 ®248 = 1® 248 ® 3875 @ 27000 ¢ 30380 . (3.44)

In absence of the R*-gauging, supersymmetry restricts the embedding tensor to the
reducible 1 & 3875 representation in this decomposition [8]. Explicitly, this is a sym-
metric tensor Oy which satisfies

Omn = <(P1)MN’]C£ + (P3875)MJ\/’]CL> Okc (3.45)
with the projectors
P)an™ = sman ™,
(Psszs) v = 2000y — 15 /7 omfap” = 25 v 15 (3.46)

9n contrast to the last subsection, we here use indices m, n for the Eg(6) fundamental representa-
tion, as capital indices M, N in this section are reserved for the E7(7) fundamental representation of
the vector fields.

10As a byproduct, we thus find that an E7(7) vector #ps subject to the quadratic condition (3.39)
represents a very compact way to describe the non-linear conformal realization of this group [34] on
a 27-dimensional vector space.

HTn order to facilitate comparison with previous work in three dimensions [8, 31], we use in this
section calligraphic indices for the fundamental (=adjoint) representation. Moreover, we use the
Cartan-Killing form nan rather than the rescaled form xkan = 60nan defined in footnote 4 and
used in the previous sections to raise and lower adjoint indices.
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Using (2.18), we obtain for the full intertwining tensor Z of (2.23)

ZMpo = fFpOgr+ (CfMpfor —075'08)) b - (3.47)

With the explicit form of the projectors (3.46) this shows that choosing ¢ = 1/2, the
tensor Z projects onto the subrepresentation

(248 © 228),,, — 1@ 3875, (3.48)

within the full symmetric tensor product, and thus onto the same subspace as in
absence of the RT-gauging. This is precisely compatible with the two-forms present
in the theory (which are dual to the embedding tensor) and thus compatible with
supersymmetry as we shall explicitly demonstrate in the next section.

It is interesting to note, that in absence of the R*-gauging, the tensor 5) MN = O
is symmetric in its two indices and also shows up as a metric of the Chern-Simons term
in the action Leg = Oy AM A dAN. The fact that for non-vanishing ., this tensor
is no longer symmetric again reflects the fact that the R*-gaugings in general do no
longer admit an action.

It remains to evaluate the quadratic constraints (2.24), (2.25) required for consis-
tency of the gauging which yields

OOy — 2N o 00, = OpmfnT0p, (3.49)

20097 fr) T — Onplm — Oriv fry) T fur20a = 0. (3.50)
In particular, contraction of these equations implies that
M0 = 0,  pMVOunble = 0 = Ocp M. (3.51)
With some effort one can show that these constraints transform in the
Rauaa = (3875 @ 147250) ¢ (16 2-248 ¢ 3875 ¢ 30380) , (3.52)

of which the last four representations correspond to (3.49) and (3.51) and are only
relevant for a non-vanishing 6. Notably, the 779247 representation which is not
excluded by group theory arguments and could in principle show up among these
constraints is explicitly absent. We shall come back to (a proof of) this fact in the next
section.

The second equation in (3.51) implies that the singlet 1 and the vector 248 com-
ponent of the embedding tensor cannot be switched on simultaneously. Absence of the
vector O corresponds to the theories without gauging of the RT scaling symmetry.
As these theories have been discussed in detail in [8], we shall in the following assume
a non-vanishing vector 6., and thus a vanishing singlet component 7V O .\ of the
three-dimensional embedding tensor.
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Let us finally discuss the particular gaugings for which © .y = 0 and which are thus
complementary to those constructed in [8]. In this case, the only non-trivial quadratic
constraint on the remaining component #; comes from (3.49) and is given by

!
((]Pl)MNICE + (P3875)M/\/']C£> Ol = 0. (3.53)

As in higher dimensions, this condition can thus be viewed as the “analogue of a pure
spinor” (3.14) for the exceptional group Egis). We can use the same technology in
order to find its general solution. As the calculation is somewhat more involved that
for the higher-dimensional cases, we defer the details to appendix B and just present the
solution here. Decomposing 0, under Ez(7y x R* into components (7, ., &, £a, 7m, 1)
according to the decomposition'?

248 — 17 a56M 01°0133° @56 @172, (3.54)

the general solution of (3.53) can be expressed in terms of the 58 parameters 7, 7,,, £

as

6

5& - —— ta mnnmnny
77( )

. ¢ 24

T = ~Nm— —5 )m" )P I np 1,
n 72 P

. e 2

o= =—=-£%. (3.55)
noon

We note that the second term in 7j is related to the quartic invariant (t ) (t)™ e Mm
of Er(7y. Like for E;(7) above, the explicit solution (3.55) in terms of 58 parameters
shows that a vector subject to the bilinear condition (3.53) represents a very compact
way to describe the non-linear conformal realization of Eg(s) given in [34].

3.5 Summary

We have in this section explicitly constructed the gauge group generators of the gaug-
ings of maximal supergravity that involve also a gauging of the on-shell scaling sym-
metry (1.1). In dimensions 3 < D < 6, these generators are given by (2.18) with the
respective values of ( computed above in the various subsections. The possibility of a
local scaling symmetry gives rise to another set of parameters 6,; within the embedding
tensor that transform in the dual vector representation. We have worked out for all
cases the quadratic constraints on the embedding tensor required for consistency. In
particular, for those gaugings that are exclusively triggered by the new parameters 6,,,
we have furthermore given the explicit solution of these consistency constraints in all
cases.

12Here, we use indices m and o for the fundamental 56 and the adjoint 133 of E7 (), respectively.
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While so far we have only derived the necessary algebraic consistency constraints,
it remains to show that every solution to these constraints (e.g. to equations (3.36),
(3.37) in D = 4 dimensions) indeed gives rise to a consistent theory. In particular, it
remains to determine the deformed field equations — as the theory no longer admits
an action, the analysis must be performed on the level of the equations of motion.
This will be the subject of the next section. We pick the example of the maximal
D = 3 supergravity, for which the algebraic structure is the most involved one, and
show how the equations of motion must be modified under gauging in order to remain
supersymmetric.

4 Supersymmetry

In this section we will take as an example the maximal three-dimensional theory and
work out the full set of the deformed equations of motion. In particular, this will
show that the quadratic constraints (3.49), (3.50) are sufficient for consistency of the
theory, in other words, that every solution to these equations defines a consistent and
maximally supersymmetric gauging in three dimensions. Upon dimensional reduction
the algebraic structures which connect gauging and supersymmetry are embedded into
the increasing symmetry algebras. The results of this section thus give some strong
evidence that also the algebraic constraints we have derived in sections 3.1 — 3.3 for
the higher dimensions are sufficient for compatibility with supersymmetry.

As we have repeatedly mentioned, the resulting theory does not admit an action.
The analysis must therefore be performed on the level of the equations of motion.
After reviewing the three-dimensional theory we analyze the deformed supersymmetry
algebra and in section 4.4 we derive the full set of the deformed equations of motion
(to lowest order in the fermions).

4.1 The three-dimensional theory

We recall some basic notations of the maximal three-dimensional supergravity and its
gaugings, see [35, 8] for details. Also we have collected in appendix A.1 our conventions
for the exceptional group Egs).

The scalar fields in three dimensions are described by an Eg(g)-valued matrix YyM M,
with the two indices labeling the 248-dimensional adjoint representation and indicating
the transformation properties

5V = AV—Vh(z), Acess . h(x)Eso(l6), (4.1)

under global Eg(s) and local SO(16), respectively. In particular, it is customary to split
the group matrix according to VM, = {VM;;, VM 4}, according to the decomposition
of egs) into its compact subalgebra so0(16) = (X!/1) and 128 noncompact generators
{Y4}. Here I, J,... and A, B, ..., respectively, label the 16 and 128, representations
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of SO(16). Eventually we will also need indices A, B, ... labelling the conjugate spinor
representation 128,. Naturally we will also encounter SO(16) gamma matrices I', ; in
what follows. We will freely raise and lower SO(16) indices.

In this basis, the Cartan-Killing form nan of Egs) takes the form

v VYW = =261, VMV = dan (4.2)
and the Eg(g) structure constants f/\’W K can be expressed as
fMNIC _ VMMVN.MV}CE f/\/lNlC
= VMYV (6T 5EMGNT) - VM VN DR (TH ) L (43)
The inverse matrix VM, is defined by'?
VEL VM = 208 vAL VM = 05 . (4.4)

The standard gaugings are defined in terms of the embedding tensor © . The
fermionic mass terms of the theory as well as the scalar potential can be expressed in
terms of the T-tensor

TM\N = @MNVMMVNi, (4.5)

obtained by dressing the embedding tensor with the scalar matrix VM. Similarly,
the crucial object in the description of the gaugings with local scaling symmetry will
be the dressed new component 6 ,:

T = O VMu. (4.6)

As © v is restricted to live in the 1 @ 3875 representation of Egg), the same applies
to the T-tensor. It can hence be expressed as

Omn = VMUV Ty
B (A A )
VoVt (T A7)+ VW (T T A7) ()

in terms of three tensors A;, A; and As transforming in the 135, 1920, and 1820 of
SO(16), respectively, i.e. satisfying

1J _ pJI I IA AB 1 IJKLIJKL ACD

In the standard gauged theory (in absence of the RT-gauging), these terms describe
the various fermionic mass term in the Lagrangian while the scalar potential is given

by

W(e) = ig*(abtalt—2al7al) . (4.9)

I3Note that these conventions gives rise to the relations V!’ = nMNVN” = -V and YVt =
A YNA = VA, of. appendix A.1.
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Similarly, we now introduce tensors Br; and B4 in order to parametrize the different
SO(16) components of the new part (4.6) of the T-tensor

O = YTy = LV Bry+ VYV Ba . (4.10)
With the currents
V70, — gAM O tV)V = LoXT 4 pivA (4.11)
we find among the various components of the T-tensor the differential relations
I 4DA
DAl = T A0 P2
DAP = 4 (T AP 4T 435 — (DT 4T ASP) P

2 woo

DuBiy = 3UkpBaPl,  D.Ba = Ui B PY, (4.12)

where D,, denotes the full SO(16)-covariant derivative.

4.2 Implications of the quadratic constraint

In this section we will compute and collect a number of relations that can be derived
from the quadratic constraints (3.49), (3.50) on the embedding tensor. The section is
largely technical and since the algebraic calculations become quite involved we have
made repeated use of the computer algebra system Cadabra [36] to organize and sim-
plify the computation.

We have seen that the gauging of the theory is described in terms of the embedding
tensor, which is parametrized by components © pqar, a4, subject to the relations (3.49),
(3.50). The equations of motion of the theory on the other hand feature the dressed
version of the embedding tensor defined in (4.5) and (4.6). In order to appreciate
the consequences of the quadratic constraint, we will thus have to translate equa-
tions (3.49), (3.50) into relations between the scalar dependent tensors A3 and B
from (4.7), (4.10).

Let us start from the simplest set of constraints (3.51). Its second equation trans-
lates into

P VOunwBa = 0 = "NO,uw By, (4.13)

and as mentioned above, it is automatically solved if O\ transforms in the 3875
and has no singlet component. Plugging the explicit expansions (4.7), (4.10) into the
remaining equations of (3.51) gives rise to the relations

B[JB[J —2BsBy = 0 )
A BN T AP B~ T A B — 0.

8T AJA B, — T T AfP By = 0. (4.14)
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We note that these constraints transform in the 1, 120, and 128, of SO(16), respec-
tively. On the other hand, from evaluating (3.49) for M = [[K] and N = [JK] we

obtain after subsequent symmetrisation and antisymmetrisation in I, J, two equations
in the 135, and 120

8Bk By +8AF BN 4t AP B, — 5, BaBs = 0,

—GA{([IBJ]K — 3FZA A‘QI]A B+ é Fﬁ-{;KL AéB Bgkr = 0, (4.15)
respectively. Instead, choosing in (3.49) M = [IJ] and N' = A and contracting the
equation with ', leads to

0 = T0%; BiyBa— 50 A8 Bk By + 307, Al Ba — AJ* Byy + 317, 4 A{P By

— L(DITR) 5 AP Byie — 21K ALP By — 3(TITY) 4500 APC By . (4.16)
Upon interchanging M and A in (3.49), the same contraction yields
0 = 70, BiyBa— &1 . T3 BBy — 6444 By, + 21, A3P B,

16~ AA
+ 1(0'T") i AJP By — 3T AP By — S(0'T7) 450 A B . (4.17)

Under SO(16) the two equations (4.16) and (4.17) transform in the 128, @ 1920, and
it is straightforward to verify that the two parts in the 128, (obtained by further
contraction with Fg ;) are proportional to the last equation of (4.14).

Finally, we evaluate part of the quadratic constraint (3.50). Choosing M = [JK],
N = [IM], P = [KM] and symmetrizing in (I.J) leads to the relation

0 = AFAK —1alAafd 4 AFUpIN —1irU 4D,
— 35 0" (ATFATE — §AFAATY) (4.18)

in the 135 of SO(16). Choosing in (3.50) M = A, N = [IM], P = [KM] and

contracting with Ff i we obtain
LTUKLPEL AJBACD = 39 ATV AJA 1 9(DITY) 15 ATK AJP 4 10458 AP
— (1117 35 AJCAEC 1 2017, AIVB, + 244 By,
— ITK ALP By + (T'T5) 15 AJP By . (4.19)

Choosing instead M = [IM], N' = [KM], P = A before contracting with ', we
obtain

L DIRLPKL AJBACD = 64 A AJA — 4(DITY) 4 AJK AJP — 22418 445
+ (1) i AQICA3BC + F}];A Al"Ba+ 64A‘2]ABIJ
— 2T'TH) 5 AJP By — 11T, AJP By
— L (DI 4510 AFC By (4.20)
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Again these two equations transform in the 128, & 1920, and one verifies that both
128, parts reduce to the last equation of (4.14). We note that in absence of the vector
O, (i.e. for Bry = 0 = By) all these equations consistently reduce to equations (4.17)
and (4.19) of [8]. Together, we have thus shown that the lowest SO(16) representations
appearing in the quadratic constraint are given by

Rgad = 193-12062-128,63-135904-1920. ... , (4.21)

in agreement with the corresponding decomposition of (3.52). In particular, the fact
that within all the above equations there are only two independent constraints in
the 128, finally proves that there is no Eg) representation 779247 in the quadratic
constraint (3.52). Its presence would have excluded all solutions to the quadratic
constraint with both © s and 6, non-vanishing.

In order to study supersymmetry of the equations of motion in the next section, we
will need the following particular linear combinations of the above constraints in the
the 128, & 1920, representation

0 = 3AVAJN — AIPAJP + 34048, — L AP B DK 4+ 3 AV BT,
— LABB,TL .+ BaBpTY = 3 ATKAKB(DITY) 45 + & AJCADC(TITY) 4
— L AFPB k(DT ) 4 + & ABCBL(TITY) AB% — £ BuBg(D'T75) 44 .
(4.22)

Again, in absence of B;; and B4 this equation consistently reduces to the constraint
derived in [8], section 4.4.

4.3 Supersymmetry algebra

We will now study the effect of the gauging on the three-dimensional supersymmetry
algebra. This will allow us to derive the deformed supersymmetry transformation rules
which we will subsequently use to determine the full set of deformed field equations.
For the standard gaugings (in absence of the vector #,4), the supersymmetry algebra
in three dimensions has recently been computed for all p-forms [31].

For the bosonic fields e,%, V and Aﬁ/‘, the supersymmetry transformation rules are
given by

Se,* = iey*y,", VY = FIAA )‘(Ael Y4,
sAM = 2VM ey, it VM it (4.23)

and do not change upon gauging.'* The fermionic fields appearing in these transforma-
tions are 16 gravitinos 1’ and 128 spin-1/2 fermions y* transforming under SO(16).

40ur space-time conventions are a signature (+ — —) for the three-dimensional metric g, and
ey*rP = —igt¥? for the SO(1,2) vy-matrices.
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In the presence of a gauging their supersymmetry variations are given (up to higher
order fermionic contributions) by

5ew£ = ,D#EI + 19 (A{J + 5 BIJ) 'Y,uEJ )

5EXA — §7M€IF{4A’PS + q <A£A + /62 FIIL‘ABA> EI ) (424)

with the tensors A;, Ay and B from (4.7), (4.10) above and some constants ;2. The
covariant derivative is explicitly given by

Due' = (0,410, v — AL €' + Q7 (4.25)

The effect of a gauging with non-vanishing vector #,, in these transformations is fur-
thermore reflected by the terms in B;; and B4 which are entirely determined by their
index structure up to the global factors 3; 5. The latter are fixed by demanding closure
of the supersymmetry algebra into diffeomorphisms, Lorentz transformations, SO(16)
transformations and gauge transformations:

[5617 562] = 5& + 5w + 5h + 5A . (426)

Setting 51 = —1, [y = i , one can verify that the supersymmetry transformations
(4.23), (4.24) close on the vielbein e,* and on the scalar fields V into the algebra (4.26)
with diffeomorphism and gauge parameter given by

o= —15[1[7“62}17
MM = =g A —2VM ey (4.27)

On the vector fields, the commutator of two supersymmetry transformations yields
(again up to higher order fermionic terms)

4
[551a 562] A,/:/l = (55 + 5/\) A,/:/l - ? g (ZMPQ VPIKVQJK - 9M51J) fﬁj

e (f,fj + e, VM, P”A> , (4.28)
with fﬁ‘] =—i E[ll 7“62]‘] and the non-abelian field strength
FM = 20, AN + g Xpp™M AV AT (4.29)

In order to arrive at this result, one needs the explicit expression of the intertwining
tensor ZMpgo which may be obtained after some calculation by plugging (4.7), (4.10)
into (3.47):

ZMpo VP Vo = —TOVM AR + VM AR + TyM el AP (4.30)

+ 7V xaBnk — 3 (VMKLBKL — %VMABA> ory -
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A priori, the result (4.28) differs by its last two terms from the expected supersymmetry
algebra (4.26). The last term is precisely the duality equation between scalars and
vector fields in three dimensions and signifies the fact that the supersymmetry algebra
closes only modulo the equations of motion [31]. In order to understand the second
term in (4.28) we recall that in the gauged theory the vector fields always appear
contracted as © MN Aﬁ’l or O A{f‘. Under this contraction, the second term in (4.28)
consistently vanishes as a result of the quadratic constraints (2.27) and (3.51).'°

We have thereby established the full set of deformed supersymmetry transformation
rules for the general gauged theory in three dimensions.

4.4 Equations of motion

We have now all the ingredients to derive the full deformed theory. As the gaugings with
local scaling symmetry do no longer admit an action, one must consider the deformation
directly on the level of the equations of motion. The general gauging is parametrized
by an embedding tensor with components O vxr, 01 which defines covariant derivatives
according to (2.15), (2.18). For non-vanishing 6, the gauge group also includes the
generator of the scaling symmetry (1.1). The embedding tensor defines the scalar
field dependent tensors A; 3 and B which show up in the modified supersymmetry
transformation rules (4.23), (4.23) derived in the last subsection.

In the computation of the supersymmetry algebra (4.28), we have already met the
first dynamical equations

I (J—"WMJreaw,p M, PPA) ~ 0,
Ot (Fuu™ + ez VYL PPA) = 0. (4.31)

Note that this first order duality equation between vector and scalar fields is only
imposed under projection with 5 mn and 6y, respectively. This implies that not
the full set of bosonic field equations but only a projection thereof can be retrieved
from integrability of this equation. In particular, all contributions from a possible
scalar potential will be invisible in the second order scalar field equations obtained
from (4.31).
In order to find the full set of field equations, we start from the equations of motion
of the gravitino of the ungauged theory [35]
iy Dy, — %’V”V’JXAFQAPZ‘ = 0. (4.32)
Upon gauging, derivatives are covariantized, i.e. D,, — D,, Pf — 73;4. Moreover, in
absence of a f,, the right hand side of this equation is modified by terms proportional
to the tensors A; and Ay from (4.7) [8]. It is thus natural to assume that for the full

15As in [31] one may alternatively absorb this term into additional gauge transformations related
to the further introduction of two-form tensor fields.
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gauging the r.h.s. also receives corrections proportional to the tensors B;; and B4. Up
to factors « o, these are entirely determined by their SO(16) structure:

1 .
"Dy = 7N TP = =g (AT + an Bric) 97y
+ig <A£A +ay F;ABA> A (4.33)

In order to verify consistency and to determine the factors a; o we compute the trans-
formation of this equation under supersymmetry. We will in this calculation neglect
cubic terms in the fermions, i.e. only consider variation of the fermionic fields in (4.33).

The first term gives rise to a contribution involving the commutator of two covariant
derivatives (4.25) which can be simplified using (2.11) to

. v I ] v 1J _J 1 I 117 ab 1
i D,Dyet = ™ (Qwe — 3 Fwe + R %be)

= %VQ;IMJ: el + %((ﬁ(ﬁw)_%gﬁu ﬁ) Y — %-EWVPW _ %}"fm%) .

(4.34)
with the abelian field strength F,, = gfz ]—1{‘;‘ and
Q7 = 20, Ol +20KI QK = AP PAPE — gFMO VY s, (4.35)

obtained from integrability of (4.11). Likewise, variation of the second term on the
Lh.s. of (4.33) creates terms bilinear in 77/;4 which after some calculation simplify to

Ly TELPAPEE - Li( PPt — L PP el (4.36)

The total variation of the Lh.s. of (4.33) is thus given by the sum of (4.34) and (4.36)
together with the order g contributions from (4.24). Altogether we obtain

de(Lhs.) = %i<7€(p“) — %g”“ R — PrApHa | %gp“ P”APVA>7M61
— %igyp“”]:ﬁ (:)MNVNU —— iiy”“l’fwel - ii .7:’)“7#61
— 97" D, ((A{" — Bu)%e") — 397" Py (Aé’A +10) ABB> e’

Using the duality equations (4.31) to replace the various field strengths and the differ-
ential relations (4.12), this variation reduces to

Slhs) = Li(RW — Lo R — praprd 4 Lo prapt)a, el
+gT AP PO — Lo By PPACT 4 LgB PPl + Loy By P!
- g™ (FXAA?A + %FQ‘%BB> P e’ — g7 (A1” — Bry)y, Dye’

+ 37T (434 + 415 3Bs ) P’ — Lorl (AJ4 + 1T B Pote?
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where we have also made use of the relation VM, © VM = F[j AAg]A—i-iF%BBB,
obtained from (2.18) with (4.7), (4.10). Collecting terms, we finally arrive at

0(lhs) = Li(RW — Lgm R — praped 4 Lo prap)y,
— Lg(4r A5 + 301, By — 3577 By ) (P + 7Pt )
—g(AY — Brj) D, (4.37)

While the first term will be part of the Einstein equations, the remaining terms cannot
be part of any bosonic equations of motion and must therefore be cancelled by the
variation of the r.h.s. of (4.33). As this variation is given by

Sc(rhs) = —g(AlY +ay Bry) "D, e’
— 39T (AP + aa T B ) vy Pl + O(gY), (4.39)

_3
1
against (4.37). Tt remains to study the order ¢g* terms in (4.38). Note that by now we

one observes immediately that with oy = —1, ay = all terms in order g cancel
have fixed all free parameters, i.e. the remaining terms pose a non-trivial consistency
check on the supersymmetry of the equations of motion. Applying the order g variation
on the r.h.s. of (4.33), we obtain

56(92)(1"-}1-5-) = —2ig’ (A{K +a BIK) (A{“ - BKJ) 7€’
+ig? (Aé“‘ +apl]) ABA) (AgA +177 ABB> vl . (4.39)

The result can be simplified upon expanding the products and using the bilinear rela-
tions between the tensors A; 23, B, derived in section 4.2. We first observe that the
combination 24;A4; — Ay Ay can be replaced using (4.18). Furthermore, by virtue of
(4.14) and (4.15) we can eliminate all the I B4 A, terms and obtain altogether

(56(92)(1'.}1.8.) = —Zgz <(2(O&1 — OZQ) + %) B_[KBJK + (2(1/1 — 3@2 — 1_1;) B[KA{K
(a2 + 3) By AL — 3 67 (AR ARE - AFAAKA — ByBy)) yre
(4.40)
Remarkably, with the choice ay = —1, ag = —% imposed earlier, the first three terms

in this variation vanish and the result is again proportional to ¢’/ and can thus be
absorbed into the Einstein equations, as required for consistency. Combining (4.40)
with (4.37) and (4.38) we thus finally obtain the modified Einstein equation

7/2\'(#1/) - %g,uuﬁ = 73’:‘7);4 - %guu PpAP:‘ - %guu W(Qb) ) (441>
with
W(o) = 1g*(Abalt + BaBy — 241 A1) (4.42)
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playing the role of an effective (scalar field dependent) cosmological constant in this
equation. Comparing this result to (4.9), we observe that the effect of a gauging
of the scaling symmetry R is a positive contribution to this effective cosmological
constant. The same effect will occur in the corresponding higher dimensional theories.
In standard gravity theories the scalar dependent function W(¢) would correspond to
the scalar potential from which in particular also the scalar masses are derived. This is
different in the presence of an RT-gauging: as the resulting theory does in general not
admit an action, it is not clear if the mass contributions to the scalar field equations
descend from a scalar potential — and we will see in equation (4.44) below explicitly
that this is not the case. To this end, we note that the variation of (4.42) is given by
SW(¢) = —igT! . <3A{JAgA — ALBAMB 4 1p ABUBB> 5YA | (4.43)
as can be derived from the differential relations (4.12) upon replacing Plf by 624,
By calculating the supersymmetry variation of the gravitino field equation we have
thus fixed all unknown coefficients in this equation and obtained the modified Einstein
equation up to its fermionic contributions. The latter may in principle be obtained by
repeating the calculation including all higher order fermionic terms. The remaining set
of equations of motion are the Dirac equation for the spin-1/2 fields and the scalar field
equation. These may be determined in complete analogy to the calculation presented.
Rather than going once more through the technical details, we just present the resulting
equations:

YDt = 4y Ul P g (AR AT Ba) i — g (AR LB T ) P
DrpA = gl (3 AV AJA — AGB AL 9By, A — 2T ABUBB> L (4.44)

The quadratic constraint (4.22) crucially enters in the derivation of these equations. We
have thus obtained the full set of deformed equations of motion for the general gauged
maximal theory in three dimensions to lowest order in the fermions. Comparing (4.44)
to (4.43) one observes that the scalar mass terms (the r.h.s. of (4.44)) for non-vanishing
Ba do not descend from the potential W (¢). This is another manifestation of the fact
that the resulting theory does not admit an action.

5 Conclusions and Outlook

In this paper we have constructed the gaugings of maximal supergravity in which the
trombone symmetry (1.1) becomes part of the local gauge symmetries. We have set
up the algebraic formalism to describe these theories as an extension of the standard
gaugings. More precisely, the gaugings are parametrized by a constant embedding ten-
sor © v® which has irreducible components (©,,%,0y/). In case the second component
is zero, 6y, = 0, these theories reduce to the standard gaugings with gauge group inside
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the duality group G. Non-vanishing ,; on the other hand amounts to the inclusion of
the scaling symmetry (1.1) into the gauge group.

The explicit form of the gauge group generators is given in (2.18) where the value
of ¢ has been determined in section 3 for the maximal supergravities in various di-
mensions. As a result we find that gauging of the scaling symmetry (1.1) necessitates
simultaneous gauging of certain generators within the duality group G. We have worked
out the algebraic consistency constraints bilinear in the components (0%, 60,). For
the particular class of theories with ©,, = 0 (which thus correspond to a “minimal”
gauging of the trombone symmetry), we have explicitly constructed the general solution
to these consistency constraints. Interestingly, this solution relies on a generalization
of the “pure spinor” structure of SO(10) to the higher-rank exceptional groups.

Finally, we have for the example of the three-dimensional theory worked out the
deformed supersymmetry algebra and the full set of equations of motion. In particular,
we have shown that gaugings involving the trombone symmetry are compatible with
supersymmetry provided the components of the embedding tensor satisfy the aforemen-
tioned algebraic consistency constraints. Since these theories in general do no longer
admit an action they must be constructed on the level of the equations of motion which
are uniquely determined by supersymmetry.

As a generic feature of a gauging of the trombone symmetry we have found a
positive contribution to the cosmological constant. The same shows up in the cor-
responding higher-dimensional theories. The existence of a ten-dimensional de Sitter
vacuum in the theory of [13, 14] has been investigated in [17]. From this point of
view it will be interesting to analyze the general structure of the equations of motion
and their solutions for the theories with “minimal” gauging of the trombone symmetry
given in this paper. Another interesting question is about the structure of theories for
which both components ©,,“ and #,; are non-vanishing. The presence of additional
deformation parameters ), as compared to the standard gaugings (which moreover
give rise to positive contributions in the cosmological constant) may prove useful in
the search for stable de Sitter vacua in N > 1 supersymmetric theories which to date
seem extremely rare [37, 38]. Of course, a higher-dimensional interpretation for these
additional deformation parameters would be highly desirable.

Let us finally discuss another intriguing aspect about the theories we have con-
structed. It is well known that the representation in which the embedding tensor
transforms under G in the standard gaugings (column ‘©’ of table 1) is the represen-
tation dual to the totally antisymmetric (D — 1)-forms of the theory as predicted from
the underlying very extended Kac-Moody algebra Ej; [39, 40]. More precisely, the
embedding tensor can be identified with the integration constants which arise upon
solving the non-dynamical field equations for the (D — 1)-forms [31]. In contrast, the
additional gaugings we have constructed allow for additional components 6,; of the
embedding tensor transforming in the representation dual to the vector fields. For
these constants there is no dual (D — 1)-form in the field content of the theories, i.e.
an Eq; origin of these theories is a priori unclear. However, following the discussion in
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the introduction, the trombone symmetries in the various dimensions seem intimately
linked to the duality groups G, such that one would expect that all these gaugings can
be cast into a common framework. Indeed, some observations hint in this direction:
Inspecting a little closer the full field content as predicted by Eqq, as given in the tables
of [40], one observes that there does exist an object in the correct G representation with
D —1 space-time indices which however is not an antisymmetric form but a tensor with
mixed symmetry CM

w,[v1va...,vp_a]
propagating degrees of freedom (see e.g. [41]) and can consistently be set to zero. It is

. Like the (D — 1)-forms, such a field does not possess

a highly intriguing question if the presence of such tensors with mixed symmetry could
in some way trigger the deformations of the presented type.

In fact, the pattern continues: the antisymmetric D-forms in standard gaugings
turn out to transform under G in the representation which is dual to the quadratic
constraint on the embedding tensor [31]. As we have shown in this paper, the pres-
ence of the additional components 6,; gives rise to additional quadratic constraints,
cf. equations (3.13), (3.26), (3.38), (3.52), for the various dimensions. Comparing these
additional representations to the tables of [40] we find again a matching of representa-
tions with tensors carrying D space-time indices with mixed symmetry structure!

After reduction to D = 2 dimensions, all these tensors embed into representa-
tions of the affine symmetry algebra Eg). Table 1 shows that remarkably under this
algebra there is no longer a difference between the theories triggered by the new pa-
rameters 6 and the standard gaugings: both © and € combine into a single irreducible
(infinite-dimensional) representation of Eggy [25], suggesting that also under the bigger
algebras Eiy and Eq; there should be a uniform and common structure underlying all
the gaugings.

Along these lines, let us recall that as we have seen throughout the construction,
gaugings that involve a local trombone symmetry do no longer admit an action and
have thus been constructed on the level of the equations of motion. This is by no
means surprising since they involve the gauging of a symmetry that was not off-shell
realized. However, a similar fate applies to part of the duality groups G in even space-
time dimensions. E.g. in D = 4 dimensions (depending on the electric frame chosen)
only an SL(8) subgroup of G = Er(7) is realized as a symmetry of the action while
the full E7(7) can only be realized on the combined set of equations of motion and
Bianchi identities [2]. Nevertheless, in this theory it is possible to gauge subgroups
within the full E7(7) on the level of the action — upon introducing further higher-rank
p-forms [42]. The same pattern extends to all even dimensions [24, 25, 26]. It would be
very exciting (and further complete the presumed E;; picture underlying the theory)
if also the theories presented in this paper could be lifted to an action precisely by
introducing precisely the additional higher-rank tensors of mixed symmetry mentioned
above. In this respect we mention the recent construction of a parent action for the
dual graviton — the simplest of all tensors with mixed symmetry — which is based
on Stiickelberg-type couplings to higher-rank tensor fields in a way reminiscent of the
structures appearing in gauged supergravity [43].
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Appendix

A Algebra conventions

A.1 Egg) conventions.

The algebra eg(s) is generated by 248 generators 7

[tatn] = fan™ e, (A1)

which may be split into 120 compact ones X!/ = —X 1), corresponding to the maximal
compact subalgeba s0(16) of the algebra, and 128 non-compact ones Y4, with SO(16)
vector indices I, J,... = 1, ..., 16, and spinor indices A, B, ... = 1, ..., 128. Dotted indices
A, B, ... label the conjugate SO(16) spinor representation. An extra factor of % always
appears when summing over antisymmetrized index pairs [/.J]. Eg) indices are raised
and lowered by means of the Cartan-Killing metric

1
mux = oo Trtuty (A.2)

In the SO(16) basis, the components of the Cartan-Killing form are 7% = §4% and
plIKL = 0§51

are given by

and the completely antisymmetric structure constants of the algebra

1
promLan _ _ggugl graas_ Lpo (A3)

An important object is the group-valued scalar matrix WMy, = {VM;;, VM) Tt
satisfies

v VWV = =261, v VAWV g = 645, (A.4)
which allows to express its inverse explicitly as

VM _ VIJM — _VMIJ
M Vi = Wt

UMNVNIJ

A5
N YNA (A.5)

The fact that the structure constants (A.3) are Eg(s) invariant tensors and thus invariant
under contraction with VM, is reflected by equations (4.3).
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A.2 Eyy) conventions and identities.

The algeba e7(7) is generated by 133 generators ¢,

[tav tﬂ} = focﬁwtv' (A6>

Its fundamental representation has dimension 56; indices m,n = 1,...,56, can be
raised and lowered with the symplectic matrix €2,,, where we use north-west south-
east conventions

X = Q"X Xp=X"Qp . (A.7)

We raise and lower the adjoint indices o, 3 = 1,...133, with the invariant metric
k% = Tr(t*t?) proportional to the Cartan-Killing form. It is related to the structure
constants f,3”7 as

foé,y(sfﬁ(g7 =3 R~g - (A8>

By performing various contractions, one can prove the non-trivial relation (3.31)
between L7(7) generators

()" (ta)n! = 2680, 4+ L6008 + ()i (ta)™ — L Qn Q. (A.9)

247"m=-n 127m%n

E.g., contracting the indices k and n, we find in particular
8 (1) m  (ta)s = 198 . (A.10)
We will need some more identities for this algebra. The first one takes the form
O ) (1) o (£0) 1 (£5)"™) + 2(t°) " (ta) 160 = 5 Qo (E)7(22)"™) . (AL11)

Note that this identity is antisymmetric in [mn] and totally symmetric in (pgrs). The
existence of such a relation thus follows from the fact that there are only two indepen-
dent invariant tensors with this index structure (only two singlets in in the correspond-
ingly symmetrized tensor product of fundamental representations). The coefficients
can be determined by performing various contractions.

In a similar way we obtain another important relation which is totally symmetric
in indices (klmnpq):

(#7) ()™ (ta)? + 8(ta) (%), " (#7)S! (1) ™" (2P = 0. (A.12)

A.3 Eg) algebra in the E;7) x SL(2) basis

Under its maximal subgroup Er(7) x SL(2), the adjoint representation of Egg) breaks
as

248 — (133,1) @ (56,2) @ (1,3) . (A.13)
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Accordingly, we split the generators o into to, ¢, and t(), where m and o denote
the fundamental and the adjoint representation of Er(7), respectively, while a, b denote
the doublet of SL(2) In these generators, the algebra takes the form

tas ts] = fag’ts, [t te) = 200, 6000 ter)
[tm,aa t(bc)] = €a tm, c) [tm,aa ta] — (ta)mn tn,a ;
[tm,aa tn, b] = 1_12an t(ab) + €ab (ta)mn to - (A14>

Here, we use the E7)-invariant tensors introduced in section A.2 and the SL(2)-
invariant e-symbol €.

B Solution of the Eg;) constraint (3.53)

A particular class of gaugings we have studied in this paper are those theories which
are triggered by a single constant vector 8,,. In three dimensions, this vector is subject
to the quadratic constraint (3.53)

!
((Pl)MNKL + (P3875)MNK£> O, = 0. (B.1)

In this appendix we will analyze in detail this quadratic constraint and derive its general
solution given in (3.55) in the main text. Explicitly, the constraint (B.1) reads

oMo = 0, OpmOn — 3 mfno“bpb. = 0. (B.2)

B.1 The constraint under E;7 x SL(2)

In order to solve the constraint (B.1), we employ the same technique that allowed to
explicitly solve the pure spinor constraint (3.14) in D = 6 and its analogues (3.27),
(3.39) in D = 5 and D = 4, respectively. It is useful first break Eg(s) under its subgroup
E77y x SL(2) as given explicitly in section A.3 above. The adjoint representation
breaks according to (A.13) such that we can parametrize the vector 6, by components
{00, 0.0, 0(ar)}- The constraint (B.1) under this subgroup breaks into

1®3875 — 2-(1,1)®(1539,1) ® (56,2) @ (912,2) ® (133, 3) . (B.3)

As a first step we will express this constraint explicitly in terms of the E77) x SL(2)
components {6y, O q, Oap) }. To this end, we start from the general E7(7) x SL(2) singlet
bilinear in the components of 6,

o, = ged) Ocay +0 ecd Qkp Or,c0pa+ 70,07, (B.4)

labeled by two relative coefficients o, 7. With respect to Eg), the general bilinear
expression in 6, transforms in the representation

(248 ® 248),,, = 1@ 3875 @ 27000 . (B.5)
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In order to identify the constraint (B.1) we seek within the three linearly indepen-
dent singlets (B.4) the two combinations corresponding to the r.h.s. of (B.3), i.e. the
two singlets descending from the Eg(g) representations 1 and 3875 — while the third
combination corresponds to the singlet descending from the 27000.

To this end we compute the action of an Egg) generator t,, , on ®,,. As 0y
transforms in the adjoint representation of Egg), this action can directly be deduced
from (A.14). The result is given by

tma Por = & (0—12) €0 cOaa) + 2 (0 4+ 7) (t%) " b0 O - (B.6)

This shows that ®15 ;5 is an Egg) singlet, i.e. we have identified the singlet descending
from the 1 of Eg(s). Applying another generator ¢, ;, on (B.6) and contracting all free
indices gives rise to

Qe byt Py = F (12— 0) 0 Oy + 4 (0 + 7)0%0,
—1(12 =200 — 197) Q™€ O, O 1, - (B.7)

Note that the operator C = Qe tn,blm,q acting on ®,. is proportional to the
quadratic Casimir of Eg(s). Diagonalizing its action (B.7) we find

1
12 C'q) 9 108 — 3_q)79 108 , (BS)

C"I)12,712:07 C- o, = 80, 2,—18

9 — 2 __2US

12
7 T 707133 3 707133

“"w

and can thereby identify the singlets ®15 ;2 and ®: descending from the 1 and the
3875 of Eg), respectively.
The full constraint (B.1) can thus be obtained as the Egg) orbit of the second

singlet. The action of two Eg) generators on CID%% is given by

12 12
707

7tn,b “tm,a (I)%,% = —Q,necd Q(bc) H(ad) -+ (ta)nm Qoﬂ(ab) (Bg)
-6 €ba ECd gm, c Hn,d -6 gm, b gn,a
-+ 48 €ba (ta)mk (tﬁ)kn Hg Ga + 48 (ta)mk (tg)np Qkya (9p7b .

By various contractions one finds from this equation and from (B.6) the different parts
of (B.3). As a result, we give the constraint (B.1) explicitly in terms of the components

{eaa em,m Q(ab)}:

0D O gy + 1260 0, 0, 4 — 120,0° = 0, (1,1)q)
0D gy + 126 QP 0y 0, 0 +120,0° = 0, (1,1)s75)
€O o Oaty — A1) " Onabe = 0, (56,2)
Oo Oiay + 6 (1) ™ O 0Oy = 0, (133,3)
|

€ O 0 Onp — 6 (t) " ()i 00 05 — trace 0. (1539,1) (B.10)

We have left out the constraint in the (912,2) which is obtained by the action of
three Egs) generators on <I>12 12. As we shall see in the next section, this part of the
constraint is automatically satlsﬁed and does not lead to new constraints.
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B.2 Solving the constraint

For the explicit solution of (B.10), we further break these equations under Ez() X
R*. According to the decomposition (3.54), we break the vector 6, into components

(777 ﬁm7 6) faa Nm; 77) defined as

= 0un, §=04, n=0,
ﬁm = 9m,+7 nm = em,—v ga = 004) (B11>

where we have broken up the SL(2) components introduced in the last subsection. In
terms of these components, the full set of constraints (B.10) takes the form

i — 4120 i, — 66,60 = 0, (1)
i =T+ 120 iy + 66,6 = 0, (175)
il — € + 4 ()" €0l = 0, (567

Niim — &N — A ()" Eamy = 0, (567
Eall +6(ta) ™ imiln = 0, (13372)

€l +6(ta)™ finne = 0, (133°)
Ea +6(t)™ N = 0, (13372
= 0, |

ﬁ[m ] — %anﬁkpﬁknp - 3(ta)[mk (tﬁ)n]k&?ga + %anfaga

2*! which we will justify

where again we have left out the two equations in the 91
shortly.

In analogy to the higher-dimensional cases, we start from a given set of 57 param-
eters 7, 1, and try to determine the remaining ones by virtue of (B.12). Equation

(13372%) directly determines &,

6 mn
S = = (ta) ™" (B.13)
With (5671), we find for 7,
~ g 24 o n
=i = g ()" (ta ) 1 g (B.14)

Equation (133") is then automatically satisfied. Its verification requires the vanish-
ing of the term quartic in 7,, which simply follows from the absence of an adjoint
representation in the totally symmetric tensor product (56%%)sym.

Continuing with the 13372 we obtain after using (B.13), (B.14)

6 96
ﬁfa - _? (ta)mn Tm Tin 62 - F (ta)mn (tﬁ)mk (tﬁy)nl N 55 g’v : (B'15)
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The last term can be simplified by means of the identity (A.12). Multiplying the latter
with six 7,,’s, we find

()™ () ()l e 56, = £ E5E a

Equation (B.15) can be solved by setting

22
o= ——=-&. (B.16)
non
We have thus determined all unknown parameters and verified the solution (3.55).
It is straightforward to check, that the two singlets in (B.12) are automatically satisfied
with (B.13), (B.14), (B.16). Furthermore, the 56™* reduces to

2
0 = " (nm &7 €5 — 8 (t")m" (t°)n" . &a 65) , (B.17)

which can be verified upon multiplying the identity (A.11) with five 7,,’s. Finally, the
1539° reduces to

12 (0% T (0% s
0 = i <2n[n(t Yol (ta) T Mg + ()™ (1) i ()P (£0) npnqnms)

— trace , (B.18)

which is another consequence of (A.11).

We have thus verified, that the solution (B.13), (B.14), (B.16) satisfies all constraint
equations (B.12). In principle, there are two more equations to verify which transform
in the 912*!. However, with the given solution all constraint equations translate into
relations among a product of 7,,’s transforming in the fundamental 56. Since there is
no 912 representation in the corresponding completely symmetrized tensor products
of the fundamental 56, every such constraint is automatically satisfied. This finishes
the proof of (3.55).
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