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Correlation functions of the open XXZ chain II

N. Kitanine!, K. K. Kozlowski?, J. M. Maillet?,
G. Niccoli*, N. A. Slavnov®, V. Terras®

Abstract

We derive compact multiple integral formulas for several physical spin cor-
relation functions in the semi-infinite XXZ chain with a longitudinal boundary
magnetic field. Our formulas follow from several effective re-summations of the
multiple integral representation for the elementary blocks obtained in our pre-
vious article (I). In the free fermion point we compute the local magnetization
as well as the density of energy profiles. These quantities, in addition to their
bulk behavior, exhibit Friedel type oscillations induced by the boundary; their
amplitudes depend on the boundary magnetic field and decay algebraically in
terms of the distance to the boundary.

1 Introduction

The Hamiltonian of the Heisenberg XXZ spin-1/2 finite chain [1] with diagonal
boundary conditions (namely with longitudinal boundary magnetic fields) is defined
as [2,3]

M-1
H="> {onor 1 +0hol  + A (0507 — 1)} +hoof + hyoi. (1.1)

m=1
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M
This is a linear operator acting in the quantum space H = ® H,,, H,, ~ C2, of
m=1
+

dimension 2™ of the chain. In this expression, 0., 0%, denote local spin operators
(acting as Pauli matrices) at site m, A is the anisotropy parameter and hy are the
boundary (longitudinal) magnetic fields.

We have recently developed a method to compute the so-called elementary blocks
of correlation functions for this model (see [4], that we refer to as Paper I in the
following) in the framework of the (algebraic) Bethe ansatz [5-18] for boundary in-
tegrable systems [2,3,19-31]. The results essentially agree with previous expressions
derived from the vertex operator approach [32,33]. The purpose of the present paper
is to obtain the physical spin correlation functions for this model, in particular, the
one point functions for the local spin operators at distance m from the boundary as
well as several two point functions (like boundary-bulk correlation functions). There
are numerous physical interests in such quantities that can be measured in actual
experiments [34-46].

In much the same way as in the bulk case [47-52], the computation of the physical
correlation functions amounts to obtain effective re-summations of the multiple inte-
gral representations derived for the elementary blocks. For example, the one point
functions at distance m from the boundary, such as the local magnetization (o7,),
can be written as a sum of 2™ elementary blocks. We will show how to obtain com-
pact expressions for such objects, typically involving the sum of only m terms, each
containing multiple integrals whose integrants have a structure similar to the one of
the elementary blocks. In the free fermion point we are able to compute these multi-
ple integrals (and hence the corresponding correlations functions) almost completely
by reducing them to single integrals. For instance the local magnetization and the
density of energy profiles (a quantity of interest in the study and the understanding
of the interplay between quantum entanglement and quantum criticality [53-61]) are
expressed as single integrals. Hence, their asymptotic behavior at long distance m
from the boundary can be explicitly evaluated. In addition to the bulk constant value
they exhibit Friedel type oscillations [44-46, 60, 61], algebraically decaying with the
distance m, their amplitudes being rational functions of the boundary magnetic field,
in agreement with field theory predictions [38-42,62-70].

We start this paper with a short technical introduction concerning the algebraic
Bethe ansatz approach to the open XXZ spin-1/2 chain subject to diagonal boundary
magnetic fields. This preliminary section is followed in Section [J by a reminder
of the method proposed in [4] to compute correlation functions of open integrable
models in the framework of algebraic Bethe ansatz. In Section f| we obtain formulae
for the action of local operators on arbitrary boundary states in a form suitable for
taking later on the thermodynamic limit. Using these results, we derive a series
representation for the generating function (Q,, (x)) of bulk-boundary ¢* correlation
functions in Section . This formula is the boundary analogue of the original series [49]
in the bulk case. In Section [, we obtain a formula for (Q,, (x)) alternative to the one
inferred in Section . We also give multiple integral representations for (o +101) and
for the local density of energy. These formulae are obtained by a direct resummation



of the corresponding elementary blocks. It is worth stressing that we actually have two
representations for their integrand. The first one is in the spirit of the bulk case [52]
and involves the Izergin determinant representation [71] for the partition function of
the six vertex model with domain wall boundary conditions. The second one involves
the Tsuchiya [72] determinant representation for the partition function of the six
vertex model with reflecting ends. The next section is devoted to the free fermion
point. For that case are able to reduce the multiple integrals to one dimensional ones.
This allows us to write the leading asymptotics of the local magnetization and of
the density of energy profiles as well as of the (a;rI 4107 ) correlation function. Our
conclusions are presented in the last section.

2 The open XXZ spin-1/2 chain

The spectrum of H can be obtained by algebraic Bethe ansatz (ABA) [3]. The
central tool of this method is the boundary monodromy matrix, which will be defined
after we introduce some necessary notations.

Here and in the following we adopt the standard parameterizations A = coshn
and hy = sinhncoth&y.

Let R: C — End(V®V), V ~ C?, be the R-matrix of the six-vertex model,
obtained as the trigonometric solution of the Yang-Baxter equation:

1 0 0 O
R(u) = sinh (u + ) R(u), with  R(u) = 8 ZC)EZ; ggzg 8 , (2.1)
0 0 0 1
and
sinh u sinhn
"= Gante+ T Snn(u ) (2.2

The bulk monodromy matrix T'(\) € End(Vy ® H), Vo =~ C2, is defined as an ordered
product of R matrices:

A(N) B
T = —_ .. — = . 2.
0(A) = Romr (A= &) -~ Rot (A= &1) ( c D/, (2.3)
The subscript 0 labels here the two-dimensional auxiliary space Vj, whereas subscripts
m running from 1 to M refer to the quantum spaces H,, of the chain. Besides, we
attach an inhomogeneity parameter &, to each site m of the chain. We recall that
T (\) satisfies the Yang-Baxter algebra, on Vp @ Vi ® H:

Roor (A= 1) To (\) Ty () = T (\) Ty (42) Roor (A — ). (2.4)

Let us also introduce the two boundary matrices, K1 (A) = K (A £1/2;&4), where
K (X;€) is the 2 x 2 matrix acting on the auxiliary space:

. [ sinh(A+¢) 0
Kx8) = ( 0 sinh (£ — \) >[0] ' (2:5)



The boundary monodromy matrix U (A) [3] is built out of a product of T (\) and
Ky (M), namely!

up =t eI 0= (2 a0 ) 2.

where

To(\) = Rio(A+& —n) ... Raro (A + Ear — 1)

M
= (DY [lsinh A+ &)sinh A+ & —n)] T (=A+n) . (27)
j=1
This boundary monodromy matrix satisfies the reflection algebra first introduced
in [20]:

Ry (=X -+ 1) U (V) R (—X— po— ) 4 (1)
= Uy (1) Roy (—=X— p—n) UL (A) Royr (A +p). (2.8)

The commuting charges of the XXZ spin-1/2 chain with diagonal boundary con-
ditions are realized by the one-parameter family of transfer matrices:

T(A) =tro[Uo (A) K- (N)] , (2.9)

and the Hamiltonian () is obtained in terms of the derivative %ﬁ\)\) | A=n/2 1D the
homogeneous case §; =n/2,i=1,..., M.

Common eigenstates of all transfer matrices (and thus of the Hamiltonian ([L.1]) in
the homogeneous case) can be constructed by successive actions of B (\) operators on
the reference state |0) which is the ferromagnetic state with all the spins up. More
precisely, the state 2

{AH e =B(A)...B(A)[0) (2.10)

is a common eigenstate of the transfer matrices if the set of spectral parameters
{MT = {)\j}i<j<n is a solution of the Bethe equations

yi AN = (N {A), d=1..n, (2.11)
where
yj (z;{\}]) = ﬁiﬁ(g\ji)‘i?;) ,
(2 {M\}]) = —a(2) d(=z)sinh (z + £ — 1/2) sinh (z + £~ —n/2)
x ﬁs(m o) . (212)

=1

!Note that it corresponds to the matrix U, of our previous article (I). Since we consider only the
‘4’ case in the present article, we do not specify it in the notations.

2In order to lighten the formulae we have slightly changed the notation with respect to the one in
Paper I. Namely, the vector | {A}] )» corresponds to |4 ({A})) in [4]. Such a boundary state should
in particular be distinguished from the corresponding bulk state that we merely denote | {A}] ).



Here and in the following, s (A, 1) denotes the function
s (A, p) = sinh (A + p) sinh (A — p) (2.13)

and the functions a (\) and d (\) stand respectively for the eigenvalues of the bulk
operators A(A) and D(\) on the pseudo-vacuum |0):

M M
A =]]siohA—=&+n),  d)=]]sinh(A-¢&). (2.14)
i=1 i=1

Of course it is also possible to implement the Bethe ansatz starting from the dual
state (0| and acting on it with C (\) operators:

by({A ] | = (0]C (A1) ...C (M) (2.15)

The description of the ground state of H in the half-infinite chain depends on the
regime. One should distinguish the two domains —1 < A < 1 (massless regime) and
A > 1 (massive regime):

aj = N;, (=1in>0, .= —ic_, Wlth——<£ for —1 <A<,

wm

aj=idj, C=-n>0, 5,:—5,”5%, with £_ € R, for A > 1,

where 6 = 1 for |h_| < sinh ¢ and § = 0 otherwise. Thus, to a given set of roots {\;}
corresponds a set of variables {a;} given by the previous change of variables. Note
that the nature of the ground state rapidities depends on the value of the boundary
field h_.

Indeed, when £_ < 0 or £&_ > (/2, the ground state of the Hamiltonian (L)) is
given in both regimes by the maximum number N of roots \; corresponding to real
(positive) o such that cosp();) < A. In the thermodynamlc limit M — oo, these
roots \; form a dense distribution on an interval [0, A] of the real or imaginary axis.
Their density

p(Nj) = lim [M(Njq — M) (2.16)

M—oo

satisfies the integral equation

A
isinh(2n) 2isinhn
27‘('/))\—{—/7,0)\(1:7, 2.17
*) s (A —p,m) e 5(A,n/2) (217
with A = 400 in the massless regime, and A = —im/2 in the massive one. The density
can be expressed in terms of usual functions:
! 1<A<T
Ccosh (mA/C)’ ’
p(A) = i sinh ¢ 2 9, (i —C) oA (2.18)
n>1 \coshng /) 04 (iX; —¢)’ .



However, when 0 < §~_ < (/2, the ground state also admits a root A (corresponding
to a complex &) which tends to 1/2 — {_ with exponentially small corrections in the
large M limit. In that case, the density of real roots is still given by the solution of

(217).

3 The ABA approach to correlation functions

A zero temperature correlation function is the normalized expectation value, in
the ground state of the Hamiltonian ([L.1)), of some local® operator O,,,

b ({AH [Oml {1 )b
(AN A )

where the parameters A\ are the solutions of the ground state Bethe equations.

In order to compute such a correlation function, one should first derive the ac-
tion of the corresponding local operator on the boundary state | {A}Y );, and then
evaluate the resulting scalar products. We have constructed in [4] a method to solve
this problem. This method is based on a revisited version of the quantum inverse
problem, first introduced in [47,73] for the XXZ spin chain with periodic boundary
conditions. Once a local operator is reconstructed in terms of the entries of the bulk
monodromy matrix, its action on boundary states can then be computed thanks to
the decomposition of boundary states in terms of bulk states and to the Yang-Baxter
commutation relations.

We shall now recall the main points of our method.

(Om) = : (3.1)

3.1 The bulk inverse problem revisited

Proposition 3.1 (Solution of the bulk inverse problem) [47,73] Let E& be an
elementary matriz acting non-trivially only on the m™ site of the chain, then

Bl = H (A+D) (&) tr (To (&m) E”) H A+ D) (g, (3.2)

Note that, thanks to the crossing symmetry of the R-matrix, one can recast the
inverse of the bulk transfer matrix at inhomogeneity parameter (A + D)™' (&) in
terms of the transfer matrix at shifted parameter (A 4+ D) (£ — n), namely

(A+ D) (& —n)
a (&) d (& —n)
It is worth pointing out that the products of elementary matrices on the first m

sites of the chain define a basis in the space of local operators O,,, so that (@) allows
one to define a reconstruction for all such operators. However, this reconstruction is

(A+D)7" (&) =

(3.3)

34.e. acting non-trivially only in % He.
k=1



especially convenient when one wants to obtain the action on a bulk Bethe state;
indeed, in such a case, the product of bulk transfer matrices merely produces a nu-
merical factor. This is no longer the case when one acts on a boundary Bethe state.
The theorem below allows one to reconstruct local operators in a way adapted to an
action on boundary states.

Theorem 3.1 [4] For any set of inhomogeneity parameters {&;,,...,&,, }, the prod-
uct of bulk operators

eI e (Sln) . 611 e (511) 611 e (521 - ) e Téin E;n (gln - 77) (34)
vanishes if, for some k € {i1,...,in}, €x = €.
Thus we have :

Corollary 3.1 A product of elementary matrices acting on the first m sites of the
chain can be expressed as a single monomial in the entries of the bulk monodromy
matrix:

[a(&) d(& —n)]

x T € €1 (&1) .. em (&m) Tenen(Em — 1) -+ Tey 6 (§1—m)  (3.5)
with € = €, +1 (mod 2).

’,:]3

!/
€1 €1 €m €py
B0 Eamen =

I
A

7

This result represents a strong simplification. Indeed, it means that, over the
2™ monomials appearing in the reconstruction of a local operator (B.J), only one is
non-zero. We shall now explain how to compute the action of this non-vanishing
monomial on an arbitrary (bulk or boundary) state.

3.2 Action on bulk and boundary states

Before stating the lemma which explains how to derive the action of the former
monomial on a bulk state, we recall that the action of A(u) or D(u) on a bulk state
Y)Y = vazl B(A;)|0) produces two kinds of terms: the direct term, where all
rapidities remain unchanged, and indirect terms where one A; is replaced by u.

Lemma 1 (Action on a bulk state) [4/ The action on a bulk state | {\}Y) of a
string of operators

El

062: :Em Ty €ip, (gln) Ty €iq (521) €iy € (521 77) s ng'n €in (é-ln - 77) (3'6)

in 1
/

~~ v

(1) 2)
with € = €, + 1 (mod 2), satisfies the restrictions:

e The only non-zero contributions of the tail operators (2) come from



(i) the indirect action of all A(&§ —n) operators;
(ii) the direct action of all D(& — n) operators.

e In what concerns the head operators (1),
(iii) if € = 1, the action of the operator Ty (&) (i-e. A(&) or B(&)) does not

result in any substitution of a parameter & — n;

(iv) if € = 2, the action of the operator Ty (&) (i-e. D(&) or C(&)) substitutes
& —n with &; moreover, if there were others parameters £ —n, j # 1, in
the initial state, they are still present in the resulting state.

This lemma enables us to compute the action of local operators on any (arbitrary)
bulk state. In order to compute the action on a boundary state, we use the fact that
the latter can be decomposed in terms of bulk states:

Proposition 3.2 (Boundary-bulk decomposition) [4], [74] Let |{\}] )y be an
arbitrary boundary state, then it can be expressed in terms of bulk states as

e = Y HE D ), (3.7)

;=%
i=1,...,n
with _
- sinh(X,, — 1)
HE () =T HE () - TR 0 (3.8)
{o:} ! 31—[1 iV 1SE§n sinh(\,.,)

In this expression, HB(\) denotes the “one-particle” boundary-bulk coefficient, which
can be written as

B _ _1\M g(_ o sinh (2)‘ + 77) : o _
HZ(N\) =0 (-1)"d(—=)\7) —n sinh (A7 + &4 —1/2). (3.9)
Here we have used the notations:
Ars = Ar — s, Ars = A + g, (3.10)
)\?j =0;);, and more generally {A7}] = {)\?j}l . (3.11)

It is remarkable that, by using this decomposition and the previous lemma, we
are able to express the action of a local operator O,, on an arbitrary boundary state
as a linear combination of such boundary states:

Ol {AN )0 = Y Cas (A} {6)) Hiidica,, o (3.12)

where the summation is taken over certain subsets {u;};c,, —of (A U (€}, and
where C,, are coefficients which can be computed generically?.

1See section 5.3 of [4] for the explicit expression in the case of a product of elementary matrices.



3.3 From scalar products to correlation functions

It now remains, in order to obtain the correlation function (B.1]), to take the scalar
product of this resulting combination of states with the ground state b<{>\}11\/ |. This
can be done by using the trigonometric generalization [4] of the rational [74] formula
for the scalar product between a boundary Bethe state and an arbitrary boundary
state. In particular, we have to evaluate the following type of renormalized scalar
product:

A [
SUAAY = o0 (3.13)

where the sets {\} and {u} are partitioned according to:

(A} ={abaca UM biea, {1} ={Aatsca U{S ey, > (3.14)

with |ay| = |y4|. Here the parameters X are the solutions of the ground state bound-
ary Bethe equations, {&,}b@+ are arbitrary inhomogeneities and ay Ua_ is a partition
of {1,...,N}.

Since we are especially interested in the thermodynamic limit M — +oco of the
correlation function (B.1)), we only recall the explicit formula for the leading asymp-
totic contribution of the renormalized scalar product [4]:

|| _
SN D= (37) SOVar (i) dot [Sa): (319

bey+

The coefficient 8({A\}a, , {{}+.; {A}a_) has been computed in [4]. Note that, since
{A} is a solution of the boundary Bethe equations, there is some sign arbitrariness in
the expression of this coefficient: indeed, it is in fact equal to

H Q(Ab,)\a) IT s Moy Aa)

a,bEoay

, o> bar
SU({)\}OH" {g}%” {)\}ai) N H 5 (Sba fa) a€a H 5 (Sb’ )\a)
weh o

« H 9(&; { A oy Ua_ ) sinh(2&, +n) H sinh(2Ag — ) sinh(2),)

Sinh(26,) T8 Do o) sinh(2h )" 516)

bev+ acog

for any value of o, € {+, —}, a € ay, where g is the function defined in (R.12).
When M is large, the matrix elements of S reduce to

- 2imM sinh (Ag — - +1/2) ¥ (Mg, &) if Ay = A,
Sy~ - : 8 (3.17)
M—o0 P ()\a) s ()\a,&,) if A\q 7& A 5
the corrections being of order O (1/M), and

2sinh (2§ — 7)



The determinant structure of the scalar product as well as peculiarities of the
coefficients C,,, enable us to write:

On) =1 S Ha(W) 41 +00/M),  (319)

{V}IC{IAHVU{GT

[[=m

in which the coefficient H,, ({v},,{¢}]") can be computed generically. Taking the
thermodynamic limit M — 400 we recast the sums over replaced rapidities A\ into
integrals:

N
FX Y aron, = [Remsm.  vec®). G2
i=1 o;=%

¢

In the boundary model the contour of integration ¥ depends on the anisotropy pa-
rameter A and on the boundary field A_.

4 Action of local operators on boundary states

Using Corollary B.J], Lemma [I] and the boundary-bulk decomposition of Propo-
sition B.9, it is easy to compute the action of a product of elementary matrices of
the form (B.§) on an arbitrary boundary state. This computation was explicitely
performed in [4], and enabled us there to obtain some expressions for the elementary
building blocks of correlation functions.

The aim of the present article is to obtain such expressions for physical correlation
functions, and in particular for one-point functions. Therefore, if we want to use the
method recalled in Section [, the main problem is to obtain some resummed formulas
directly for the action of the local spin operators we consider. This is the purpose of
the present section.

In the first part of this section, we derive the action of the operator

Qu (1) = [[ (B +rE2) = [[(A+wD) @) [J(A+D) &) (41)

i=1 =1 =1

on arbitrary boundary states. (Q,, (k)) can be interpreted in the boundary model as

the generating function of the magnetization at a distance m from the boundary:

l1-0
2

z
( =) = D0k Qm (K))]r=1, (4.2)
where D,, is the lattice derivative : Dy, Uy = Umi1 — Um-
Then, in the second part of this section, we give the formulas for the action of the
local spin operators F22 = 1=0m E12 — 5+ and E2! = o, on arbitrary boundary
states. Note that the action of E}! follows from the fact that E}! =1 — E22.

10



4.1 Action of Q,, (k)

We start by computing the action of Q,, (k) on an arbitrary bulk state, and then
infer from this formula its action on arbitrary boundary states.

Proposition 4.1 The action of Qu, (k) on an arbitrary bulk state |{)\}]1V> can be
expressed as

m

Qn () [N ) =D D Ri(Pa. Pe) [{€1,U A}, ) (4.3)

n=07Py;Pe

In the above formula, we sum over all possible partitions Py and P¢ of the sets {)\}Jl\f

and {&}]" into subsets {A o, U A}, and {€}, U{E},  respectively, satisfying the

constraint on the cardinality | oy |=| vy |= n:
Py: OH = (Mo, UM Jas =n, (4.4)
Pe: {7 ={&, u{&d,_ . [rl=n. (4.5)
The coefficient Ry, (Px, Pe) splits into two parts,
Ry (Px, Pe) = R(Px, Pe) Sp({€},, - {Ma, ) (4.6)

the first one having a product structure,

A {a““)bn f “ba*d} I £ (&)
R(PA, /Pg) — + ca_ =l | (47)
ag {a (Sa) be HU f ()‘b7§a) } acy— bel—oz[+ f ()\b7§a)

and the second one, which depends here only on the subsets {\},, and {£},, , being
given as a ratio of two determinants,

SE (I ) = det D0 37)] et (s ) - 49

The entries of the matriz M, read

L (033 040 ] = ¢ ng) — ot ) [ 20 T ()

2 S (g pa) 2 S (Vas 1)
a#j
and the functions f and t stand for
sinh sinh (A — p +
{On) = ! F) = TUAZIED )

sinh (A — p)sinh (A — p + 1)’

11



The above theorem appears as a non-trivial generalization of the action of Q,, (k)
on bulk Bethe eigenvectors [49]. Indeed, when | {\}) is not an eigenstate of the bulk
transfer matrix, then [[", (A + D) (&) does not act by multiplication any more. Of
course our result reproduces the previous case when we send the parameters A to a
solution of the bulk Bethe equations.

Proof — The proof goes by induction on m.
Property ([£3) is obvious for m = 1. Assume that it holds for some m. To prove
its validity for m + 1 we have to compute

(A+ kD) (Em+1) Qm (K) (A+ D) (§my1 — 1)
a(Em+1)d(Emr1 —n)

Let us first reproduce the coefficient R} (Py, P¢) in the case when the partition
P is such that {my1 € {€},, . The corresponding state [ {A}, U{¢},, ) can only be
obtained by the direct action of (A + kD) (§,+1). In order to reproduce the claimed
form of the coefficient R} it is enough to prove that (A + kD) ({m+1 — 1) acts directly.
Suppose that this is not the case. Then Q,, (k) acts on a state containing &,,+1 — 7.
In virtue of Lemma , the action of Q,, (k) on these states cannot replace &,,+1 — 7.
Thus (A 4 D) (&m+1) exchanges &,,+1 — n with &, 41, which leads to a contradiction.

We still have to reproduce the coefficient R} (Py, P¢) corresponding to states
[ {A}a_ U{&},, ) such that &, € {¢},, . Theorem B.1] yields the decomposition:

O () = —AlEmt1) O (1) KD (Emi1) O (%)

— D m — A m - 9
a(Em1)d(Emr1 — 1) L(*ﬁl—wa(fsmmd(smﬂ —) (—5(};—’73

Q1 () [ {AN) = ). (411)

whereas Lemma, [l] ensures that
e (1) only acts directly; indeed A (§,,+1) cannot replace &,+1 — 1 by &mi1;
e (2) acts indirectly and thus D (&,,+1) only acts by substitution.

The formula for R% (.6) follows after computing the resulting actions and rearranging
the sums thanks to the re-summation formula provided by the contour integral:

_ dz T f(z,24) . s -
O_Ruﬂi sinh (2 = i) Ef<§n+l,ma> na(ETu ) L 1)

Note that the parameters x, appearing in the contour integral ({.12) are generic. 0

Using the boundary-bulk decomposition of Proposition B.9, one can now deduce
from Proposition [L.1] the action of Q,, (k) on arbitrary boundary states.

Corollary 4.1 The action of Q,, (k) on an arbitrary boundary state | {\}Y ), reads:

Qo (K) [{A Do =D D7 RE(PAPe) 1€}, U{N o ). (4.13)

n=07Py ; Pe

12



The sum over partitions is defined as in Theorem [f.1, and the coefficient RY can be
expressed as

Riy (P, Pe) = > Ro (Pa,Pe) Si({},. {00 ) (4.14)

;=%
1€y

where SE ({v}],{u}}) is the bulk function defined in ([L.§), while R, (P, Pe) is the
boundary dressing of (E7):

1l {a(AZ) 11 [f(Ab,Az>f<—Ab,Ag>}}

RJ(PA,'Pg) _ acoy bea_
I {o(e) T 7026 T [F0n&f (-6}
aEy+ beay bea—
. bg+f(£b,£a) HE, . (May) ws)
X .
£ T 707.8) AR
Here Hfa} ({A}ay) and HB({¢},,) stand for the boundary-bulk coefficients (B-§)

associated respectively to {\}ays {0}ay, and to {£}+,, {0}, ={1,...,1}.

Proof — The proof is a straightforward consequence of the boundary-bulk decompo-
sition (B.7) applied to Proposition .1 More precisely, expressing the boundary state
[{A}Y ), in terms of the bulk states [{A\7}), and using (f=J), we get

Qu (W) [N =D > D HE () By (P, Pe) €L, UM} )-

n=07Py;Ps o==%
1<i<N

‘We now use the fact that

[T F(=28.22) BB, ({A)a .)

HE (1) “a” oy,
oW = 1 "7y —men

HE (g, ({6}, U {Mal),

a67+
where HlB{a}a ({&}+4 U {A}a_) is the boundary-bulk coefficient of |[{£},, U {A}a_ s

in terms of |{{},, U{A?}4_ ). Note that the first factor of this product combines with

the products over b € a_ in the expression ([L.]) of R(Pyo,Pe¢), and that the resulting
factor,

ael;[ [FOTAD) (=27 A7)
H H [f()‘g7§a)f(_)‘g7§a)] ,

bea_ acyy

is actually independant of the value of o; for i € a_. It enables us to reconstruct the

boundary state [{€},, U {A}a_ )p, with a coefficient which reduces to ({.14). O

13



4.2 Action of local spin operators

We list here the action of the local spin operators o,,, o, and E2? on bulk and
boundary states. We omit the proofs since, although a little more technical, they
parallel the one concerning the action of Q,, (k).

Proposition 4.2 The action of o,,, E?% and o\, on an arbitrary bulk state [{\}1)
can be expressed as

m—1
o M) =D D Ru(Py,Pe) Héd, UNa ),
=0 Py P
m—1 N
En ) =2 > > BR(PEPo) Hedy, UM ),
n=0 c1= 17)22 P
m—1 N N+1

o 1A = o im I Z RE(PY,Pe) [{€},, U A\ {Ma, ),
n=0 c1=1 co= 1p+

coFcy

in which the sums run over the following partitions

Pe {7 =1{&,, u{E, with |74 |[=n+1, (4.16)

Py DN =, U with |y |=n, (4.17)

P2 {Ak}lﬁg\; = {)\}a+ U{A}, ., with |aq|=n, (4.18)

Py {AR}ERSN ={N,, U{A, , with |ag|=n (4.19)
k#c1,co

We also define the following partitions, associated respectively to (f.18) and to ({.19),

P AN = {(Ma, VM. with oy = ay U{a}, (4.20)
Py O = e, U{M s with &y = oy U{er, ). (4.21)

The coefficients Ry, (Py ,Pe), R22(P32,Pe) and R} (PY,Pe) are given as

[ sinh(&, —€)

Ry (P Pe) = R(P P Jim S Su( oy (3600 (422
aco
RP (P2, Pe) = R(PY, Pe) sinhn [[ f(Xas Aer)
aco4
g[ sinh(§, — &)
. acy+ a .
X I s — g oM (8956 Ded) (4.23)
aco4

14



2

R:(P;_’ Pf) = R(ﬁ;\‘r, Pf) f()\CQ’)\Cl) H { Sinhﬁ H f()‘aa)\ci)}

i=1 aCay
[T sinh(An+1 — &+ 1)
acy4+ ral .
X H Slnh(ANJrl _ )\a _|_ ,’7) Sn( {5}’%‘* Y {A}Og+ Y >\N+1’ {ACI I )\02 }) ° (424)
a€a+

Here R(Py, Pe) is given by (1), and the structure of the factor §n({§}?+1, A€ )
is similar to (E§):

. aﬁ1 :ﬁl sinh(& — A\ + 1)
({5} AN E AR = [1 sinh(& — &) I sinh(Xp — Aa)

a>b a>b
x deto | MOS8 ()], (425)
where the matrix elements of]\/4\ are obtained as

(VAT Aur, (0] = Mg ()], (426)
with

w0 () = (1= Gjs1) H Rt

_] ) Mz
in which 6;; denotes the Kronecker symbol and MK is deﬁned as in (L9).

Using again the boundary-bulk decomposition, we are now in position to list the
action of local spin operators on boundary states.

Corollary 4.2 With the same notations as in Proposition [[.3, the action of o,,, E22
and o}t on an arbitrary boundary state |{\}Y ), takes the form

m—1
0 WM Do = D0 Ru (P Pe) e U{Mas b,
=0 P P
m—1 N
Ex e =22 > > REPE P (€ U {Ma b,
n=0 c1= 17322 Pe
m—1 N N+1

o A o= lim YNy Z RE(PYPe) [{€),, U\ Mg, e

A
N+1=Em n=0 c1=1 c2=1 fp+
ca#c1

The boundary coefficients R~, R*? and Rt have a structure similar to their corre-
sponding bulk counterparts:

[ sinh(&, — €)

— — o — . acy4+ i .
Rn (P)\ apf) - 0-2 RO’(P)\ ,Pf) 51—1>I?m H sinh()\a _ 5) Sn({)‘}a+’ {5}’7+7£5®)5
i€ay agot

15



RE(PF,Pe) = Y Ro(P{2,Pe) sinhn [[ X Aer)

oij=% acay
1EQ4
y sinh(&, — &)
. a€v+ 5 )
X 51—1%” H Sil’lh()\a _5) Sn({A}a.p{g}’Y-Hga {)‘01})5
a€a+
RY(PY.Pe) = > Ro(P,Pe) £(A,, A7) H{smhn II r(x3.x2) }
oij==+ aCog
i€a+
y [f(_AN+la£a) Sinh(ANJrl - ga + 77)]
= Sn AN A A2)),
X I1 [f(—ANH,)\g) sinh(An41 —>\3+77)] ({5},“ { }a+ N § CZ})

a€a+

where Ry is defined as in (E19) and S, is the bulk quantity (L£.25).

5 Correlation functions in the half-infinite chain

We apply the results of the previous section to derive the expectation values of
the generating function (Q,, (k)) of (¢7,), and of (o] ¢, ) in the ground state of the
half-infinite chain. These are the boundary analogues of the results published in [49)].

5.1 The generating function (Q,, (k))

Proposition 5.1 The generating function (Q,, (k)) is obtained, in the thermody-
namic limit M — 400, as the homogeneous limit of the quantity

e =3 s f g [ T TGy W=t
A (750 R 2 o=t
x dety, [M, ({A},{z})] dety [¥ (N}, 2x)], (5.1)

in which M, is given by (.9), and W_ is the boundary dressing,

lnj sinh (z; + £- —1/2)
Wo (I {230) = 5
[ sinh O + € —n/2)

j=1
ni no
[T I sinh (2 + A — 1)
a=1b= n n
X = WA A{21?), (5.2)
[] sinh (Za — 1) H smh( ab — )
a<b a<b
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of the bulk quantity

1 n

I3

T [Sinh (zp — Ag —m) sinh (2, — Ay + 77)]
WA () ) = =Lt=L

— s (5.3)
H sinh ()‘ab - 77) H sinh (Zab + 77)
a,b=1 a,b=1
The contour of integration Cp depends on the boundary magnetic field h_:
[ ]-MAUTE(N) i 0<é- < /2,
Cp = { |—A5A | otherwise, (54)

where T'y (z) stands for a small loop of index +1 with respect to z. We recall that
A =400 for -1 <A <1 and A = —in/2 for A > 1.

Proof — Corollary [i.1] yields the action of Q,, (k) on a boundary state. It is conve-
nient to note that the coefficient Ry (P, P¢) ([-15) can be rewritten as

y f(&a &)
Ry (Pr.Pe) = ( I aa) inhn) ™! ] S WX o ()
acay beyyUy— aCay a’
[1 sinh(&a — &) [ sinh(Ay — Aa)
< IT II sinlf(zz — X +17) SolMa (6hei M) (69
a€a bevyy

in which 8;({A}a,,{{}+.: { }a_) is the function defined in (B.16)). Then, using the
reduced scalar product formula (B.I7) and absorbing the sums over partitions P¢ into
auxiliary z integrals®, we obtain the former representation.

Note that the contour contains I'; (5\) for large positive boundary field since we
have to absorb the contribution coming from the replacement of the complex root \
as explained in [4]. 0

SWe refer the reader to [49] for technical details.
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5.2 The ground state expectation value (070, )

Using the same method as for the generating function (Q,,(x)), we can also com-
pute the ground state expectation value (O'IFO';L 41)- It gives

m—1 n+1 n+1
N sinh(§ +&- —n/2) dz
(0] 1) = ZO D) H o | 11 dAk A2
" e ¢p M=
n+1
m z y Sa n . n .
y s b1 S (6, 8) H sinh(\, — &1) lif sinh(zp — &nt1)
"2 ln‘[ F O, &a) =1 sinh(Ay — &mt1) b1 sinh(zp — &1)
b=1
n+1 n+2
[ sinh(Ap — A1 +n) [] sinh(Apg2 — Ay +7)
b= b= n n
x oL 1 Wo (I 21T
[T [sinh(z, — Apt1 + ) sinh(Any2 — 25 +1)]
b=1
n+2
[T sinh(& + Ap —n)
b=1 r n n
x =1 detn 1 [M({F {21 6nn)]
[T sinh(& + 25 — n)
b=1
x detn49 [\I/()\j, 1), \I/()\j, 2’1), RN \If()\j, Zn+1)] . (5.6)

In this expression, W_ denotes the boundary quantity (5.9), ( {4z }"+1 ,£m+1)
is a simplified notation for the matrix M( O3 230 0) defined in ([£24),
Cp is the contour (b.4), and C4 denotes the following contour (A-type contour):

e o f 1A AR [UT- (V) if —¢/2<E <0,
4 |=A4+n;A+n], otherwise.

In the homogeneous limit, this results simplifies into

(5.7)

m—1 sinh§ n+1 n+1
+ — —
(01 0pmi1) = Z MICES] 7{ 2m /Hd)\k /d)\n+2
F+ 77/2 Cp k=1 Ca
n+2
n no- . m inh(\p, — /2
y li[l [sinh(za —|—77/2)}m1—[ [smh()\a —77/2)} bl;ll sinh(X —n/2)
sinh(z, — n/2 sinh(\, 9 n+1
o b =n/2)] L SO n)] T
b=1
n+1 n+-2
[ sinh(Ap — Ap1 +n) [ sinh(M2 — Xp + 1)
b= b= n n
x =L 1 W (D 2T

H [sinh(zp — Apg1 + 1) sinh(Apg2 — 2 + 1)

X detp 11 [ {)‘}1 ) {Z}nJrl 777/2)] dety+2 [\II(A]" 77/2)’ \I]()‘j’ Zl)? s 7\II(>‘j? ZnJrl)] ’
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6 An alternative resummation

6.1 Bulk type resumations

We have obtained in the previous sections a series representation for the generating
function. It happens, just as in the bulk case [52], that it is also possible to derive a
totally different representation for (Q,, ()). The latter is based on a re-summation
of its expansion with respect to elementary blocks :

m m
= ([ (B} +kE?)) => s°F,, (6.1)
i=1 s=0
where
F. = Z ""(1) 6""(1) Eeﬂ'(m) E7r(m)> € — 2, 1= 1...8, (6 2)
? ! —s' T o 1, i=s+1..m, ’

Wezm

and X, is the group of permutations of m elements. These elementary blocks were
computed in [4]. They can be written as multiple integrals in the half-infinite size
limit:

m

(ES L B em) = /HdA/ Ni detM[\I’(Ai’fj)]

i—=s+1 II [sinh&j sinh (5@] - 77)]

1<j

ﬁsinh N+&—n) s iyt N

i\j . o . L
];[ sinh (\;; — n) sinh ()\ — 77) pl;[l ]1_[1 sinh (& — Ap) jl;[+1 sinh (& — A\, — 1)
i>j
mo m ip—1 m

sinh (& + £~ —n/2) . | . B
8 21;[1 sinh (\; + &- — 1/2) pl:[H jl;[l sinh (£ — )‘P)jzl;IJrlSlnh (& —Xp+n)|.(63)

The indices ), are defined by

{{i:lgigm,e;:Q} = {ip < <ig},

. . } . A4
{i:1<i<m,e=1} = {isy1 > >im}. (6-4)

For simplicity, we consider from now on the massless regime (although all what
follows can be performed in the massive regime as well). In that case, n = —i¢ and
the contours of integration Cp and C4 depend on the boundary magnetic field h_ as
follows:

range of £_ D — contour A — contour
¢/2<|& |<m/2 Cp=R __ Ca=R—iC (6.5)
¢/2>6 >0 |[Ch=RUT(}) CA=R-i( ‘
—(/2<E-<0 Cpr=R Ca={R—iC}UT_(})

We recall that A = /2 — £_, and that I'+.(2) is a small loop around z of index 1.
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We now perform a change of variables in the A-type contours: X, = Ag — i(.
Moreover, we shift the inhomogeneities around zero §; = &; + i(/2, and define

L o 1/2 (e =1) for A-type,
a; =3/2 — € _{ 1/2 (e6=2) for D-type. (6.6)
This gives
<EE7\'(1) €n(1) o Eﬁﬂ-(m) €7r(m) — 7-(-] /ds /dm S)\ ()\Za 5 )i|
1 " Hﬁwww
1<J
H sinh (5k - )\ﬂ(j) + zaw(j)C) sinh ((5] — )‘w(k) — Zaw(k)g)
>k sinh ()‘W(j)ﬂ(k) - ZEﬂ(j)ﬂ(/’c)C) sinh ()\n(j)ﬂ(k) — iaw(j)w(k)o
sinh (- + 6;)
’ ng Sl 0k =) H Gy v i - @7
Here

p(A=8)—p(A+9)

(N 0) =W (\6—iC/2) = I : (6.8)
5 [ ]1-AsA[UT_ (A —n) if —(/2<é <0,
Ca= { |—=AA] otherwise. (6.9)

and (—1)[ﬂ is the signature of the permutation.
One can compute the sum over permutations (6.9) just as in the bulk case [52].
It leads to the following integral representation for Fj:

Proposition 6.1 (Bulk-type resummation) The generating function of the spin
correlation function (Q, (k)) can be expressed as

k) =Y K°F, (6.10)
s=0
with
R / 4 / P [TO05)] e inne +3)
s gl (m—s)!c p I1s(8:,6;) i sinh (A\j + &- —ia;()
D CA Z<]
0s ({\}) Znm ({0}, {0}) H sinh (\; + 0 —iCa;). (6.11)
j,k=1

Here Z,, ({\},{&}) stands for the partition function of the siz-vertex model with do-
main wall boundary conditions:

H5( — 0y, 1(/2)

ng sinh A, sinh 6y
j<

Zm ({A}:{0}) =

o o) 61
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while

0. () = [[ A (6.13)

iSRS (Ajks 1a5C) sinh ()\jk — zajkC)

Similar representations can be obtained for other correlation functions. Here we
give only two important examples: the local density of energy and the (a:{I 41071)
two-point function.

The local density of energy

By = (op,00 41 + 0o+ Alog,0000 — 1)), (6.14)

can be written as a sum of m terms

3
L

Ep = : (6.15)

@
Il
o
©

each of them containing m + 1 integrals

S SE prog prae sy U P [ 09
S_S!(m—l—s)!/ / / m/ T s (65, 05)
cr ¢ o &,

1<J

x0s ({1, s dm—1}) Zm (AN, s A1} {015+, 0m1})

m+1 m+1m—1

sinh ({- + 6;) sinh(A; — &5 — ia;¢) sinh(Ay — 65 + iax()
XHsmh()\ + & —za( HH h h(A
sin ]k—l—za]kg)sm (A ik — 1@;,Q)

j=m k=1
sy @Ay At 15 Oms Oms1)
sinh . S — ias ms A\m—+159m, Om+41 1
% jlk_ll stnh (4 + 0k = 1450 S = ) SINh O + Amra) (6.16)
where

©(Am, Am+1, O, Omg1) =sinh(Ap — Omy1 + 12)51nh()\m+1 — Om1 — 22)
+ sinh(A, — 0y, — z%) sinh(Appp1 — 0 + z%)
—cos¢sinh(Ay, — g1 — zg) sinh(A\p41 — 0 — z%)
—cos ¢ sinh(A,, — 0y, + zg) sinh(Ap+1 — Oyt + z%)

A similar representation can be obtained for the two-point function (o 4101 )
namely:

m—1
(Omi101) Z Gs, (6.17)
s=0
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and every term contains m + 1 integrals

G derl)\ qm— s)\detm+1 |:\AI} ()\“5])}
3_5 _1_5 / / H5(6255])
1<j

s({)‘Qa---a m}) m({>‘2a"'> m}a{52a"'>6m})
mil sinh (f_ + 53) sinh()\j — 01 — z'ajC) sinh()\j — 5m+1 + iajC)
<11 sinh (O + £ — ia;C)

j=1
m+1 .
. . sinh(\; — 0 — ia;()
X sinh (A\; + 0 — ia;(Q) J
jgl J 36 i 11:[n+1 kl_IQ sinh(\jy, + za]kg) sinh(Aj — i@;C)

| sinh(On — o1 — i$) sinh(Ani1 — 81 + %)

6.18
sinh(Ajr1 — A1) sinh(A\y + A1) ( )

6.2 Boundary type resumations

It is important to note that the function Z,, appearing in the representations
(b-11)), (6.16) and (p.1]) is the bulk partition function represented in terms of the
Izergin determinant [71]. In the boundary case one can symmetrize the integrand
even further by writing it in a form invariant under the reversal of the parameters
A and finally rewrite the result in terms of the boundary partition function and the
Tsuchiya determinant. The integration contours in (f.11]) are not invariant under
the transformation A — —A. We thus deform the contours until we obtain a reversal
invariant contour. As we do not cross any pole of the integrand, the result remains
unchanged. Actually we can even pick the contours so as to integrate only over
one contour C, although this is not necessary. This contour C is defined as follows
according to the value of the boundary field h_:

C/2<|E|<m/2 C=R
¢/2>€6 >0 C=R U T, (MU T_(-X (6.19)
—(/2<€é.<0 [C=R UT G+ T_(=i¢ -\

We extract the totally even part of the integrand appearing in (@) according to

/d:cf Z/dxf @ =ox. (6.20)

Fy = )12m /d A Hs(éi,éj) =1 sinh()\j,f_ —z'ajC)

0, ({Ah) Hs({A},{0}) . (6.21)
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Here

o.({(\)=1]] 5 (A 2e) (6.22)

j>k5(AjkaZa]kC) ( ]szajkC)

and the sums over negations have been absorbed into Hs ({A}, {0}):

sinh (A7, +ia ¢
Hy ({A\},{d}) = Z H o; sinh )\ —£ _WJC)] H < ik ik )
== j=1 >k sinh <)‘]k>

x [ sinh (XS + 6k — ia;C) Zm ({A7},{5}). (6.23)
7.k

Equation (6.23) implies that H, ({\},{d}) is a symmetric function of the parameters
A and of the parameters 6. Moreover, ¢2m~DA H, ({\},{0}) is a polynomial in each
of the e?Y variables of degree 2(m — 1). Finally, it is a matter of straightforward
computations to check that Hj satisfies the reduction properties:

Hg |5 =+ (51 —iare) ({Aitimy s {0k} e 1):iH ({Nitito s {0} i)

x sinh (2 (6, — ia;¢)) sinh (6; — Hs (Aj, 01 4 ia1¢) s (81 — 2ia1C, ). (6.24)
Jj=2

These are the reduction properties of Z,, ({A\},{d}), the partition function of the six-
vertex model with reflecting ends [72]. Supplementing this result with the equality of
the two functions at m = 1, we obtain that Hs ({\};{d}) is s-independent and equal
to Z,, ({A},{0}). Hence, we have the following result:

Proposition 6.2 (Boundary-type resummation) The generating function of the
spin correlation function (Q, (k)) can be expressed as

(Qm (r)) = D _K°F, (6.25)
s=0
with
B 1 . det,, [\Tf ()\i,éj)] m sinh (£ +5j)
Fy = Wc/ A Totus) 4o (.6~ iasC)
O ({A}) Zm ({A},{6}) . (6.26)
Here

o, () =1 - 5 (o i) (6.27)

on 8 N 1@510) 8 (N, i5C)
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and

'lﬁ1 [s () 0k +14C/2) 5 (Nj, 0k —iC/2) ]
_ Jk=
Zy ({A}.{0)) = TT [ (i Aj) 5(65,00) ]

1<j

1
5 (Aj, 0k +1C/2) 8 (A, 0 — iC/Q)} '

X ﬁ [sinh2); sinh (6; — &-) ] detp, [ (6.28)
=1

Let us finally mention that the sum over s in (f.J) can be rewritten as a single
integral over auxiliary z variables:

. Zin (A} {8)) detyn [T (Xi,0))]
(Qm (k) = A 217T m
U F+ ezg : [ ()\J’)\k) ( Jk7ZC)5( JkaZC)]
) i>k
5 (At z1) 5 (Mrt, 2r1) © zp )sinh (£ + &)
ka>l s (01, 0x) H s(Ap,&o+2) (6.29)
where i —i(z+i¢/2)/¢
o (2) = sinh2z & (6.30)

5 (2,i¢/2)
This boundary-type resummation yields an integrand not only symmetric in {A} but
also invariant under a reversal of any integration variable A. These properties allow to
compute completely the so called emptiness formation probability at A = 1/2 and for
vanishing boundary magnetic fields. It also allows to obtain the leading asymptotics
of this quantity at the free fermion point [75].

7 The free fermion point

7.1 Local magnetization at distance m

The first (and the most important) application of the re-summation methods given
above is the magnetization profile. This one-point function

(om) =1=2D1n04(Qm (K)) ln=1,

can be computed at the free fermion point by using the two different types of re-
summations for the generation function. We give here both derivations.

7.1.1 First method

In the free fermion point, the n'" term of the series (B.I) behaves as (k — 1)".
Thus, after taking the x derivative and sending x to 1, only the n = 1 term survives.
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At ¢ = /2, we have
B T (k= 1)" " tanh (A, — )
(Qm (k) = nz:om/d jé Zal_Ilbl_[tanh (zp —
Cp L1 ({eh) -
sinh (z; + &- +im/4)

XH{smh(A +& +im/4) ‘inh”\j}

B SR ) LA

X
Q.

Thus ©, for m > 2,

_1\m o _ o . 2(m—1)
(07 = (—1) /d)\ s?nh (AN—¢&- ’L'7T/4) [tanh ();—l— ’L7T/4)] . (72)
m sinh (A +&- +4m/4)  cosh® (A + im/4)
Cp
Computing, if it exists, the residue at A we get, for m > 2,
h% —1
{om) = =20 (h- = 1) — 57—
1™ _ +itanh i /4 h (A + imr/4))2m=D
) /d)\ h— 4+ itanh (A +im/4) [tanh (A +im/4)] (13)
R

1+ ih_tanh (A +im/4)  cosh? (A + im/4)

where © (z) is the Heaviside step function. The standard A = 0 change of variables,

e? = —tanh (\ — in/4) , (7.4)
yields
B2 -1 (—D™ [, e~ 4 ih_
Z2N _ —2i(m—-1)p =~ T o~
(o) =20 (h- — 1) ot + / dp e @)
0

Thus (¢7,) displays Friedel type oscillations induced by the boundary. Moreover it
decays as 1/m when m — +oc:

2(=1)™ h_ 1
) = O(— >> 1. 7.6
o) =2 o (5g). m (7.
Here we recover the results of [69], since we have h_ = v/2a_ in Bilstein’s nota-

tions. When | h_ |— oo we conclude from ([7.5) that the first site is totally decoupled
from the others as (07,)m>2 goes to its bulk average value 0. Actually in this limit
the model is in correspondence with a Kondo model with a spin 1/2 impurity [29].

5We do not give (o5) as it corresponds to 9,(Q1 (k)) without taking the lattice derivative.
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But in this case the impurity is completely screened, and the overall magnetization
in zero.

We also recover from ([(H)), just as expected from the spin reversal symmetry, that
(¢%,) = 0 when the boundary field vanishes. Actually this observation holds for all A
as inferred from the structure of the monodromy matrix (.§) on the first site. When
one sets &1 = n/2 and - = 0 then it acts as a diagonal matrix on the first site, a sign
of the claimed decoupling.

7.1.2 Second method

Starting from the re-summation formula (.11)) of Proposition .1, we implement
the simplification due to ¢ = /2. If we perform the change of variables

¢? = —tanh (\ — im/4) (7.7)

in (6.17) at ¢ = 7/2 then we arrive at

zpj+eij m
Fs = _SIH/ [ZPJ_Z}L]H

dpj sz +e~ ip;
e~ i — jh_

j=s+1 Ca
S
X H H — i) (sinp; +sinpy) | [T [(e7 —e ) (sinp; —sinpy) ]
k=1j=s+1 Jk=1
J>k
m
X H [ (eipj - eipk) (sinpy, —sinp;) | (7.8)
jok=s+1
i>k

The contours of integration are

Ca=]0;m[, ho>-1, Ca=]0;w[Ul_(e?=—ih ), h_<-1, (7.9)
Ca=]-m;0[, ho>-1, Ca=]-m;0[UTL (e =—ih_), h_< -1, (7.10)
Cp=]0;m[, h_<1, Cp=]0;m[UTy (e =—ih_), h_>1. (7.11)

Once we introduce the function

| r peCp,
0,‘-@ (p) - { 1 P c CA, (712)

we can re-sum the terms Fy into a single m-fold integral for (@, (k)):

o (2) 2 “r [dp; L ePiq e
Qnle) = = | 57 000 o
calcp I71
X H (e7"i — e ") (sinp; — sinpy) . (7.13)
i>k>1
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One can then express the generating function as a single determinant

(O () = detn [U ()], (7.14)
ik k—ipk
Up() = o [ ap om0 (7.15)
CaUCp

To simplify this result we add to each row of U(k) the next one multiplied by ih_:
(Qm (k) = det,n U™ (),

~ 1 o it )
00 =52 [ dpbu(p) (07— (1)) <,
CaUCp

T (k) = Uy ().

mk

It is easy to see that @,,(1) = 1. Computing the first derivative of the generating
function one recovers the result already obtained from the series ([7.5):

zZ\ (_1)m / —2ip(m— 1) Zp_i_ih—
(om) = T dp e et —ih_

Cp

h2 -1

=-2——0(h-—1)+ ﬂ /dp —2ip(m—1) €
h=m 7'('

P 4 jh_

B 7.16
eP —ih_ ( )

0

7.2 Local density of energy

The local density of energy is another interesting quantity [61] that one can eval-
uate for the XXO0 chain:

By = (03, 0mi1 +0000,11) - (7.17)

Starting from (6.16) and using the same technique as in the previous sub-section one
easily obtains the following representation for the density of energy:

— 9 C / / ’<P+q + 1) dety i1 [V(p,q)] - (7.18)
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The entries of V (p, ¢) read

1 ! - C g
‘/}k(pa Q) == /dp, (elp (k=3) _ (_1)k6—2p (]+l{;)) _ 5]‘]9, j<m—1,

27
CaUCp
1 » eip’k: _ (_1)kefip’k h k—m+1
V— 9 - d,_lp(m_Q) s = e @k:_ 1’
m-1k(P ) = o / pe T ; (k=m+1)
CaUCp
) eipk _ (_1)ke—ipk
__ _—ipm
mG(paq) =¢€ eip—ih, b
iqm eiqk _ (_1)kefiqk

Vinsik(p,q) = e (7.19)

e — ih_

Finally, the integrals over C4 can be represented as
/ - / - / . (7.20)

Ca CaUCp Cp

Accordingly, E,, reduces to a sum of two 3 x 3 determinants:

1 ih_ —h2
E, = -2 Fim—-1,m—-1) Fim—1m) F(m—-—1,m+1)
0 1 th_
1 ih_ —h2
—2i| Fim,m —1) F(m,m) F(m,m+1) |, (7.21)
0 0 1
where - —
. 1 _ipi €PF —(=1)FeTP
F(,k)=—[d P A . 7.22
(4, k) 27T/ pe - (7.22)
Cp

The computation of these determinants yields

E, =-2i(F(m,m)—F(m—-1m+1))—2h_ (F(m,m—1)— F(m—1,m)) ,
(7.23)

or, more explicitly,

4 2 oy e P ih

E,=——4+=(-1)" [dper@m-1) =__T 77— 24

2 ) /pe M (7.24)
Cp

The constant term reproduces the bulk result. The influence of the boundary
appears in the oscillating term. In the m — oo limit the local density of energy
behaves as

4 2 1— h? 1
Ep=——at—(-1)"——= 10— ). 7.25
7r+7rm( ) 1+h%+ <m2> (7.25)
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7.2.1 Two-point function (v 07)

The preceding method can be successfully applied to compute other types of two-
point functions (like boundary-bulk two point functions), here we give the example
of (53107

In the free fermion point, after the usual change of variables and some straightfor-

ward but tedious calculations, one obtains from (.1§) a simple determinant formula
for this object.

(o) yor) =—idetp VI, (7.26)

T 27

1 ip(k—j ip(j
Vim =g | [ [ (en0 = a0 ) <,
0 s

V+7 :i 4 e—ipm eipk: _ (_1)kefipk
mk o P e — jh_ ’
Cp

1 ) eipk _ (_1)k6—ipk
+_ _ —
Vins1k =5 /dpe . (7.27)
Ca

Computing the integrals in the first m — 1 rows and using the fact that sum of the
last two rows is 0y m41 We reduce this representation to a determinant of a m x m

matrix
+ — Z(_l)m d (/+—
=——""_det,, , 2
(Oma101) p— etV (7.28)
S _ GO = (DM F RO+ (DR
- . ipk _ (_1)ke—ipk
Vi = / dp e~iPm© eip(_ 1'316 : (7.29)

Cp

This determinant can be computed for any value of m. However the result is quite
different for m odd or even. The details of the computation are given in Appendix
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B, here we give only the final result for the two point function

2
rG) \ Tla-Hria+d)
2 \MTG+D)  T@re+1)

dp P R 7.30
X/ P 2a-1 (COSP>m (7.30)
Cp

92a—1 f2a—1

(03,00) =—i

2
2% rG) | Tla+dHria+d)
2\ LT+ T T@ra+

™

22(1 2a

<J;cz+10;> ==

e—22pa

X /dq COSC]/dpPga (cos(q —p)) TR (7.31)

0 Cp

where P,,(x) are Legendre polynomials.
Asymptotic analysis of these expression yields the following leading behavior of

<0-'rJ’):L+10-17>

(ohuner) =1y (140 (7.32)

2 1 [>*dt 1
A hi = T 19 - - —4 - . .
(=) m(1+ h2) P {4 /0 t|° cosh? t} } (7.33)

8 Conclusion

In this article we have obtained different types of physical correlation functions
of the open XX Z chain from re-summations of the multiple integrals derived in [4]
for the elementary blocks. At the free-fermion point, we were able to use these
representations to derive explicit results such as the formula for the density of energy
profiles, a quantity arising in the study of quantum entanglement in spin chains [61].

Just as in the bulk case, the question concerning the asymptotic behavior of the
correlation functions outside of the free-fermion point naturally arises. The problem
is of the same order of difficulty as in the bulk model. Indeed, the multiple integrals
differ from their bulk counterparts only by factors due to the Zs symmetry A — —A
and the presence of boundary fields.

One could also wonder if it would be possible to tell something about the dynam-
ical or temperature correlation functions. It seems that this generalization is highly
non-trivial.

Finally, we would like to stress that our expressions also simplify at other partic-
ular points such as A = 1/2. For instance, when A = 1/2, one can already compute
completely the so-called emptiness formation probability when h_ = 0 [75].
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Appendices

A Asymptotic of the two-point function (o}, ,07)

In the last section we obtained a determinant representation ([.29) for the two-
point function <O';L 4107 ). This determinant can be computed for any value of m.
However the results are quite different for m odd or even.

If m is odd: m = 2a — 1, the result can be written in the following form

2
. 1 3 1
detmf/-i-— _om+1_m-3 H P(]) F(a — E)F (a + 5)
J

TG+ 3) I'(a)l(a+1)

b=1
" ip(26—1) ip(2b—1)
—ip(2a—1) € b te
X /dpe ET— (A1)
0

If m is even: m = 2a, the result is quite similar but there is a very important
difference:
? 3\3 1
- NG I'la+ 35)I(a+ 5
det,, V= =omtlm=3 H 4(‘7)1 ( 2T 2)
MG+  T@ra+D

j=1
Tla—b+1T(a+b+1)
)T(a—b+1)(a+b+1)

X
257

) 2ipb __ _—2ipb
x/dpe_mpai (A.2)

b
)(b —

NO—=

1
2
eir — ih_
0
Asymptotic analysis of the prefactors in (A1) and ([A.9) is rather simple, namely:

2

Qi—f () | Lla—5ra+3)
o PG +3) I(a)l(a+ 1)

:gmi exp {i /OOO% [e4t _ COS}J} (1 + o%)) (A.3)

2
[[-L0 ) ey
rGj+3 |  T@ra+

27 s 1 [®dt [ _y, 1 1
:2m+1m4 eXp{Z/O ? |:€ — Costh]} <1 +O(E)> (A4)
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For m odd the sum in (@) can be rewritten as follows:

Z“: IFa—b+ %)F(a +b— %) <6_2¢p(a_b) I e—2ip(a+b—1))
)

— Fa—b+1)I'(a+b

)I'(2a —1— )—Zipl
l—|—1 (2a — 1) ’

M

(A.5)
=0

and can be represented in terms of the Legendre polynomials P,,(cosp)

LT+ 2a—1-3) ., TEa-Hr@) 1
2 F(Z—Qi—l)F(Qa—l)Q e = r(zi) el

71— 2a; g — 2a;e”2P)
_ —ipm

m .
=7e P,,(cosp) (A.6)

=0

Using Laplace asymptotic formula,

Puleosp) = (—2— * oos [y mtz)-lvo(=5) @
p mz

for the remaining integral we obtain the following leading term

A e—ipm .
/dme(COSP)m = —1
0

(1 + 0(i)> (A.8)

m(1+ h?) vm

Assembling all the contributions we obtain the following leading term for the two-
point function (for m odd):

(A.9)

The same result holds for m even, but the derivation is a little bit more tricky.
The sum in ([A.9) can be once again rewritten in a more simple way

Z“: b r(a—b+§)(h_)r(a+b+§)/”d e
€ —_—
b+ Hb-3) Tla—b+DT(a+b+1) b e — ih_
1 — 1 1 \Ta—b+3T(a+b+1) [ eivlb-a)
252 T 1>r( b i)r( b i)/dpeip i
S \b+3 b—3 (a—b+1)I'(a+b+ )0 e — ih_
S T(a—b+a+b+3 2ip(b—a)
=i (a +3)l(atb+ )/dqe 2qucosq/dpie. ,
- Fa—b+1)I'(a+b+1) e — ih_
=-a 0 0
[ [app e Al
—”T/ QCOSC]/ p Pn(cos(q —p))———— (A.10)
0 0
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where we introduced an additional integral to be able to express the result once again
in terms of the Legendre polynomials. Asymptotic analysis of these integrals gives

™ m

iwo/dq cosqo/dme(cos(q —p))% —_ (%)g \/% (1 +O(\/—%)> :
(A.11)

and it leads once again to the same leading term ([A.9) for the two-point function.
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